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1 Smooth de Rham cohomology

Throughout this topic, a smooth manifold is finite-dimensional, Hausdorff, second countable,
and without boundary unless explicitly stated otherwise. In particular, it is paracompact and
admits smooth partitions of unity. The word closed, when applied to a manifold, means compact
without boundary. Connectedness is not assumed. Forms have real coefficients unless stated
otherwise; smooth forms are denoted by A¥(M).

Where compactness enters. The smooth de Rham complex, the Poincaré lemma, the fine
resolution, and the comparison with singular cohomology require neither compactness nor an
orientation or a metric. Pointwise metric and star formulas are also independent of compactness.
A global L? pairing requires square integrability; compactness makes every smooth form square-
integrable. The global Hodge and Green-operator theorems proved below assume a compact
Riemannian manifold without boundary. We use an orientation to express the star as an operator
on ordinary forms and to write integration pairings; the Hodge theorem itself can also be
formulated on a nonorientable closed manifold using the Riemannian density. Within these
compact theorems, connectedness is needed only for claims that harmonic functions, or harmonic
top forms, have one scalar parameter over the whole manifold.

1.1 The complex and its quotient spaces

For an n-manifold M, put
AF(M) =T(M,A*T*M),  A*(M)=0 ifk<0ork>n.

At a point p, a k-form is an alternating k-linear function on 7}, M; a smooth form is a smoothly

varying family of such functions. In coordinates x!, ..., 2", write

a= E Qo AT N - N d'E
i1 < <ij
The exterior derivative is given by

doa = Z Z%dl‘]/\dm“/\---/\dm%. (1.1)

11 << j=1
It satisfies d> = 0 and the graded Leibniz rule
dlaAB)=danp+(-Drfands, aecA¥M).

For every smooth map F': M — N, one has dF* = F*d. These identities give the de Rham
complex

0— AOM) S AYM) S - S A (M) — 0. (1.2)
We denote this smooth complex by (A®*(M),d), reserving €2 for holomorphic or algebraic differ-
ential forms in later lectures. Its terms are global smooth sections. The corresponding sheaf of
smooth k-forms is A%, with T'(M, A%,) = A¥(M).

Definition 1.1. A form is closed if da = 0 and exact if @« = df. The kth de Rham cohomology
is

i ker(d : A¥(M) — AFTL(M))
Hig (M) = - . Ak—1 k :
im(d : AF=1(M) — A*(M))
Thus [a] = [o] precisely when o/ — a = df. In degree zero, HJz (M) consists of locally constant

functions.
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The quotient remembers what cannot be changed by adding an exact form. It does not, by itself,
specify a representative. The possible representatives of [a] form the affine space o 4 d.A*=1(M).
The wedge product induces a graded-commutative product

@] [Bl=lanpl, [ [8] = (~1)*5][a]:

For example, if d3 = 0, then (a« +dy) A B —a A B =d(y A ). This verifies independence of the
first representative; the other factor is handled in the same way.

Example 1.2 (Two coordinate calculations). On R?) if a = P dz + Q dy, then
do = (Qz — Py) dx N dy.
Thus closedness is the integrability condition @, = P, for df = a. On R3,
d(zzdy +y*dz) = zdx AN dy + (2y — x) dy A dz.

These calculations require a smooth structure and coordinates, but no metric.

1.2 Poincaré lemma and an explicit homotopy operator

Proposition 1.3 (Homotopy formula). Let F' : [0,1] x M — N be a smooth homotopy and
fi(z) = F(t,x). There is a degree —1 operator K : A¥(N) — A*=1(M) such that

fr— f = dK + Kd. (1.3)

Proof. Decompose the pullback uniquely as

1
F*Oé:()dt—i-dt/\ﬁt, KO{:/ Btdt.
0

Here oy and f; are forms on M of degrees k and k — 1, respectively. The product differential
gives
dF*a = dproy + dt A (Oron — dag Be).

Since F*da = dF*«a, integrating its dt coeflicient gives

1
Kda = oy —ao—dM/ By dt,
0

which is the claimed identity. For k = 0, set Ka = 0; the same calculation reads Kda =
fia - fia. 0

Theorem 1.4 (Poincaré lemma). If U C R" is open and star-shaped about the origin, then
HgR(U) =R and H(’fR(U) =0 for k > 0. In particular, every closed positive-degree form is
locally exact on any smooth manifold.

Proof. Use F(t,x) = tx. The map f; is the identity and fp is constant. The pullback by fp
vanishes in positive degree, so for a closed k-form with & > 0, equation (1.3) gives & = dK«. For
a function f, the identity instead reads f — f(0) = Kdf. Consequently df = 0 implies that f is
constant, which proves degree zero. Every point has a coordinate neighborhood corresponding to
a ball, so the same argument gives the local assertion. O
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For actual calculations, the radial operator can be written without any notation about pullbacks:

1
(Ka)z(vl,...,vk,l) :/ tk_lam(x,vl,...,vk,l)dt, k > 1. (1.4)
0

The vectors on the right are identified by the usual trivialization of TR"™. In particular, for
a=>Y aj(z)dx?,

1 .
Ka(x) :/0 ijaj(tx) dt.

For a = ydx + x dy, this gives Ka = fol 2txy dt = xy, and indeed d(zy) = «. For the constant
two-form dx A dy, it gives K (dz A dy) = %(a: dy — y dzx), whose differential is dz A dy.

Equation (1.3) also shows that smoothly homotopic maps induce the same map on de Rham
cohomology: on a closed form their pullbacks differ by dKa. We will use this observation to
reduce the punctured plane to a circle.

Example 1.5 (Local primitives on a torus). Let ¢ : R> — T? = R?/Z? be the quotient map.
Every sufficiently small coordinate disk U C T has a lift s : U — R2. The functions zyy = zosy
and yy = yosy are well-defined on U, and the global forms denoted by dx, dy restrict to dx7, dyg.
Thus dx has a primitive in every such disk. On each connected component of an overlap, two
lifts differ by a lattice translation, so

Ty —xy = myv, Yyu — Yv = nyv, myv,nyy € Z.

These locally constant differences explain how derivatives can agree even when the primitives
do not. Continuing a local primitive for dz once around the horizontal circle increases it by 1;
it cannot be a global real-valued function. Its primitive upstairs is the coordinate function =z,
which is smooth on R? but is not periodic.

The same issue occurs in degree two. Upstairs, dx A dy = d(x dy), but = dy changes by dy under
the horizontal translation. Local exactness is a statement about sufficiently small charts, and
does not require these primitives to be periodic. This is the precise distinction that the sheaf
resolution below will encode.

1.3 A resolution and the comparison with singular cohomology

Let R, denote the sheaf of locally constant real functions, and let .A’fw denote the sheaf
U +— A¥U). The distinction between a sheaf and its global sections matters here: local
primitives need not patch to a global primitive. The Poincaré lemma is exactly the assertion that

0—Ry — Ay S Al S b 4, — 0 (1.5)

is an exact sequence of sheaves: exactness is checked on germs near each point. Such an exact
sequence is called a resolution of R,,.

The sheaves A’fw are fine. Concretely, for any locally finite open cover, multiplication by a
subordinate smooth partition of unity gives sheaf endomorphisms supported in the respective
open sets, whose sum is the identity. Fine sheaves on a paracompact Hausdorff space are acyclic
for global sections:

HI(M, A ) =0 (¢>0).

