HW 6 Solutions

1. The units in Z/nZ are represented by integers coprime to n. Therefore,
(z/122)* = {1,5,7, 11}, and (Z/8Z)* = {1,3,5,7}.

2. (From student.)
Let U be a set. Let R = P(U) be the set of subsets of U. Consider the map

o: R — Tl,pZ/2Z

= 1if A
A — (xy)uev where {wu Hu e

z, =0ifu ¢ A.

This is a bijection since its inverse is given by

Y: [lyew?%/2Z2 — R
(Tu)uer — {ueU:z, =1}

Under 1, the multiplication on the ring HueU 7./ 27 corresponds to the operation
A - B := AN Bon R.Thisis because forany = (2y)yer and y = (Yy )uev in
[L.co Z/2Z, we have

Y(z-y) = () NY(y),

since

ueYP(z-y) < uel satisfies (z-y), =1
< u € U satisfiesz, -y, = 1
& u € U satisfiesz, =1land y, =1
< u € U satisfies u € ¢¥(x) and u € ¥(y)

S ueP(z)NY(y).

Similarly, the addition on the ring HueU Z/QZ corresponds to the operation A +
B := AU B — AN Bon R.Therefore, R is a ring under the above two
operations.



3.(a) We have g(z) = x + 3 and r(x) = 5, since

223 + Ta? + 42+ 8 = (22> + z + 1)(z + 3) + 5 in Z[z].

(b.) We have ¢(z) = 4z + 5 and r(z) = 1, since
222 4 22 = (22 + 1)(4z + 5) + 1in (Z/67Z)[z].
Note that g(z) = 4z + 2 and r(z) = 4 also works.

(c.) We have g(z) = 4z + 2 and r(z) = 4, since

222 + 2z = (5 + 1)(4x + 2) + 4 in (Z/67Z)[z].



