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Table 1: Boundary value problems for φ′′(x) = −λφ(x)

Boundary
conditions

φ(0) = 0

φ(L) = 0

φ′(0) = 0

φ′(L) = 0

φ(−L) = φ(L)

φ′(−L) = φ′(L)

Eigenvalues
λn =

(
nπ
L

)2

n = 1, 2, 3, . . .

λn =
(
nπ
L

)2

n = 0, 1, 2, 3, . . .

λn =
(
nπ
L

)2

n = 0, 1, 2, 3, . . .

Eigenfunctions sin nπx
L

cos nπx
L

sin nπx
L

and cos nπx
L

Series f(x) =
∞∑
n=1

Bn sin
nπx

L
f(x) =

∞∑
n=0

An cos
nπx

L

f(x) =
∞∑
n=0

an cos
nπx

L

+
∞∑
n=1

bn sin
nπx

L

Coefficients Bn = 2
L

∫ L
0
f(x) sin nπx

L
dx

A0 = 1
L

∫ L
0
f(x) dx

An = 2
L

∫ L
0
f(x) cos nπx

L
dx

a0 = 1
2L

∫ L
−L f(x) dx

an = 1
L

∫ L
−L f(x) cos nπx

L
dx

bn = 1
L

∫ L
−L f(x) sin nπx

L
dx

Table 2: Orthogonality relations for sines and cosines

∫ L

0

sin
nπx

L
sin

mπx

L
=

{
0, n 6= m

L/2, n = m 6= 0

∫ L

0

cos
nπx

L
cos

mπx

L
=


0, n 6= m

L/2, n = m 6= 0

L, n = m = 0

∫ L

−L
sin

nπx

L
sin

mπx

L
=

{
0, n 6= m

L, n = m 6= 0

∫ L

−L
cos

nπx

L
cos

mπx

L
=


0, n 6= m

L, n = m 6= 0

2L, n = m = 0∫ L

−L
sin

nπx

L
cos

mπx

L
= 0
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A Partial Table of Integrals∫ x

0

u cosnu du =
cosnx+ nx sinnx− 1

n2
for any real n 6= 0∫ x

0

u sinnu du =
sinnx− nx cosnx

n2
for any real n 6= 0∫ x

0

emu cosnu du =
emx(m cosnx+ n sinnx)−m

m2 + n2
for any real n,m∫ x

0

emu sinnu du =
emx(−n cosnx+m sinnx) + n

m2 + n2
for any real n,m∫ x

0

sinnu cosmu du =
m sinnx sinmx+ n cosnx cosmx− n

m2 − n2
for any real numbers m 6= n∫ x

0

cosnu cosmu du =
m cosnx sinmx− n sinnx cosmx

m2 − n2
for any real numbers m 6= n∫ x

0

sinnu sinmu du =
n cosnx sinmx−m sinnx cosmx

m2 − n2
for any real numbers m 6= n

The Laplacian 4R2 = ∇2
R2 = ∂2

∂x2
+ ∂2

∂y2
on the plane in polar coordinates (r, θ) is

4R2 = ∇2
R2 = r−1 ∂

∂r

(
r
∂

∂r

)
+ r−2 ∂

2

∂θ2
=

∂2

∂r2
+ r−1 ∂

∂r
+ r−2 ∂

2

∂θ2

The Laplacian in spherical coordinates (ρ, φ, θ) in R3, with ρ ≥ 0, 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π
is

4R3 = ∇2
R3 =

1

ρ2 sinφ

[ ∂
∂ρ

(
ρ2 sinφ

∂

∂ρ

)
+

∂

∂φ

(
sinφ

∂

∂φ

)
+

∂

∂θ

( 1

sinφ

∂

∂θ

)]
= ρ−2 ∂

∂ρ

(
ρ2 ∂

∂ρ

)
+ ρ−24S2 ,

where

4S2 =
1

sinφ

[ ∂
∂φ

(
sinφ

∂

∂φ

)
+

∂

∂θ

( 1

sinφ

∂

∂θ

)]
is the Laplacian on the unit sphere S2. Recall that the spherical coordinates (ρ, φ, θ) is
related to the Cartesian coordinates (x, y, z) by

x = ρ sinφ cos θ, y = ρ sinφ sin θ, z = ρ cosφ;

where 0 ≤ φ ≤ π is the co-altitude, and 0 ≤ θ ≤ 2π is the azimuthal angle.