This is the partition-of-unity input that makes the following homological algebra theorem
applicable.
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Remark 1.6 (Why a partition of unity does not remove the torus obstruction). In Example 1.5,
let (py) be a smooth partition of unity subordinate to the coordinate disks. The locally defined
products pyzy, extended by zero, give a global function f =) ;; pyzy. Its derivative is

df = pudey + Y xydpy =de+ Y aydpy.
U U U

The additional term need not vanish: although »;; dpry = 0, the different x¢; are not one common
function. If a denotes the positive horizontal circle, the extra term has period —1 around a,
since [, df =0 and [, dx = 1. Fine sheaves therefore let us compute global cohomology from the
resolution; they do not make the global de Rham complex exact. The nonzero class of dx is the
obstruction to patching its local primitives.

Theorem 1.7 (Acyclic resolution theorem). Let F be a sheaf of real vector spaces on a space X .
Suppose 0 — F — EV — L — ... s exact and HI(X,E7) = 0 for every ¢ > 0 and j > 0. Then
there are canonical isomorphisms

H*(X,F) = H*(T(X, ).

Here sheaf cohomology means the right derived functors of T'(X, —). This is the sheaf form of
Leray’s acyclicity lemma [1, Lemma 13.16.7, Tag 015E)].

One can see the mechanism by putting Z° = F and 27 = ker(£7 — £7*1) for j > 1. The short
exact sequences 0 — ZJ — &7 — ZIT1 — 0 give, for k > 1,

(X, 2%

_ o\ ) o~ pglhx zhhy x>~ gREX. ).
D (X, £51) (X, ) (X, F)

The first quotient is precisely the cohomology of the global complex. Applying the theorem
to (1.5) therefore gives
Higg (M) = H"(M, Ryy). (1.6)

There is a second standard comparison theorem: on a paracompact, locally contractible Hausdorff
space, sheaf cohomology of the constant sheaf agrees with singular cohomology. A smooth manifold
satisfies these hypotheses. Together the two comparisons give the de Rham isomorphism
k ~ p7k
HdR(M) = Hsing(M;R)' (17)

For this comparison and its identification with integration, see [2, Chapter 5]. We now make the
map explicit.

Let C°(M;R) be the real vector space generated by smooth singular simplices o : AR — M
smoothness means smoothness up to the boundary, locally extending across the faces. Define

I:AMM) — CE(MGR),  I(a)(0) :/M o*a.

For k = 0, this is evaluation at the point o. With the singular coboundary convention (dc)(o) =
¢(0c), Stokes’ theorem gives the calculation

I(da)(o) = /

[ dota = /8 o= d(@)(). (1.8)

Thus integration is a cochain map. In particular, the period [, o of a closed form depends only
on [a] and the smooth singular homology class [c].
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The smoothing comparison theorem says that the inclusion of smooth singular chains into
continuous singular chains induces an isomorphism on homology and, by restriction, on real
cohomology. Integration therefore yields
k I k restriction k
Hip(M) — H"(C5,(M;R)) ¢———— Hgj,o(M;R).

The de Rham theorem asserts that the left arrow is also an isomorphism; the resulting map to
ordinary singular cohomology is precisely (1.7). In a sheaf proof, integration is compatible with
restriction and induces the identity on locally constant functions in degree zero. Comparison of
resolutions then identifies it with the canonical map above. A full proof uses a suitable sheaf
resolution of singular cochains; the assignment of ordinary singular cochains to open sets is not
itself a sheaf.

Remark 1.8. Integration is canonical and natural under smooth pullback. The induced isomor-
phism is an isomorphism of graded rings, matching the wedge product with the singular cup
product. This multiplicativity is an assertion on cohomology; the usual simplex integration map
does not in general take a wedge product to the usual cup product as an equality of cochains. No
compactness, orientation on M, or metric is used in these comparisons: integration takes place
over compact oriented simplices, even when M is noncompact or nonorientable. The comparison
does not imply that the cohomology of a noncompact manifold is finite dimensional.

1.4 The punctured plane: a period detects the hole

On U = R?\ {0}, define the normalized angular form

1 —ydx+xdy

= 1.
=5 2 + 92 (1.9)

Writing the unnormalized coefficients as P = —y/(2? + y?) and Q = x/(z% + y?), one obtains
y? — o2

MR

For the positively oriented unit circle y(¢) = (cost,sint), 0 < ¢ < 2,
dt
TN= 5 /nzl
u v
An exact form integrates to zero on a closed curve, so 7 is not exact. Locally it is df/(27); a
single-valued global angle would contradict its nonzero period.

For the complete calculation, the smooth homotopy F'(t,z) = ((1 —t) + t/|z|)x retracts U onto
St. On the circle a one-form pulls back to a(t) dt with a a 2r-periodic function. If ¢ = fo% a(t) dt,

then .
(1) :/0 (a(s) - ;) ds

is periodic and a(t) dt = cdt/(2mw) + df. Consequently

R[], k=0,
0, k>2.

Every closed one-form on U is cn + df, with ¢ = fv «; the function f is unique up to a constant.
The coordinate expression for 7 is useful, but smooth topology alone does not privilege it over

n + df.
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1.5 The square torus and the absence of a preferred representative

Write
T? =C/(Z+iZ) =R?*/Z?, 2=z +1y.
Thus the notation C/Z? means that the abstract group Z? has been embedded as the lattice

generated by 1 and i. The functions z,y do not descend to real-valued functions on T2, whereas
dx,dy do, since they are invariant under lattice translations.

Let a(t) = (¢,0) and b(t) = (0,t), with 0 < ¢ < 1, denote the two fundamental loops. If « is
closed, put A= [ « and B = [, a. Its pullback to R? has a primitive I’ by the Poincaré lemma.
Since dF is periodic, each difference F(z + 1,y) — F(z,y) and F(z,y + 1) — F(x,y) is constant;
evaluating on the fundamental loops gives A and B, respectively. Hence f = F' — Ax — By is
periodic and descends to the torus. This proves the explicit normal form

a = Adx + Bdy + df. (1.11)

The period matrix of dz,dy on a,b is the identity, so these two classes are independent.

There is an equally explicit calculation in degree two. For a periodic function h(z,y), set

c—/ol/olh(x,y)dxdy, m(y)—/olh(x,y)dx,

T Yy
Play) = [ (h(s,p) = m)ds, Q) = [ (m(®) = o) de.
Both P and @ are periodic, and direct differentiation gives
hdx ANdy = cdx ANdy + d(Pdy — Qdzx).

Since [r2 dx A dy = 1, the constant term is exact only if ¢ = 0. We have therefore computed the
entire ring:

H3p(T?) = A*([dax], [dy]),  (bo,b1,b2) = (1,2,1). (1.12)

For instance, dz + d(sin(27rz)) = (1 4 27 cos(2mz)) dx has exactly the same periods and class as
dx.

Remark 1.9 (What “no canonical representative” means). The lattice presentation supplies an
affine structure, which singles out constant-coefficient forms. This is extra structure beyond the
underlying smooth manifold. Indeed, suppose a representative of [dz| were invariant under all
diffeomorphisms isotopic to the identity. Invariance under all torus translations would force its
coefficients to be constant, and its periods would force it to equal dz. But the diffeomorphism

$e,y) = (v +esin(re),y),  0<|ef <o,
is isotopic to the identity and satisfies ¢*dr = dx + d(esin(27z)) # dx. Thus there is no
such diffeomorphism-natural representative of this class from the smooth structure alone. On
a compact manifold without boundary, a Riemannian metric will select a unique harmonic
representative.

1.6 Orientation, volume forms, and Poincaré duality

An orientation specifies which ordered bases of T,M are positive. On an oriented n-manifold, a
positive volume form is a nowhere-zero n-form p that evaluates positively on every positive basis.
Such a form can be chosen without a metric, but an orientation does not determine one: if f > 0



Hodge Theory / Topic 1 Course notes

is smooth, then fu is another choice. For a compact oriented manifold without boundary, Stokes’
theorem gives

/ dy =0, / . HIo (M) — R,
M M

If M is connected, this last map is an isomorphism. In particular, ;/ [,, p represents the uniquely
normalized top-degree class, although its differential-form representative still depends on pu. If
M has several connected components, integrate over each component: this identifies Hgy (M)
with one copy of R per component. The total integral alone is then not injective. Compactness
makes the number of components finite.

