%1 H 3t Rl 4

2022 4£ 10 H 8 H

W 1. Artin Chapter 7, 11.4

W 2. Artin Chapter 7, 11.5

W 3. Artin Chapter 7, 11.6 4=k —/A~ /)N PJ L BP T .

4. i1 A, n>5 & BEE

W8 5. Prove that the map f: S, — {£1} defined by f(o) = (—=1)"9) is a

group homomorphism. Identify this group homomorphism with the compo-

sition of injective homomorphism S, — GL(n, F') and determinant det.
6. 1 FHERKERKY we S, BT

2. 3£ U(o) = l(o™ 1)

3. LM (o) + l(ow) = (3)

PANAIH f Coxeter diagram & CHYREZ RG4S s A MAIHE, 52
W KA

2. (sisj)* =e, W s;,8; ZBIBAHELL
3. (sis5)® =e, WH s;,8; ZAFEL, HL LRAHT
4. (sis;)™ =e, WIR s;,5; ZAFHEL, HE EAETFE m.

T, EZ\REE D, iEAXANFEFL T L(n)-diagram 2 3L a4y Coxeter
ﬁrgj#@o EF% Dn = <51)S2 | 8%7833 <5182)n>'

n
*r—0

S1 52



8. B E+ @ ikeg T AREE . JERRXANEE AL T Hy diagram & S48
Cozeter ZEF #) .

S1 S2 53

XA ey = A RAT Y R G=,

@ 9 (Hyperoctahedral group). (*f n = 3 & LA, *f—4& n ZEBA,
STVAR A 5 ) The hypercube in R™ is defined as convex hull of 2™ points
(£1,---,£1) in R™. Let W(B,) be the group of orthogonal transforma-
tions preserving this conver set, in other words, the symmetry group of the

hypercube.

1. What is the order of W(B,,)?

2. Identify W(B,,) with the following subgroup of Sa,. Let —[n] =
{-1,-2,-3,---,—n}. The subgroup consists of permutations of —[n]
[n] such that o(—k) = —o (k).

3. Prove that W (B,,) is generated by n-elements of order two s,, = (1, —1)
and s; = (i,i+1)(—i,—i—1) for 1 <i <n—1, and the minimal number
of generators needed in the expression of o € W(B,,) (similar as the

number of inversions for permutation groups) is given by

#{(i,7) € [n]x[n]li <j,o(i) > a()}+#{(,]) € [n]x[n][i < j,o(=i) > o (j)}
(1)
4. Prove that the generators in s; satisfy the Coxeter relations for type

B,, diagram.

Sn—1 Sn—2 Sn—3 S2 S1 Sn

5. Prove that the group given by generators si,--- ,S, and relations in

the type B, diagram is isomorphic to W(B,,).
i@ 10 (Free product and Ping-Pong lemma).
X1 (HH). eRAANFE G o H 535 R ARTA X F

G=(X|R), H=(]5),



NG A HgahBRELA G+xH=(XUY |RUS). FLTEZLH G
Fo H YU E MR A words, 22 3 words 9 F k0t £ AT & &Eay & L —
¥, HMN G F= H Pay L RIEFAERAA R 8 R —NBay k.

1. 4ERf Ping-Pong lemma. 1% G A AANNE 42 A 2 84-F# H, o H,,
H Hy #= Hy A3 G. BRiZ G %4 A LHER, BHGE AW
ANTAIZ O Z TR Ay Ao Ay, 1243 Vhe € Hi\{e}, hi(42) C Ay,
Vhy € Ho\{e}, ha(A1) C Ay, W G RI#T Hyx Hs.

1 2] Fo My = ll 0 # SL(2,R) W £ ey T 7
0 1 2 1

Rl FAANERAY B EHE. (RT:FER FTE {(z,9) ||z <|yl}
ABA(z,y) | |yl < [z[})

3. 4% SL(2,Z) H4791 XA 1 84 2 U848 B 48 5 e ik T 20k 09 3%,
%L PSL(2,Z) hHA#: SL(2,2)/+I. #Ex% My = E 01] o

2. EPAd4ESE M, =

0 1
M, = l ) 0} #3E88 PSL(2,Z) RM#MF Csx Co. (BF: %%

PSL(2,Z) f£ R? A it R S oy A&a9 B4 LastEA, o stE T
REF R ,MABIM, )

i 11 (Affine Coxeter group, iEMUE, 7 PAARRL). & L S, 4eF. #E
V={(xz,) ER" | X2, =0}. M Vo =VNZ @ SasheisT
MR —ANE. AT oeS, fov= (v, ,v,) € Vz FEV EhTEH
T(x1, - ,xn) = (To), > Tom)) + 0. HIXETIRAF & TFLHRAFFITH
G.

1. 3BT T(xy, - @) = (21, &) +0 GTEBRT Sn a9—A
F’H""?f’ VZ éﬁ_\i%ﬂb%ﬁ -}fj—f{g T(:L'la"' ’xn) = (xa(l)v"' 7xa(n)) é/jfta
EFHRT S, 9—ARMTF S, 09 F#. £ S, AT Vo 2 S, 84
¥ H A

2. A ERA, 3 Sy 4R 51, 501 1BH Sy PRIALE, 4 s,
A TR s, (x1, - x0) = (@p+ 1,20+ 21 — 1), 1EF] 51, , 8,
HAAR FE— AT @RS (F—EidRE), B S, 894
L. AR EEE & ARE T R0 8 X A HF & Ay ke Coxeter
diagram. et a4 Coxeter #EH G.
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3. iR B A ke E T S/ EA R AIAN A

uT)= Z lv; —v;| + Z lv; —v; — 1].

o(i)<a(4) o(i)>a(4)

4o ZEn=3% S8 £V LahtER. ] V P HIEF LaYEEANT 0
SR A ARV E— A &ryit, HaX sk AR AER R ARG F
REZF/R. wRABANZAMEE—FARNAL, WK FAXE
ANZ A H. BRI F—AZAH A, 20 (T) T A 5 T(A)
Z ) o B ARA KR

5. 3trk Sy fEiX sk = AT MG BA Ly tER , A% Coxzeter-Todd algo-
rithm #33)69 G £ G Lay ZFKAER, 329 G 5 S5 BI#.