Some properties of Bessel functions

ez(t−t
−1) =

∑
n∈Z

Jn(z)tn,

ez(t+t
−1) =

∑
n∈Z

In(z)tn.
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Denote by Cν(z) any of the four Bessel functions Jν(z), Yν(z), H
(1)
ν (z), H

(1)
ν (z). We have

Cν−1(z) + Cν+1(z) =
2ν

z
Cν(z),

Cν−1(z)− Cν+1(z) = 2 d
dz

Cν(z) if ν 6= 0

−C1(z) = d
dz

C0(z)(
z−1 d

dz

)[
zνCν(z)

]
= zν−1Cν−1(z)(

z−1 d
dz

)[
z−νCν(z)

]
= −z−ν−1Cν+1(z) .

The functions Iν(z), Kν(z) satisfy similar recurrence relations with different signs at
places.

Iν−1(z)− Iν+1(z) =
2ν

z
Iν(z), Iν−1(z) + Iν+1(z) = 2 d

dz
Iν(z),(

z−1 d
dz

)[
zνIν(z)

]
= zν−1Iν−1(z),

(
z−1 d

dz

)[
z−νIν(z)

]
= z−ν−1Iν+1(z) .

Kν−1(z)−Kν+1(z) = −2ν

z
Kν(z), Kν−1(z) +Kν+1(z) = −2 d

dz
Kν(z),(

z−1 d
dz

)[
zνKν(z)

]
= −zν−1Kν−1(z),

(
z−1 d

dz

)[
z−νKν(z)

]
= −z−ν−1Kν+1(z) .

C−n(z) = (−1)n Cn(z)

for all n ∈ Z, where Cn(z) denote any one of Jn(z), Yn(z), H
(1)
n (z), H

(2)
n (z).

When ν is fixed and z →∞, for every δ > 0 we have

Jν(z) =
√

2/(πz)
(

cos
(
z − 1

2
νπ − 1

4
π
)

+ e|Im(z)|o(1)
)
,

Yν(z) =
√

2/(πz)
(

sin
(
z − 1

2
νπ − 1

4
π
)

+ e|Im(z)|o(1)
)
,

H(1)
ν (z) =

√
2/(πz) e

√
−1
(
z−1

2
νπ−1

4
π
)(

1 + o(1)
)
,

H(2)
ν (z) =

√
2/(πz) e−

√
−1
(
z−1

2
νπ−1

4
π
)(

1 + o(1)
)
,

uniformly for all z ∈ Cr (−∞, 0] with |ph(z)| ≤ π − δ.

Iν(x) = 1
2πx

ex
(
1 + o(1)

)
,

Kν(x) = π
2x
e−x

(
1 + o(1)

)
,

as x→∞, x ∈ R.

for every ν ≥ 0.
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(β2 − α2)

∫
xJn(αx) Jn(βx) dx = x

[
αJ ′n(αx) Jn(βx)− βJ ′n(βx) Jn(αx)

]
+ C ∀n∫

xJ2
n(αx) dx =

1

2

[
x2J ′n(αx)2 +

(
x2 − n2

α2

)
Jn(αx)2

]
+ C ∀n

Let jn,1 < jn,2 < · · · < jn,k < · · · be the positive zeros of Jn(x), and let j′n,1 < j′n,2 <
· · · < j′n,k < · · · be the positive zeros of J ′n(x). Then∫ 1

0

xJn(jn,kx)Jn(jn,lx) dx = 0 =

∫ 1

0

xJn(j′n,kx)Jn(j′n,lx) dx if k 6= l,

∫ 1

0

xJ2
n(jn,kx) dx = 1

2
(J ′n(jn,k))

2 = 1
2
J2
n+1(jn,k),∫ 1

0

xJ2
n(j′n,kx) dx = 1

2

(
1− n2

(j′n,k)2

)
J2
n(j′n,k).

Formulas Involving Bessel Functions

• Bessel’s equation: r2R′′ + rR′ + (α2r2 − n2)R = 0 – The only solutions of this
which are bounded at r = 0 are R(r) = cJn(αr).

Jn(x) =
∞∑
k=0

(−1)k

k!(k + n)!

(x
2

)n+2k

.

J0(0) = 1, Jn(0) = 0 if n > 0. znm is the mth positive zero of Jn(x).