Example 1.10 (Changing a volume form on the torus). On the oriented square torus, take
te = (1 + ecos(2mz)) dx A dy, le] < 1.

This is a positive volume form with total volume 1, and

pe —dx Ndy =d (6 sin(2mx) dy) .
2m

Thus all these forms represent the same normalized top-degree class. The primitive is now periodic,
unlike z dy in Example 1.5. The zero integral of the difference is exactly the solvability condition
found in the explicit degree-two computation above. After a metric is chosen, harmonicity will
select a particular representative of this normalized class.

Example 1.11 (The sphere before introducing a metric). Orient S? C R? by its outward normal.
The restriction

w= (zdy Ndz+ydz Ndx + zdz A dy)| g
is positive: at p € S?, w,(v,w) = det(p,v,w). Using p = (sin 6 cos ¢, sin#sin ¢, cos ), one
calculates

27 o
w =sinfdf A dp, / w:/ / sinfdf dp = 4.
52 0o Jo

The Cartesian expression is smooth at the poles, where these coordinates break down. By the de
Rham theorem and the usual cohomology of S?, H} (S?) = 0 and H3y(S?) = Rlw/(47)]. Thus
every closed one-form on S? is exact, and a two-form is exact precisely when its integral is zero.

Theorem 1.12 (Poincaré duality in de Rham form). Let M be a compact oriented n-manifold
without boundary. The pairing

Hi (M) x Hig (M) — R, (o], [8) — [ anp (1.13)

is nondegenerate. Equivalently, it identifies Hz (M) with the dual vector space of Hggk(M)
Well-definedness follows immediately from the Leibniz rule and Stokes: if d3 = 0, then [,, dyAS =
Jas d(y A B) = 0. The nondegeneracy is the substantive theorem; later in this topic the Hodge
star will give a short proof once harmonic representatives exist. On the oriented square torus it
is already explicit:
(Adx + Bdy) N (Cdx + Ddy) = AD — BC.

T2
The matrix in the basis [dz], [dy] is (% §), which is invertible. On S, the classes [1] and [w/(47)]
pair to 1.

Remark 1.13 (Why compactness appears). The punctured plane has H° = R but H? = 0, so
the displayed ordinary cohomology pairing cannot be nondegenerate there. For an oriented
manifold without boundary that is not compact, the appropriate version pairs H¥; (M) with
compactly supported cohomology HQLPTIZ(M ) by the same integral. The compact support makes
the integral finite and permits Stokes’ theorem. Here HéR (M) = HI(A2(M),d), where AL(M)
consists of compactly supported smooth forms. This SUI;pOI“t condition is also different from
square integrability, which will enter when a metric is introduced.



Hodge Theory / Topic 1 Course notes

2 A metric on forms and the Hodge star

The de Rham complex needs a smooth structure; integration of top-degree forms additionally
needs an orientation. A Riemannian metric supplies lengths, angles, a volume density, and a
pointwise inner product on forms; an orientation turns the density into a volume form. None
of these constructions requires compactness or completeness. On a compact manifold without
boundary, they will ultimately select a unique harmonic representative of each cohomology class.

2.1 Pointwise inner products come first

Let (M™ g) be a Riemannian manifold. At each point p, the metric is an inner product on the
finite-dimensional vector space T, M. The musical isomorphisms are

Ub = g(v, ')7 fﬁ = (b)_1€7

and the induced inner product on T,y M is

(€ mg = g(&,nP).
In coordinates, write g = 3" g;; d’ ® dz? and let (g) = (gi;)~'. Then

Z a; dz’

Thus the metric on covectors uses the inverse matrix. For example, if ¢ = a®>dz? + b%dy?, then
|dz|; = a~! and |dy|, = b~'; the orthonormal coframe is (a dz,bdy).

2
=Y gaia;. (2.1)

g i

<dxi, dxj)g = g%,

On AkTI;“ M, the induced inner product is characterized by

1 ko1 k i g\ \F
(€' ANt A A >g = det (£, 77)g); ,_,, (2.2)
extended bilinearly. If (e!,. .., e™) is an orthonormal coframe, then the increasing wedge products

el = el A--- el form an orthonormal basis. Consequently, if & = Y ;are! and 3 =3, bre!,

then
(a,B)g = Za[bj, ]a\g = Za%.
J; I;

These are statements in a single fiber. For smooth forms, p — (o, 8p)4 is a smooth function on
M, not yet a number obtained by integrating over M.

Suppose also that M is oriented. There is a unique smooth top form dV; whose value on every
positively oriented orthonormal tangent frame is 1. In positive coordinates,

d‘/g:\/mclxl/\”'/\dxm; dvg:el/\.../\em (23)

in a positive orthonormal coframe. In particular |dVj|, = 1. Every top form is uniquely f dV, and
has pointwise norm |f|. The metric chooses this particular positive volume form; the orientation
alone does not.

2.2 Definition and algebra of the star

Definition 2.1 (Hodge star). On an oriented Riemannian m-manifold, the Hodge star is the
pointwise linear map * : AkT;M — Am_kT;M determined by

aAxf = (a,B)ydV, (o, B € AkT;M). (2.4)

Applying it at every point gives * : A¥(M) — A™F(M).
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Here is an explicit construction, which proves existence and uniqueness. Choose a positive
orthonormal coframe, let I¢ be the increasing complement of I, and let €(I) be the sign of the
permutation (I,I¢) of (1,...,m). Then

c

sel = e(I)e!”. (2.5)

Indeed, e’ Axel = 6; JdVy,. This both verifies the defining identity and determines each coefficient
of xe! uniquely. Uniqueness makes the construction independent of the chosen coframe. The
coefficients vary smoothly with g, so * sends smooth forms to smooth forms. It is a pointwise,
order-zero operator: *(fa) = f * «, even when f is nonconstant.

Proposition 2.2 (Basic identities). For real k-forms «, 3,

1 = dV, sdVy =1, (2.6)
o = (—=1)km=k) g, (xa, %) g = (o, B)g, (2.7)
aAxfB =LA xa, a N xa = |a|3qu. (2.8)

Proof. The complement formula sends an orthonormal basis to an orthonormal basis with possible
signs, proving the isometry assertion. Applying it twice exchanges a block of k indices with a
block of m — k indices, giving the sign (—1)’“(’”*’“). The remaining statements follow directly
from the defining identity and the symmetry of the real inner product. O

Reversing orientation replaces dVy by —dV, and therefore replaces * by —x. A different transfor-
mation is a conformal change of metric: if § = e?“g with the same orientation, then

a2 = e all,  dVs = eV, gl g = e (29)

The first identity follows from the inverse metric and the determinant formula; substitution in
the defining identity proves the third. In middle degree m = 2k, the star depends only on the
conformal class.

Remark 2.3 (Complex forms and the conjugation convention). Unless otherwise indicated, forms
in this topic are real. On complex forms we extend * complex linearly, and use the Hermitian
inner product linear in its first argument. Thus the defining identity becomes

aA*B = (a,B)ydV,.

In an orthonormal coframe the inner product is > ; a;b;. Conjugation belongs in the second
argument of the pairing, not in the definition of the complex-linear star.

