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W 1. Let E and L be two finite extensions of F in a common extension.
Is it always true that [EL : L] = [E,E N L|? If not, please provide a

counter-example.

W 2. Find all the subextensions of Qe 2WIE]/Q Try to find the primitive
element in each subextension. (Optional question: write cos 21—’77 by formula

involving only rational numbers, +, —, X, + and square root.)

W8 3. Find the Galois group of polynomial x* — 2 over Q. (you can write
your answer as generators and relations of the group, or the action on roots,

or identity it with groups you know)

W 4. Let F be a field of characteristicp > 0. For any a € F, the polynomial
xP —x —a € F[z] either splits in F or irreducible. Compute the Galois
group of this polynomial over F. (Conversely, if E/F is a Galois extension
of degree p, E is a splitting field of x? —x —a for some a € E. We will prove
this later).

8 5. Find the intermediate fields between C(t) and C(t" + X). Try to find

t7l
the primitive element in each subextension.

W 6. Given a finite Galois extension K /F, consider a subextension L. We
have the following two constructions to find a normal extension related to
L/F. One is to take the minimal normal extension over F containing L,
(called normal closure). The other is to find the smallest subextension E of
F such that L/E is normal. Explain the corresponding operations on groups

under Galois correspondence.



@ 7 (Milner’s book Fields and Galois Theory). Let F be a field of charac-
teristic 0. Show that F (X?)NF (X? — X) = F (intersection inside F(X)
). [Hint: Find automorphisms o and 7 of F(X), each of order 2, fizing
F(X?) and F (X? — X)) respectively, and show that ot has infinite order.]

@ 8 (Milner’s book Fields and Galois Theory). Let p be an odd prime, and
let ¢ be a primitive pth root of 1 in C. Let E = QI[(], and let G = Gal(E/Q);
thus G = (Z/(p))*. Let H be the subgroup of index 2in G. Puta =3, . ('
and B =3 conn ¢t Show:

1. a and B are fixed by H;
2. if o € G\H, then ca = 8,08 = a.

Thus o and 3 are roots of the polynomial X* + X + a8 € Q[X]. Compute
af (ora—pB ) and show that the fized field of H is Q[/p] when p = 1 mod 4
and Q[\/—p] when p = 3 mod 4.

@9 (FEWH). Let p be a prime number, and let F, be the finite field
with p elements. Let F' = F,(t) be the field of rational functions over IF,,.
Consider all subfields C' of F' such that F/C is a finite Galois extension.

1. Show that among such subfields, there is a smallest one Cy, i.e., Cy is

contained in any other C.
2. What is the degree of F/Cy ¢
3. (Optional question), what is Co?

# 10. Let F be field with characteristic not equal to 2. Leta € F*\(F*)? a,b €
F. Let K = F[\/a] be a quadratic extension of F and L = K[y/a + b\/c]
a quadratic extension of K. Prove that L/F is Galois with cyclic Galois

group if and only if a®> — b*a = c*a for some ¢ € F*.



