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W 1. Prove that a diagonalizable linear operator is also diagonalizable on

any invariant subspace.
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W 4. Artin Chapter 8, 4.12.

W 5. Artin Chapter 8, 4.13.

W 6. Artin Chapter 8, 6.8.

W 7. Artin Chapter 8, 6.12.

Wi 8. Artin Chapter 8, 6.19.

W 9. Let V be a finite dimensional vector space over C with a positive

Hermitian form (,). (or in other words, V is a Hermitian space.)

1. Prove that a Hermitian operator T’ on 'V defines a Hermitian form by
h(v,w) = (Tv,w).
2. Prove that h is positive definite if and only if the eigenvalues of T are

positive. We also call T positive definite in this case.

3. Prove that h is positive definite if and only if there is a Hermitian
operator P with positive eigenvalues such that T = P2%, and such

operator P is uniquely determined by T. We denote by P = Ts.



4. Prove that for any invertible linear operator Q on 'V, the linear operator

T = Q*Q is hermitian, and positive definite.

5. Following the previous notation, prove that U = QP~! is a unitary
operator. This proves the polar decomposition for invertible operator
Q = UP with P positive definite Hermitian and U unitary, here U and
P are uniquely determined by Q. In other words, the group GL(n,C)

is the “product” of U(n) and a "positive cone’.
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@ 11 (Cauchy’s interlace theorem). Let A be a hermitian n X n matriz,
and B be a m x m principal submatriz of A, for some m < n. If the
etgenvalues of A are Ay = Ay = --- = \,, and the eigenvalues of B are

1 2= o = 2 b, then for all 1 <i<m
)\i 2 Hi > >\i+n—m-
(Hint: use the previous Courant-Fischer-Weyl min-max principle)

il 12 (Sylvester’s criterion). Prove that a Hermitian matriz is positive-
definite if and only if the leading principal minors (R 5 £-F X,) are positive.

(Hint: Use Cauchy’s interlace theorem)

@ 13 (Lang Chapter XV, exercise 5). Let E be a finite-dimensional space
over the complex numbers, with a positive definite hermitian form. Let S be
a set of (C-linear) endomorphisms of E having no invariant subspace except
0 and E. (This means that if F is a subspace of E and BF C F for all



BeS, then F=0orF=F.) Let A be a hermitian map of E into itself
such that AB = BA for all B € S. Show that A = A\l for some real number
A. [Hint: Show that there exists exactly one eigenvalue of A. If there were
two eigenvalues, say A1 # Az, one could find two polynomials f and g with
real coefficients such that f(A) # 0,g9(A) # 0 but f(A)g(A) = 0. Let F be
the kernel of g(A) and get a contradiction.]

i 14 (Lang Chapter XV, exercise 6). Let E be as in previous ezercise. Let
T be a C-linear map of E into itself. Let

A:%(TJrT*).

Show that A is hermitian. Show that T can be written in the form A+ B

where A, B are hermitian, and are uniquely determined.

@ 15 (Lang Chapter XV, exercise 7). Let S be a commutative set of C-
linear endomorphisms of E having no invariant subspace unequal to 0 or E.
Assume in addition that if B € S, then B* € S. Show that each element of
S is of type ol for some complex number o. [Hint: Let By € S. Let

1
A:§<Bo+B§)~

Show that A = NI for some real \.]