2.3 From pointwise lengths to the global L? inner product

On any Riemannian manifold, the following formula defines an inner product on square-integrable
smooth forms. With a chosen orientation it can also be written using the star:

@Bz = [ (@BydVy= [ ansd.  Jalfa= [ Jafav;. (2.10)

The conjugation can be omitted for real forms. The pointwise quantity |a;|, measures a covector
at p; the global quantity ||«||z2 is one number measuring the whole field. If the latter vanishes
for a smooth form, continuity forces the form to vanish everywhere, so this is positive definite.
Although the oriented formula uses *, the inner product is independent of orientation: reversing
orientation changes both * and oriented integration by a minus sign. The density expression also
defines it on a nonorientable manifold. No boundary condition is needed to define this norm.
Compactness enters only when we want every smooth form to have finite norm.

10



Hodge Theory / Topic 1 Course notes

On a compact manifold, the space A*(M) with this norm is usually not complete. For instance,
smooth approximations to the characteristic function of an arc on S' converge in L? to a
discontinuous function. Its Hilbert space completion is denoted L2.A*(M) and consists of
measurable, square-integrable forms, identified when equal almost everywhere. Differentiation
on this completion requires a domain and additional regularity; it is not an everywhere-defined
continuous linear map on L?. On a noncompact manifold the same Hilbert space is obtained
by completing A¥ (M), the compactly supported smooth forms, or all square-integrable smooth
forms. One cannot complete unrestricted A*(M) in this norm, since some of its elements have
infinite integral. Finite total volume does not by itself make every smooth form square-integrable;
an unbounded form may still have divergent norm.

2.4 Flat tori: lengths, energies, and the choice of lattice

Example 2.4 (The rectangular torus, with coordinates of period one). Put T? = R?/Z? and
choose the metric g = A?dx? + B%dy?, where A, B > 0 are constants. Its two coordinate
circles have lengths A, B; the coordinates still have period 1. The positive orthonormal coframe
(Adzx, Bdy) gives

B A 1
dVy = ABdx Ndy, *dx = Zdy, xdy = -5 dr, *(dzAdy)= 15 (2.11)

For a = P(z,y)dx + Q(z,y)dy, with periodic coefficients,

P(ﬂc y)2 L O, y)?

| |2 = 5
a2, = //( 2 Q(:r y))dxdy. (2.13)

In particular ||1)|2 = AB, ||dz||?> = B/A, ||dy||> = A/B, and ||dx A dy||?> = 1/(AB). These global
squared norms include the volume factor; they are not the corresponding pointwise squared
norms.

(2.12)

For a nonconstant test take n = sin(2nz) dr = d(— cos(27z)/(27)). Then

sin?(27x)

B
2
el =~ 172 = 55 (dz,m)p2 = 0.

The pointwise norm vanishes along two circles, while the global norm is positive. On the square
torus A = B = 1 this gives ||dz + n[|?> = 3/2 and ||dz||?> = 1, even though these forms have the
same cohomology class.

This calculation has a general explanation. If h = ¢; dx + ¢ dy has constant coefficients and f is
periodic, then

A
(h,df)Lzz—cl/ Iz xdy+02/[ - fydxdy = 0.
0,1
Opposite sides of the square cancel each integral. Thus
Ih+df |72 = [lhll72 + [1df 72 (2.14)

Together with (1.11), this already proves that c; dx + ca dy is the unique form of least L? norm in
its class. Uniqueness here is uniqueness of the form: f itself is determined only up to a constant.
Once the formal adjoint is defined, this orthogonality to all df will become the equation d*h = 0.
It is the first concrete appearance of the condition that defines a harmonic representative.

11
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Example 2.5 (An oblique complex torus). Let 7 = a + ib with b > 0, and write
T.=C/(Z+ TZ), z=x+TY, (z,y) € R*/Z2.
The Euclidean metric |dz|? on C descends to

g = (dz + ady)® + b?dy? = da® + 2adx dy + (a* + b*)dy?,  dV, = bdzx A dy.

Use the positive orthonormal coframe e! = dz + ady, €*> = bdy. Since xe! = e? and *e? = —e!,
solving back for dx, dy gives
24+ b2 1 1
*dr = %dx—i—%dy, xdy = ~3 dx — %dy, *(dx A dy) = i (2.15)

The global L? Gram matrix in the period-normalized basis dz, dy is
(dz,dz) (dz,dy) _Lfa>+V —a (2.16)
(dya d.ﬁU) (dy7 dy) L2 b —a 1 . .
For example, 7 = 1+ gives xdx = dz +2dy, *dy = —dx — dy, and ||cdx +d dy||* = 2¢* — 2cd + d>.

The off-diagonal term records that the period-normalized coordinate covectors are not orthogonal.
The period pairing is still [, dx A dy = 1; it is independent of these metric data.

With the complex-linear convention for *, we obtain
dz=dr+7dy=e' +ie®,  xdz=—idz, xdz=1idz, |dz||% = 2b. (2.17)

The periods of dz on the two coordinate loops are 1, 7; dz descends although z does not. All the
displayed constant forms are closed, and their stars have constant coefficients and are closed.
After defining d*, we will conclude that they are harmonic; the Fourier argument in Corollary 3.12
will prove that there are no other harmonic forms for a flat torus. The same reasoning applies to
the rectangular metric above. Thus these calculations provide explicit candidates for harmonic
representatives before invoking the general analytic existence theorem.

2.5 Calculations in the plane and in three dimensions

Example 2.6 (The oriented Euclidean plane). For g = dx? + dy? and orientation dx A dy,
x1 = dx A dy, xdx = dy, xdy = —dzx, *(dx N dy) = 1.

Hence *(adx + bdy) = —bdz + ady and **> = —1 on one-forms. For the nonconstant form
a=xdy —ydx,
xa = —xdr —ydy = —3d(2* + y?), la)? = 2 + 42

On the disk Dpg, polar integration gives

2r rR 4
9 B 9 _7mR
lallz2(ppy) —/0 /0 rérdrdg = -

The star differentiates no coefficient: the derivative in the displayed expression for *« is simply a
convenient way to recognize that form.

Example 2.7 (A coordinate coframe need not be orthonormal). Let g = E do?+2F dz dy+G dy?,
where E > 0 and D = EG — F? > 0, and orient the chart by dz A dy. Using the inverse metric
in the definition gives
Fdz+Gdy
vD

_ Bdz+ Fdy

*dy = 7D

xdx = *(dx A\ dy) = (2.18)

sl

12
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For example, g = dx? + 2dz dy + 2dy? = (dx + dy)? + dy? has positive orthonormal coframe
(dx + dy,dy) and dVy = dx A dy. Here

xdr = dx + 2dy, xdy = —dz — dy.
For 8 = x dx + y dy this yields
xf = (r —y)dx + (22 — y)dy, BA*B = (222 — 2zy + y?)dx A dy.
1

The coefficient is exactly | ﬂ]g, computed using g~ = (_21 rh )

Example 2.8 (Euclidean three-space and vector calculus). For ¢ = dx? + dy? + dz? and
orientation dx A dy A dz, all degrees are described by

« 1 dx dy dz
xq | de ANdy Ndz dyNdz dzANdx dxAdy

and
a |dyANdz dzNdx dxANdy dxrANdyANdz

*Qy dx dy dz 1.

Here %% = 1 in every degree. If X = P9, + Q0y + RO, then

* X" = PdyANdz—+ QdzNdr+ Rdzx A dy,
%dX’ = (R, — Q.)dz + (P, — Ry)dy + (Qz — P,)dz,
d(+X°) = (Py + Qy + R.) dz A dy A dz.

Thus (curl X)* = *dX” and div X = xd * X*. Also (X x Y)” = #(X* A Y?), which makes the
dependence of the cross product on both the metric and orientation explicit.

Example 2.9 (The same calculations on a three-torus). On T3 = R3/Z? with its standard
flat metric, the constant forms dz, dy, dz and all their wedge products descend, and the entire
preceding star table is a table of global forms. The volume of this torus is 1, so these forms are
orthonormal for the global L? inner product as well as pointwise. For a vector field with periodic
coefficients, the curl and divergence formulas above descend too. Periodicity makes the fluxes
across opposite faces cancel, for example

/ (P 4+ Qy+ R;)dxdydz = 0.
[0,1]3

The constant forms and their stars are closed. Once the analytic argument in Theorem 3.11
is established, these will be exactly the harmonic forms, giving harmonic-space dimensions

(1,3,3,1).

