%2 H 3t 7Rk 3

2023 4E 8 H 2 H

W 1. Let K be an algebraic extension of F' and K, be the intermediate

extension consisting of separable elements over F'. Prove the following
1. The extension K/ F is separable.

2. The extension K /K, is pure inseparable, i.e. for all « € K, there

exists positive integer e such that o € K.
3. If K/F is finite, then |Homp(K,F)| = [K, : F].
4. If K/F is normal, prove that K/F is normal.

W 2. Prove that for simple algebraic extension F[y| of F, there are only
finitely many intermediate extension F C L C Flr).

W 3. Let k be a field with characteristic p # 0. Let K = k(t,u) and
F = k[t?,uP]. Prove that if F[t + au] = F[t + bu] for a,b € k, then a = b.
Hence if k is an infinite field, there are infinite intermediate extensions
FCcLCK.

W 4. Let F be a field. Prove that

and Autp(F(x)) =2 PGL(2,F) as groups.

W5, Leto:x— = and 7: x — e 1 be automorphisms in Autc(C(x)).
Prove that the group H generated by o and T is finite and identify this group
with finite groups you know. Find the fized field C(x).



W 6. Find a subgroup of AutpF(xy,- - ,x,) which is isomorphic to PGL(n+

1, F) and find an element not in this subgroup when n > 2.

W 7. Prove that F being perfect is equivalent to that all finite extensions of
F are separable.

W 8. Let K/F be a finite extension. Prove that Autp(K) divides [K : F)].

W 9. Let F be a field with finite characteristic p and finite extension K /F.
Denote by K? be the image of Frobenius morphism of K. Prove that K/F
being separable is equivalent to FK? = K.



