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W 9. Let H be subgroup of group G.

1. Try to write down the definition of right H-cosets. Prove the number

of left H-cosets is equal to the number of right H-cosets.

2. Prove the claim in class that H is normal if and only if gH = Hg for
all g € G.

3. We define the number of left H-cosets as the index of H in G and
denote by |G : H], i.e. |G : H] =|G/H|. Prove that if |G : H] = 2,

then H is normal.

Preliminary: a set S with binary operation m : S x S — S is a semi-

group if m is associative.

W 10. Let G be a set of n x n matriz whose rank are less than or equal r.

Prove that G is a semi-group with multiplication of matrix.

W 11. Suppose G is a semi-group. Assume

(1) G has left unit e, namely for any a € G, ea = a.

1

(2) every element a of G has left inverse a=! such that a='a = e.

Show that G is a group.



12, Let G = {(a,b)|a,b € R,a # 0}. Define a binary operation of G as
(a,b) - (¢,d) = (ac,ad + b). Prove that G is a group with this operation.

W 13. Let G be a finite group of even order (namely the number of elements

of G is even). Prove that the number of solutions of equation z*> = e in G

1s also even.

W@ 14. Let G be a group, and a,b € G. Suppose a® = e and a®b = ba®.
Prove that ab = ba.

W 15. Prove that the real number with additive group law is isomorphic to

the positive real number with multiplicative group law.

W 16. Let G be a finite group, H C G a proper subgroup (A-F#, AR
FHEeyF#) . Show that the union of the conjugates of H in G is not all
of G, that is,
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