2.6 Four dimensions: self-dual and anti-self-dual two-forms

In oriented Euclidean R*, write e’ = dx?, eV = e A e/, and dV = €'234. The complete table in

degree two is

a ‘612 e13 e14 e23 624 634

*a\e?"l [P Z S & R £ SN K R

e (&

For example the minus sign in xe'® = —e?* compensates for the single transposition in e

—dV. Since *?> = 1 on two-forms, there is a decomposition

13 5 p24 _

A? = A2 @ A2, A2 = {a:xa = +a}, ot = 3(a £ xa). (2.19)

13
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Explicit orthonormal bases are

612 + 634 613 _ 24 614 4 623

A2 . €
+ - \@ ) \/5 I \/5 9
A2 . e12 _ 634 613 + 624 614 _ 623

B V2o V2T V2
Both spaces have dimension 3. The star is an isometric involution, so on two-forms it is
self-adjoint:

(xa, B) = (o, %p3).

Its two eigenspaces are orthogonal. In particular a; A a— = 0, and
aha=(lap]? —|a_|?)dV. (2.20)

More generally the symmetric wedge pairing B, defined by a A = B(a, B)dV, satisfies B(a, ) =
(o, *3) and has signature (3,3). For a = e'? 4 2¢34,

a+:%(€12+€34)’ o = — (612—634), a/\a:4d‘/,

in agreement with |ay|? — |a_|? =9/2 - 1/2 = 4.

Remark 2.10 (Two different meanings of symmetry). Every two-form is an alternating bilinear
tensor: a(v,w) = —a(w,v). The terms self-dual and anti-self-dual describe its eigenvalue under
*; they do not mean that the tensor is symmetric or antisymmetric under exchange of v, w.
The symmetry above belongs to the operator * and to the wedge pairing of two-forms, since
aAp = p Aain degree two. On a compact oriented four-manifold without boundary the
corresponding splitting of harmonic two-forms will give the positive and negative spaces of the
cohomological intersection pairing. Their dimensions need not each be 3: the number 3 here is
the dimension in one cotangent fiber.

All these constructions work pointwise on any oriented Riemannian four-manifold. The bundles
A3.T*M have rank 3 and are unchanged by conformal rescaling, by (2.9). Reversing orientation
exchanges them.

Example 2.11 (Global self-duality on the flat four-torus). On 7% = R*/Z* with its standard
metric and orientation, e! = da’ are global, although the real coordinates z’ are not. The six
constant two-forms displayed above are therefore global self-dual and anti-self-dual forms. Their
coefficients and their stars are constant, so they will be harmonic. The Fourier calculation in
Theorem 3.11 will show that all harmonic two-forms are constant. Consequently

HQ(T4) = SpanR{eu, 613, 614, 623, 624, 634}, bi = b, =3.

Here bgi denote the dimensions of the +1 eigenspaces of * among harmonic forms. Since
Jpa dV =1, the displayed normalized self-dual and anti-self-dual bases have intersection matrices
I3 and —1I3, respectively, and are mutually orthogonal.

Pointwise self-duality alone imposes no differential equation. For example, the global form
a = sin(2rzt) (e? 4 3)

satisfies *a = a, but da = 27 cos(2rx!)e!3* # 0, so it is not harmonic. The bundle of self-dual
two-forms has rank 3, its smooth section space is infinite-dimensional, and its harmonic subspace
on this particular torus has dimension 3. These are three different statements.

14
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2.7 The round sphere: local calculations and global forms

On the unit sphere S? C R?, use the outward orientation and spherical coordinates
(z,y,2) = (sin cos ¢, sin @ sin ¢, cos ).
Away from the poles, the round metric and positive orthonormal coframe are
g = db? + sin® 6 dp?, el =df, €*=sinfdo.

Hence

dVy =sin@df A do, xd0 = sin 0 do, *xdgp = —j—g *(dO N do) = —

inf’ sin

(2.21)

In particular
2

. 2 .
sin“ 0
These are coordinate formulas on appropriate charts, not global smooth one-forms df, d¢ at the
poles. The global volume form is

ladf +bdg|; = a® +

dVy = (xdy Ndz —ydx Ndz + zdx N dy)|g

the contraction of ambient Euclidean volume with the unit outward normal. It satisfies *dV, = 1,
and ||dVy||2, = Area(S?) = 4.
For a smooth global one-form, take dz = d(z|g2). Using z = cos 6 gives

dz = —sinf db, xdz = —sin? 0d¢g = (ydx —xdy)|ge,

2 2 _ 2 2 ™ .. 3 _87T
|dz|; =sin®0 =1 — 27, |ldz||72 =27 [ sin°6dO = 3
0

The ambient expression verifies smoothness of xdz even at the poles. The pointwise norm vanishes
there because z has a maximum and a minimum there; this is a geometric fact, not a coordinate
defect.

2.8 The hyperbolic upper half-plane and quotients

Let H = {z + iy : y > 0}, with its usual orientation and hyperbolic metric

dx? + dy?

Ghyp =
yp Y2

The positive orthonormal coframe is e! = dz/y, €2 = dy/y. Therefore

dViyp =y~ 2dz A dy, la dx + bdy|}2lyp =%(a® + v?), (2.22)
x]1 = y72d.7: A dy, xdxr = dy7 *dy = —dzx, (2.23)
«(f de A dy) = fy°. (2.24)

The star on one-forms agrees with the Euclidean star, although their pointwise norms do not
agree. For a real one-form, the factors cancel in the energy density:

ladz + bdylt,,dViyp = (a® + b?)dz dy. (2.25)

This is the conformal invariance of the L? norm on one-forms in dimension two. For comparison,
functions have density f%y~2dx dy, and two-forms f dx A dy have density f2y?dz dy.
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If ' € PSLy(R) is a discrete group acting freely on H, then ¥ = I'\H is an oriented hyperbolic
surface. A form upstairs descends precisely when it is I'-invariant. Orientation-preserving
isometries commute with *, so the metric, volume, and star descend. The coordinate forms dx
and dy generally do not descend for an arbitrary I'. For a descended one-form, its global L?
norm can be computed by integrating (2.25) over a fundamental domain.

For a concrete calculation take the translation quotient (z — z 4+ 1)\H. Both dz and dy descend,
and over the strip 0 <z <1, a <y <b,

1

Areapy, = — — -
hyp = 7

The cusp region y > a has finite area 1/a, while dr has infinite L? norm on it. Thus finite volume
alone does not ensure that a smooth form is square-integrable. When we apply the compact
Hodge theorem below to a hyperbolic quotient, we assume in addition that I' is cocompact, so

that ¥ is compact without boundary.

|dz|2. = b — a.

3 The adjoint, the Laplacian, and the analytic bridge

Let M be an oriented, smooth Riemannian n-manifold without boundary, not necessarily compact.
Forms are real unless otherwise indicated. The codifferential, Laplacian, and their differential
identities make sense on every such M. Global integration and existence statements will specify
compactness or support conditions. We write («, 3)r2 = [,; & A % when the integral exists and
use the nonnegative convention for the Laplacian.

3.1 Deriving the codifferential from Stokes’ theorem

Definition 3.1 (Formal adjoint). The codifferential d* : A*(M) — A*=1(M) is the differential
operator characterized by

(da, B)2 = (a,d*B)r2,  a€ AFH (M), B e AF(M).