• Orthogonality relations: If m 6= k, then∫ 1

0

xJn(znmx)Jn(znkx) dx = 0 and

∫ 1

0

x(Jn(znmx))2 dx =
1

2
Jn+1(znm)2.

• Recursion and differentiation formulas:

d

dx
(xnJn(x)) = xnJn−1(x) or

∫
xnJn−1(x) dx = xnJn(x) + C for n ≥ 1 (1)

d

dx
(x−nJn(x)) = −x−nJn+1(x) for n ≥ 0 (2)

J ′n(x) +
n

x
Jn(x) = Jn−1(x) (3)

J ′n(x)− n

x
Jn(x) = −Jn+1(x) (4)

2J ′n(x) = Jn−1(x)− Jn+1(x) (5)

2n

x
Jn(x) = Jn−1(x) + Jn+1(x) (6)

• Modified Bessel’s equation: r2R′′ + rR′ − (α2r2 + n2)R = 0 – The only solutions
of this which are bounded at r = 0 are R(r) = cIn(αr).

In(x) = i−nJn(ix) =
∞∑
k=0

1

k!(k + n)!

(x
2

)n+2k

.
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Associated Legendre and Spherical Bessel Functions

• Differential equation for associated Legendre Functions:

d

dφ

(
sinφ

dg

dφ

)
+

(
µ− m2

sinφ

)
g = 0.

Using the substitution x = cosφ, this equation becomes

d

dx

(
(1− x2)

dg

dx

)
+

(
µ− m2

1− x2

)
g = 0.

For each natural numberm, this equation has non-zero solutions which are bounded
on [−1, 1] only when µ = n(n+ 1) for some natural number n ≥ m.

• Associated Legendre Functions:

Pm(x) = P 0
n(x) =

1

2nn!

dn

dxn
(x2 − 1)n and Pm

n (x) = (−1)m(1− x2)m/2
dm

dxm
Pn(x),

1 ≤ m ≤ n. Some examples are:

P0(x) = 1, P1(x) = x,

P2(x) = 3
2
x2 − 1

2
, P3(x) = 5

2
x3 − 3

2
x,

P4(x) = 35
8
x4 − 15

4
x2 + 3

8
, P5(x) = 63

8
x5 − 35

4
x3 + 15

8
x.

• Orthogonality of Associated Legendre Functions: If n and k are both greater than
or equal to m,

If n 6= k then

∫ 1

−1

Pm
n (x)Pm

k (x)dx = 0 and

∫ 1

−1

(Pm
n (x))2 dx =

2(n+m)!

(2n+ 1)(n−m)!
.

• Spherical Bessel Functions: (ρ2f ′)′ + (α2ρ2 − n(n + 1))f = 0. If we define the
spherical Bessel function jn(ρ) =

√
π/2 ρ−

1
2Jn+ 1

2
(ρ), then only solution of this

ODE bounded near ρ = 0 is jn(αρ).

• Spherical Bessel Function Identity:

jn(x) :=
√
π/2x−

1
2 Jn+ 1

2
(x) = xn

(
−1

x

d

dx

)n(
sinx

x

)
.

• Spherical Bessel Function Orthogonality: Let znm be the m-th positive zero of jm.
If m 6= k, then∫ 1

0

x2 jn(znmx) jn(znkx)dx = 0 and

∫ 1

0

x2(jn(znmx))2dx =
1

2
(jn+1(znm))2.

One-Dimensional Fourier Transform

F [u](ω) =
1

2π

∫ ∞
−∞

u(x)eiωxdx, F−1[U ](x) =

∫ ∞
−∞

U(ω)e−iωxdω
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Table of Fourier Transform Pairs
Fourier Transform Pairs Fourier Transform Pairs

(α > 0) (β > 0)

u(x) = F−1[U ] U(ω) = F [u] u(x) = F−1[U ] U(ω) = F [u]

e−αx
2 1√

4πα
e−

ω2

4α

√
π

β
e−

x2

4β e−βω
2

e−α|x|
1

2π

2α

ω2 + α2

2β

x2 + β2
e−β|ω|

u(x) =

{
0 |x| > α

1 |x| < α

1

π

sinαω

ω
2

sin βx

x
U(ω) =

{
0 |ω| > β

1 |ω| < β

δ(x− x0)
1

2π
eiωx0 e−iω0x δ(ω − ω0)

∂u

∂t

∂U

∂t

∂2u

∂t2
∂2U

∂t2

∂u

∂x
−iωU ∂2u

∂x2
(−iω)2U

xu −i∂U
∂ω

x2u (−i)2∂
2U

∂ω2

u(x− x0) eiωx0U
1

2π

∫ ∞
−∞

f(s)g(x− s)ds FG


