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Table 1: Boundary value problems for ¢"(z) = —\ ¢(x)
Boundary $(0) =0 ¢'(0)=0 ¢(—L) = o(L)
conditions
¢(L) =0 ¢'(L) =0 ¢'(=L) = ¢'(L)
nm 2 nm 2 _ nm 2
. A= (F) An = (°F) An = (°F)
igenvalues
n=1,23, n=0,1,23. n=0,1,23 ...
Eigenfunctions sin “7* cos “T* sin *7* and cos "F*
~ - f(x)—Zancos@
Seri f(x)—ZB sin - f(:v)—ZA cos 2L nz0 8
eries gt n L - prt n L —"_ i b Sin w
n=1 i L
1 L
ap =5+ |, f(z)dx
L L ' AO _ %fOL f(l') dax 2L fLL
Coefficients B, = 7 fO f(ZE) S1n n_}rj:c dz I an, = %f—L f(;p) CcoS % dx
A, =2 [ fz) cos 222 da L oL —
by =1 J_, f(z)sin 272 dx
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A PARTIAL TABLE OF INTEGRALS

* cosnx + nxsinnx — 1

wcosnu du = 5 for any real n # 0

n

T sin nx — nx cos nx
usinnu du = 5 for any real n # 0
n

T mz .
- e"™*(m cosnx + nsinnx) —m
e cosnu du = SRS
m°+n

J
J
J
/Ox e"*(—ncosnr + msinnx) + n
J
J
J

for any real n,m

for any real n,m

e sin nu du = 5 5
m2+n

v m sin nx sin max + 1. cos T cosmx — n

sin nu cos mu du = for any real numbers m # n

m2 — n?

* ™ COS NI SIN MT — N Sin Nx CoS MT

cos nu cosmu du = for any real numbers m # n

m2 — n2

* N COS NI Sin‘mx — m sin N cos mx

sin nusinmu du = for any real numbers m # n

m2 — n?

The Laplacian Ag: = Vz, = 4 88—;2 on the plane in polar coordinates (r,#) is

0x2
d L0 0,0
T&)” 0 o T ot o

The Laplacian in spherical coordinates (p, ¢,0) in R3, withp > 0,0 < ¢ <7, 0< 60 < 27
is

Y

= p‘Qa% (an%) +p% A,
where 5 9

Ao L (2 (gl ), 9 (L 9

%7 Sin ) [&b ( i gb@gb) + 00 (sinqb 89)]

is the Laplacian on the unit sphere S?. Recall that the spherical coordinates (p, ¢, 0) is
related to the Cartesian coordinates (x,y, z) by

xr=psing cosf, y=psing sinfh, z= p cosqe;

where 0 < ¢ < 7 is the co-altitude, and 0 < 0 < 27 is the azimuthal angle.

SOME PROPERTIES OF BESSEL FUNCTIONS

6z(t—t*1) _ Z Jn(Z)tn,

neL

ez(t""t_l) _ ZLL(Z)tn

neL
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Denote by %, (z) any of the four Bessel functions J,(2), Y, (z), ngl)(z), H,El)(z). We have
2v
Cgl/*l(z) + G (Z) = ~ ng(z)’

%1/71(2) - Cgqul(Z) =2 diz(gu(z) if v 7é 0
%1 (z) = %%{)(Z’)
(271 [276,(2)] = 2" 61 (2)
('O [76(2)] = =2 G4 (2)

The functions [,(z), K,(z) satisfy similar recurrence relations with different signs at
places.

foa(2) = L) = 21, Loa(2) + Loa(2) =2 £1,(2),

R [LE)] =2 (z), () [L()] = T L (2).
Ky1(2) — Koir(2) = —2?” Ko (2), Kyoa(2) + Koia(2) = —2 LK, (2),

() [E(2)] = =2 K (2), () [ KL(R)] = = T K (2)

Cn(2) = (=1)"%u(2)
for all n € Z, where %, (z) denote any one of J,,(z), Y, (2), H}(ll)(z), Hf)(z).

When v is fixed and z — oo, for every § > 0 we have

J,(2) = W(cos (= lvr — ix )+e'1m<z>‘o(1)),
Y, (2) = \/m(sm (z—vr — Ln )+ellm<z>lo(1>),
HO(2) = v/2f () /1 E2m17) (1 1 (1)),
HO(2) = /2 (m2) eV E3717) (11 0(1)),

v

uniformly for all z € C \ (—o0,0] with |ph(z)| <7 — .