Here A’C“*l(M ) denotes compactly supported smooth forms, so both integrals exist. If M is
compact, every smooth form is compactly supported and this restriction is automatic. On
functions, d* = 0. This is a formal adjoint, defined by testing smooth forms; an adjoint of an
unbounded operator on L? also requires specifying its operator domain.

Proposition 3.2 (The sign of d*). On k-forms on any oriented Riemannian manifold,
d* = (=1)"EHDH g (3.1)

In particular, (d*)? = 0.

Proof. For compactly supported « of degree k — 1, Stokes gives
0 :/ d(a A B) :/ do A %8B + (—1)k—1/ a A d(xB).
M M M

Thus we need *(d*3) = (—1)*d(x3). The form d(*/3) has degree n — k + 1, so the inverse of * in
this equation contributes the sign (—1)*~D"=k+1)  Therefore

d*B = (1) EDO=kD) o gy g = (—1)nkHD+L gy g,

The exponents differ by an even integer. This constructs the formal adjoint; uniqueness follows
by testing against arbitrary compactly supported forms and using the positive definite pointwise
pairing. Composing the displayed formula in consecutive degrees reduces (d*)? to a sign times
«d%%, hence to zero. O
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Example 3.3 (Divergence and a coordinate sign check). On an oriented Euclidean plane,
xdr = dy, *dy = —dx, and *(dz ANdy) = 1. For a = Pdx + Qdy and § = Rdx A dy,
do = (Qz — Py) dz N dy, d'a=—(Pr+Qy),
d*8 = Rydr — R, dy.
For instance, d*(z%dx + ry dy) = —3z. Adding dd*« and d*da cancels the mixed derivatives and
gives
Aa = _(sz + Pyy) dx — (Qx:c + ny) dy.

In any dimension, d*oa = — div(af) for a one-form. These formulas are local: on a noncompact
space, the adjoint identity is first justified using compactly supported test forms.

Example 3.4 (The same operators on the flat torus). Let 72 = R?/Z? carry go = d2? + dy? and
the orientation dz A dy. A form on T2 is a form on R? whose coefficients are periodic with period
one in both variables. Thus the preceding formulas apply to periodic P, @, R. In particular,

A(Pdz + Qdy) = (=Pea — Pyy) dz + (—Qua — Qyy) dy.
For a = sin(2nz) dx + cos(27zx) dy,
do = =27 sin(27x) dx A dy, d*a = =27 cos(27x),
dd* o = 472 sin(2nz) dz, d*da = 472 cos(27x) dy.

Hence Aa = 47%a. The two summands already separate an exact form from a coexact form:
o d(_cos(ZTra:)) e (_ sin(27x) de A dy) '
2 27

Opposite edges of the unit square cancel in integration by parts; there is no boundary term
on the quotient. The expression z2dx from the plane example does not descend to this torus,
whereas every form in this example does.

3.2 The Laplacian and what follows without analysis

Definition 3.5. The Hodge Laplacian and the space of harmonic forms are
Ay =dd* +d*d : AF(M) — A¥(M),  HF(M,g) = ker Ay,

Subscripts are suppressed when the degree is clear. This definition does not require compactness:
HE (M, g) denotes the smooth kernel, with no L? condition imposed, and it need not be finite
dimensional.

If M is compact without boundary, integration by parts gives, for arbitrary smooth «, 8 of the
same degree,

(A, B)r2 = (do,dB) 2 + (d v, d*B) 2 = (o, AB) 2. (3.2)
The same identity holds on arbitrary M if at least one of the two forms is compactly supported.

In particular, for every smooth o on compact M, or every compactly supported smooth « on
arbitrary M,

(A, )2 = ||dal|7z + ||d |7z, Aa=0 <= da=d'a=0. (3.3)

The implication from left to right uses a global integral and positivity; it is not a pointwise
separation of the two terms of A. The reverse implication, da = d*a = 0 = Aa = 0, holds on
every M, without support or integrability assumptions. For a function,

Af = d*df = —div(Vy), Apnf ==Y 07f
J
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Consequently, harmonic functions on a connected compact manifold without boundary are
constant: (3.3) forces df = 0. On R, however, f(x) = z satisfies Af = —f” =0 but df = dx # 0.
Thus unrestricted smooth harmonic forms on a noncompact manifold need not be closed. On the
compact interval [0, 1], the same function shows why a boundary cannot be ignored: integration
by parts has a boundary term unless suitable conditions are imposed.

Example 3.6 (Finding all harmonic forms on the square torus). For a periodic one-form
P dx + Q dy, integration by parts gives

(A, @)z = /[ . (P2 + P2+ Q2+ Q2) du dy.
0,1

If Aa =0, all four derivatives vanish, so P, (Q are constant. Conversely, constant coefficients give
da = d*a = 0. The same argument applies to functions and to the coefficient of a two-form.
Thus, for this particular metric,

HO(T2790) =R-1, Hl(Tzng) = SpanR{dwa dy}7 HZ(T2790) =R- (dx N dy)

This computation uses periodic integration and positivity, with no appeal to the general Hodge
theorem. Below we will also prove directly that these spaces give every de Rham cohomology
class.

Proposition 3.7 (Commutations and orthogonality). On smooth forms on any oriented Rie-
mannian manifold,
dA = Ad, d*A = Ad*, *A = Ax.

If M is compact without boundary, the spaces H*, dA*~1, and d* A**1 are pairwise L* orthogonal.

Proof. The first two identities follow by expansion and d? = (d*)? = 0; for example dA = dd*d =
Ad. Formula (3.1) and the square of x give, for a k-form «,

d(xa) = (=1)F % (d*a), d* (xa) = (=11 % (da).

Applying these in consecutive degrees yields xdd*a = d*d(xa) and *d*da = dd*(x«a); add
them. For orthogonality, now assume M is compact without boundary. Then h € H* satisfies
dh = d*h =0 by (3.3), so

(h,da) = (d*h,a) =0, (h,d*b) = (dh,b) =0, (da,d*b) = (d%a,b) = 0.
0

On a compact manifold without boundary, what remains is existence: do these three orthogonal
spaces span every smooth form? The next finite dimensional argument isolates the linear algebra
that we want to recover.

3.3 A complete finite dimensional Hodge theorem

Let (C*,d) be a complex of finite dimensional real inner product spaces. Write dj, : C¥ — C*+1
and let dj be its ordinary adjoint matrix. Set

Ay = di_1dj,_q + djdy, KF = ker Ag.
Theorem 3.8 (Finite dimensional model). There is an orthogonal decomposition
C* =imd;_, @ K* @ imdj.

Moreover, KF = ker dj, N ker di_; and h — [h] induces an isomorphism Kk ~ ker di/imdg_q.
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Proof. For every v € C¥,
(Agv,v) = ||di_yol® + [l dyol®.

Thus ker Ay, = kerd}_; Nkerdy. Put E = imd_1 and F = imd}. If a € C*~! and b € CF*1,
then
(dg—1a,d;b) = (dgdy_1a,b) =0,

so E 1 F. A vector v is orthogonal to F 4+ F' precisely when
(v,dg—1a) =0 for all a, (v,dib) = 0 for all b.

By the adjoint identities, these conditions are dj_,v = 0 and dpv = 0, respectively. Hence
(E + F)* = KF. A finite dimensional inner product space is the sum of a subspace and its
orthogonal complement, proving the decomposition. Its components are unique because they are
orthogonal.

If div = 0, decompose v = e + h + f with f = dj;b. Orthogonality and the adjoint identity give

I£1I? = (v, f) = (dxv,b) = 0.

