%1 H It ARk 7

2022 £ 11 H 9 H

W 1. Prove that Z[i]/(3) is a field.

W 2. Give an example of irreducible polynomial f(x) of degree 2 in Fs[z].

Use f(z) to construct an example of a field consisting of 9 elements.
8 3. Decide whether or not * + 62 + 9z + 3 is irreducible in Q[z].

i 4. Factor the integral polynomial 2° + 2x* + 32® + 3z + 5 in Fa[z], Fs[z]
and Q[z].

8 5 (Artin Chapter 12, 2.9). Let F be a field. Prove that the ring F [x,z71]
of Laurent polynomials (Chapter 11 , Exercise 5.7) is a principal ideal
domain. (Hint: use ring homomorphism ¢: Flz] — F [z,27'] and pull-back
of ideals.)

6. ik e QREANBE—EAKE AKX, W o T,
B 7. MBE D AR
1. ¥3E Z[\V/—D] ={a+by—D | a,b € Z} %—A C t4-F3%.
2. K Z[V-D) wyFixT#E ALK,

8. J& Z[V=5]) PIIE 2,3,1+ /-5 BERTHT, HigHEMEZEL, A
Ha?
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i@ 8. Prove that a prime number p can be written as p = m? + 2n? with
m,n € Z if and only if 2* + 2 has a root in F,. (In fact, this is true if and
only if p=2 or p=1,3 mod 8, proved by Fermat.)
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W 11. Let F be a field and f(z) = apa™ + ap_12"t + a9 € Flx].
Define the derivative of f similarly as calculus. f'(z) = na,z" ' + (n —

Van, 12" %+ -+ +ay. For f(z),g(x) € Flz], prove
1.(f9) = fg' + 9.
2. (f(g(2))) = f'(g(z)) - -

3. ged(f, f) = 1 if and only if in the irreducible factorization of f, there

are no factors with multiplicities.

Wil 12. Let p be a prime number. Prove that f(x) = xP —x — 1 € Fp[z] is
irreducible by the following steps.

1. f(z+1) = f(x)
2. If g(z) € Fplz] and 1 < degg < p—1, then g(x + 1) # g(z).

3. Let f = g1---gx be irreducible factorization of f with monic factors.

Prove that g; are distinct.

4. Let a € Z/pZ. Prove that a - g;(x) = g;(x + a) defines an action of C,
on the set {g1 - gi}.

5. Using enumeration formulas of group operation to prove that f(x) is

irreducible.

(In fact, for n > 2, the polynomial f(x) = a™ —x — 1 € Z[z] is irreducible.)