1 =z
IV(J:> 27rgv6 (1+01) asx—)OO,ZEGR.
K,(z) = Z e (1+0(1)),

for every v > 0.
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/:an Bx)dx = z[al)(ax) J,(Bz) — BJ,(Bz) Jo(az)] + C Vn
/:BJ2 ax) ; [ 2J (ax)® + (:)32 — Z—i) Jn(aas)z} +C Vn

Let jn1 < jn2 < -+ < jJuk < --- be the positive zeros of J,(z), and let j; ; < j;, <
= < Jnx < -+ be the positive zeros of J),(z). Then

1 1
/ Ty (Jr k) Jn(Jngx) de =0 = / xJn(j;L’kx)Jn(j;L,lx) dre if k#1,
0 0
1
| 2 do = 3 Ga))? = § TG
0
1
20 1 _1(q1 _ _n? 2 1
/0 x‘]n(]n,kx) dr = D) (1 (j;,kﬂ)‘]n(jn,k)'

ForMuULAS INVOLVING BESSEL FUNCTIONS

e Bessel’s equation: 72R" 4+ rR' + (o?r? — n?)R = 0 — The only solutions of this
q

which are bounded at r = 0 are R(r) = cJ,(ar).

E:Hk+n (JM%'

Jo(0) =1, J,(0) =01if n > 0. z,, is the mth positive zero of J,(z).

e Orthogonality relations: If m # k, then
1 1 1
/ T (Znm®) I (2npz) de = 0 and / 2 (Jn(Zpmz))? dz = §Jn+1(znm)2.
0 0

e Recursion and differentiation formulas:

d — (2" Jp(x)) = 2" Jp_1(z) or /x"Jn_l(x) de =2"J,(x)+C forn>1 (1)

dx
d‘i( " Jo(2)) = —2 " pia(z) for n >0 (2)
T(2) 4 2 (@) = Jua (2) (3)
J(@) = 2 (@) = =S (@) (4)
20 (2) = Jpr(2) = Jp () (5)
%%@:%qw+%ﬂm (6)

e Modified Bessel’s equation: 7?R” + rR' — (a*r? + n*)R = 0 — The only solutions
of this which are bounded at r = 0 are R(r) = cl,(ar).

In(z) = z&w+n<ﬁw%
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ASSOCIATED LEGENDRE AND SPHERICAL BESSEL FUNCTIONS
e Differential equation for associated Legendre Functions:

d (. dg m? B
o (Sm%) ! (“ ) Sincb) 7=

Using the substitution z = cos ¢, this equation becomes

d N m? B

For each natural number m, this equation has non-zero solutions which are bounded
on [—1,1] only when p = n(n + 1) for some natural number n > m.

e Associated Legendre Functions:

1 d am
Pa(@) = P(e) = 5ot (@? = 1)" and B @) = (=1)"(1 = 2" Py (o),

1 < m < n. Some examples are:

Py(z) =1, Pi(z) =z,
Py(z) = %xQ — %, Ps(z) = gx?) — %x,
Py(z) = 8zt — 27 4 3, Ps(z) = Ba® — 327 + By

e Orthogonality of Associated Legendre Functions: If n and k are both greater than
or equal to m,

P ()P (z)dz = 0 and /1 (PTT(QU))Z dr = (Qnifél;znm—)!m)!'

Ifn;«ékthen/

-1

e Spherical Bessel Functions: (p?f') + (a?p? —n(n +1))f = 0. If we define the
spherical Bessel function j,(p) = /7/2 p_%Jn +1 (p), then only solution of this
ODE bounded near p = 0 is j,(ap).

e Spherical Bessel Function Identity:

bola) = ATE gy o) = (<L) ().

T dx T

e Spherical Bessel Function Orthogonality: Let 2, be the m-th positive zero of j,;,.
If m # k, then

1 1

1
/ m2jn(znmx)3n(znkx)dx =0 and / xQ(jn(znma:))2dx = §(Jn+1(znm))2
0 0

ONE-DIMENSIONAL FOURIER TRANSFORM

1 o0 o0

Flu)(w) = —/_ u(z)e™"dr, FU)(=) :/_ U(w)e ™ dw

21 J_ o oo
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TABLE OF FOURIER TRANSFORM PAIRS
FoOuRIER TRANSFORM PAIRS

FOURIER TRANSFORM PAIRS

(o > 0) (8>0)
H u(x) = F U] ‘ Uw) = Flu u(x) = F U] U(w) = Flu H
e~ ! 6_%2 Ee_% e’
VAara 15}
~alz] 1 20 26 —Blul
e — —_— e
21 w? 4 o2 z? 4 32
0 |z|>a« 1 sin aw sin fx 0 |wl>p
u(x) = 2] - 9 (w) = |w]
1 |z] <« T W x 1 |w|l<p
1 . 4
Sz — xp) - o et d(w — wo)
ot ot ot? ot?
ou _ O*u 9
. —iwU e (—iw)“U
U 5 L 0?U
U —ia U (—1) 2
u(x — xo) ey % / f(s)g(x — s)ds FG