Thus v = e+ h, proving that every cohomology class has a harmonic representative. If h = di_1a
is harmonic, then ||h||?> = (df_,h,a) = 0, proving uniqueness and injectivity. O

Example 3.9 (A matrix complex with three nonzero components). Give each space its standard
Euclidean inner product and take

[

0—RALR Bir—0,  A=|[1], B:(o 0 2).

o

Since BA = 0, this is a complex. In degree one,

110
A =AAT+B™B=[1 1 0
00 4

Its orthogonal eigendirections are (1,1,0), (1,—1,0), and (0,0, 1), with eigenvalues 2,0,4. In full
detail,

a+b a+b a—b b—a
(a,b,c)—( 2 ) 2 70> ( 2 77

im A ker A1

For (a,b,c) = (3,1,2), these are (2,2,0), (1,—1,0), and (0,0, 2), all nonzero. A vector is a cocycle
exactly when ¢ = 0; its class is then determined by its (1, —1,0) component.

,O>—|—(0,0,c).
——

im BT

3.4 Why infinite dimension requires a new theorem

For this comparison, let M be compact without boundary and of positive dimension. The smooth
space AF(M), for 0 < k < n, is not complete in its L? norm. Its completion is the Hilbert space
L2 AK(M), whose elements need not be smooth. On a noncompact manifold, not every smooth
form is in L?; one can instead construct L2A*(M) by completing A¥(M). Even in a complete
Hilbert space, an operator image need not be closed. Orthogonal complements recover im T'
rather than necessarily im 7.
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Example 3.10 (A dense image that is not closed). On the Hilbert space £2, define

T(ZL‘1,$2, .. ) = ($1,£L’2/2,{L‘3/3,. . )

This bounded self-adjoint operator is injective. Its image contains every finite sequence and is
therefore dense. However, y = (1,1/2,1/3,...) belongs to #? and is not in im 7T": the only possible
preimage is (1,1,1,...) ¢ ¢2. The finite truncations of  lie in im 7" and converge to y. Thus
(im T)* = ker T = 0 does not imply im 7' = ¢2. In the two-term complex ¢2 Ly 02, the degree-one
Laplacian is 77" and has zero kernel, although the algebraic cohomology ¢?/im T is nonzero.
This is the precise gap in an unqualified infinite dimensional version of the preceding proof.

3.5 The flat torus: Fourier analysis makes the bridge explicit

Before introducing an analytic black box, we prove the needed facts on 7" = R"/Z", equipped
with go =3, (dz7)? and volume one. The point of this model is to separate two questions: what
happens at each frequency, and whether the resulting infinite series defines a smooth solution.
The first is finite dimensional linear algebra; the second is analysis.

For m = (mq,...,my) € Z", put

— 6271'im-gv

em(x) , m’ = ;mjdxj, b =S 0, A = 47%|m)?.

We temporarily complexify forms and use the Hermitian extension of the inner products, so
(o, B)r2 = [ @ A xp. Write a k-form as

a= Z ap(z)det = Z em (T)am, A, = Z ar(m)dal,

where [ is increasing and aj(m) = f[o 1 ar(z)e=?™m T dy. For real forms, a_, = @n; all
operators below preserve this condition, so the final answers are real.

The basic Fourier facts and why smoothness matters. The functions e,, form a complete
orthonormal basis of L?(T™). Completeness follows, for example, by uniformly approximating
continuous periodic functions by trigonometric polynomials and using their density in L2
Parseval’s identity, applied coefficient by coefficient, gives

lollZ2 =D laml?. (3-4)

m

A form is smooth exactly when its Fourier coeflficients are rapidly decreasing: for every N > 0
there is Cy with
lam| < Cn(1+|m)) N (meZ").

For the forward direction, integrate by parts repeatedly, or apply (1 — Ej 8]2)N to the smooth
coefficient and take its Fourier coefficient. This multiplies a,, by (1+ A,,)" and leaves a bounded
Fourier coefficient. Conversely, a derivative of order  multiplies a,, by at most a constant times
|m|". Choosing N > n + r makes the differentiated series absolutely and uniformly convergent.
Thus every derivative exists and can be computed term by term. This criterion will justify each
Fourier construction, including the primitives used to compute cohomology.
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Each nonzero frequency is a finite dimensional complex. The vector space e, A®*(C")*
is preserved by d, d*, and A. On it,

d(ema) = 2mie,,(m’ A a),
d*(ema) = —2miepmima, (3.5)

Aema) = Apema.

The first formula differentiates e;,; the second uses the Euclidean adjoint d* = — 3}, Lo, 0,i. The
third follows from the elementary identity

M’ A tma + 1 (M’ A a) = |m?a. (3.6)

This is precisely the finite dimensional model above, now with differential matrix 2wim’A. For
m # 0 its Laplacian is a positive scalar matrix, and its harmonic subspace is zero. More explicitly,
the degree —1 operator .
i

Kn=—"—1
" 2m|m|2 "
satisfies d,, K, + Kpndy, = id, where d,,, = 27i m’A. Thus every closed vector in a nonzero mode
is exact. At m = 0, both differentials vanish and every constant wedge is harmonic.

Theorem 3.11 (Harmonic forms and cohomology of the flat torus). For the standard flat metric
on T™, in every degree 0 < k < n,

HE(T™, go) = spang {dz® A--- Ada®™ @iy < - < iy}, dim H*(T™, go) = <Z>

Every smooth closed form has a unique harmonic representative, namely its coefficientwise average

Ma =ag = Z (/[0 " ar(x) dac) dat.

\I|=k

Consequently Hk(T", go) — H(’fR(T”) is an isomorphism. This statement is proved independently
of the general Hodge theorem.

Proof. Equation (3.5) says that Aa = 0 if and only if A\,,a,, = 0 for every m. Thus precisely the
zero mode survives. If da = 0, each coefficient satisfies d,,a,, = 0. The homotopy identity then
gives
a—ag=dp, B = Z emBKmam.
m#0

Since || K| < (27|m|)~, the coefficients of 3 remain rapidly decreasing. The series therefore
defines a smooth form and may be differentiated term by term. This proves existence, including
the analytic justification for summing the primitives. For k = 0 the contraction is zero, and the
same identity simply says that a closed function has no nonzero modes.

Finally, an exact form has zero constant Fourier coefficient: every derivative of a periodic function
has integral zero. Hence a constant form that is exact must vanish. This proves uniqueness and
injectivity; the displayed constant wedges give the dimension. O

Corollary 3.12 (Any constant flat metric on the torus). If g4 =3, ; Aij dzidxd for a constant
symmetric positive definite matrixz A, the harmonic forms on T™ are still precisely the constant
forms. The harmonic representative of a closed form is still its coefficientwise average.
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Proof. The volume density and the inner products on constant wedges are constant. Integration
by parts gives

dy,(ema) = —2miemt g1, Ay, (ema) = 4% (mT A 'm)ena.

The quadratic form mT A~'m is positive for m # 0 and comparable to |m|?. Replacing t,/|m|?
by tg-1,,/(mT A7 m) in the preceding proof therefore preserves both the homotopy identity
and the rapid-decay argument. Different Fourier modes remain orthogonal, so projection onto
constant forms is again coefficientwise averaging. ]

Returning to the standard metric go, an arbitrary smooth form has the following explicit
orthogonal splitting of each m # 0 coefficient:

- + . (3.7)

exact mode coexact mode

Wedge multiplication and contraction are adjoints, and d?, = 0, so these summands are orthogonal.
Both coeflicient operators have norm at most one; their sums are therefore smooth. Together
with ag, they already prove Hodge decomposition on the flat torus. The general theory must
supply a replacement for this explicit control of all modes.

3.6 Poisson’s equation on the torus: obstruction, inverse, estimates

First find the obstruction, then construct the solution. For Au = f on T, comparison
of coeflicients forces

The m = 0 equation is 0 = f(()) For functions this is the necessary condition [, fdx =0, also
obtained by integrating Au = —3; 8]2u. In particular, Au = 1 has no periodic solution, even
in the distributional sense. For forms, every constant coefficient of f must vanish, equivalently
f L HF(T™, go). If this condition holds, the only possible solution with zero average is

u:GOf:ZM (3.8)

Em-
2 2 m
Z0 4m2|m)|

Here the coefficients may be scalars or constant wedges. For arbitrary f, the same formula defines
Gof and satisfies AGyf = f — IIf. All other solutions, when they exist, differ by a constant
form. If f is smooth, division by |m|? preserves rapid decay, so (3.8) is a smooth solution.

Example 3.13 (A periodic Poisson equation with two frequencies). On T2, let f(z,y) =
sin(27wz) + cos(4my), which has integral zero. Since

Asin(27rx) = 47? sin(27x), A cos(4my) = 1672 cos(4my),
the unique solution of zero average is

sin(2rx)  cos(4my)
47?2 1672

u(z,y) =
The second term oscillates twice as fast and its inverse multiplier is four times smaller. This is

the concrete meaning of gaining two derivatives. For f dz, the solution is u dx, because the flat
Laplacian acts separately on each coefficient.
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The operator domain and the gain of derivatives. For real s, define the Fourier Sobolev
norm by

lolFrs = D1+ Am)’lam|*.

m
For nonnegative integers s it is equivalent to the norm defined using weak derivatives up to order
s. The completion of smooth forms in this norm is H*A¥(T™). For s = 0 this is L? by Parseval.
The multiplier formula immediately gives

[Aul[gs < [lull gose.

Thus A : H*72 — H? is bounded. Viewed as an operator on L? with domain H?, it is unbounded:
the norm-one functions e(;q . o) have Laplacian norm 47252 — oo. One cannot treat it as a
bounded matrix on the entire L? space.

The first positive eigenvalue is A\; = 472, because a nonzero integral frequency has |m| > 1. For
any f € H?® the inverse formula gives the quantitative estimate

1

IGoS les2 < (14 473

)IF =11 e (39)
Indeed, (1 + A\p)/Am < 1+ (472)~! for m # 0; square this inequality and sum the weighted
coefficients. This proves existence in H? for every L? right-hand side orthogonal to the constants.
It also proves regularity: if a distributional solution has Au € H?, its nonzero coefficients lie
in H**? by the same estimate, and its constant coefficient is already smooth. If the right-hand
side is smooth, this holds in every Sobolev degree, or directly by rapid decay, giving a smooth
solution.

The spectral gap prevents almost harmonic nonconstant forms. For a smooth form
with IIa = 0, Parseval and the energy identity give the sharp Poincaré inequality

dn?llalfe < Y7 Amlam|® = |ldalZ: + lld"al 7. (3.10)
m70

For a function, the right side is [ |V f|?. Equality holds for any form supported on frequencies
with |m| = 1, for example sin(27z!) dz’. A second immediate estimate is

1
1Gofllr2 < @Hf —I0f]| 2.

The gap therefore bounds the inverse and rules out a norm-one sequence orthogonal to constants
whose Laplacians tend to zero. Notice also the elliptic estimate, valid without imposing zero
average:

lull grs+2 < |Aul| s + ||ul| gs- (3.11)

To prove it, apply the triangle inequality in the weighted coefficient space to (1 + Ap,)am =
Am@m + @, The extra ||ul| s controls the constant modes that A cannot see. On their orthogonal
complement, (3.9) removes that extra term.

Compactness is the uniform control of the high frequencies. Let Pg retain only modes
with A, < R; its image is finite dimensional. If ||u||g2 < 1, then

lu—Prulz. = > [am)* < (1+R)7* ) (1 +Aw)?[a(m)]* < (1+R)™>.
Am>R m

The low frequency projections of a bounded H? sequence have convergent subsequences in a
finite dimensional space. Taking a diagonal subsequence as R — oo, the uniform tail estimate
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makes that subsequence Cauchy in L?. This proves that H? < L? is compact on the torus.
Since Go : L? — H? is bounded, Gy is compact when regarded as an operator L? — L?. There
is no contradiction with Example 3.10: a compact operator can have nonclosed image in L?.
The conclusion we need is that A : H?> — L? has closed image, the subspace of forms with zero
constant coefficient.

Remark 3.14 (What fails on the Euclidean space). On R”, Fourier frequencies are continuous
and can approach zero without being zero. The resulting failure of a uniform gap can be
seen without the Fourier transform. Choose a nonzero ¢ € C°(R™) with ||¢||,2 = 1 and put
up(z) = R™™2¢(x/R). Then

lurlizz =1, lldurlzz = R ldgllz2,  [|Augllzz = R72(|Ag)| 2.

Thus neither the torus Poincaré inequality nor a uniform estimate ||ul;2 < C|Au|r2 holds
for all compactly supported smooth functions on R™. The obstruction is analogous to the
eigenvalues 1/j — 0 in Example 3.10: division by arbitrarily small numbers cannot give a
bounded inverse. This does not assert that every individual Poisson equation on a noncompact
manifold is unsolvable; it identifies the estimate lost when one tries to repeat the compact proof.

3.7 Ellipticity: the highest order part is invertible

Here M may again be any oriented Riemannian manifold without boundary. For a differential
operator, use the principal-symbol convention 0,; — i§;. At x € M and { € Ty M,

o1(d)(z, &) = 1€, o1(d*)(x, &) = —itg.

The first formula follows from d(f«) = df A o + f da. For the second, the pointwise adjoint of
wedge multiplication by ¢ is contraction by &F: taking the adjoint of i contributes the minus sign.
The contraction rule says

(N a) = |§]§a — &Nt

Consequently,
o2 (A)(2,8) = EAtgr + 1 (EN-) = [€21d. (3.12)

It is invertible whenever £ # 0. This is ellipticity. The highest order part controls derivatives in
every cotangent direction, even though the full operator can have a kernel. Neither this symbol
calculation nor interior elliptic regularity requires compactness or completeness. Locally, if a
distributional form u satisfies Au € H}} , then u € HISO‘EQ, for every integer s > 0; the subscript
means Sobolev regularity on relatively compact coordinate neighborhoods. In particular, a
smooth right-hand side implies a smooth solution. Global Sobolev estimates and compactness of

Sobolev inclusions require additional global hypotheses, supplied below by compactness of M.

For the flat torus, (3.12) is exactly the computation (3.5) with & = 27wm, and Fourier modes
diagonalize the entire operator. On a general manifold, the metric coefficients vary and there
need not be global periodic coordinates. Fourier analysis in one coordinate chart no longer
diagonalizes the global problem. Ellipticity retains the invertible highest order part; the following
local estimates and compactness theorem replace the explicit frequency calculation.

3.8 The analytic black box, and what we prove from it

For the remainder of this section, assume that M is compact and has no boundary. These
hypotheses provide the global analytic estimates needed to pass from the differential identities to
existence.
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Let H3AF(M) denote the Sobolev completion of smooth forms, using square integrable weak
derivatives up to order s for integers s > 0. Local coordinates, bundle trivializations, and a
partition of unity define the norm; different choices give equivalent norms. In particular,

A H? AR (M) — L*A*(M)
is bounded between these two Hilbert spaces.

Theorem 3.15 (Analytic input for a compact manifold). Let M be a compact, oriented Rie-
mannian manifold without boundary. For its elliptic operator Ay, we use the following three
facts.

1. There is an elliptic estimate

lull e < CIAull 2 + llullz2),  we H2A®(M).

2. The inclusion H>A*(M) < L2A*(M) is compact (Rellich’s theorem,).

3. For each integer s > 0, if u is a distributional form and Au € H®, then v € HT2. In
particular, distributional solutions of Au = 0 are smooth, and a smooth right-hand side
implies a smooth solution.

The local elliptic estimates and regularity, together with Rellich’s compactness theorem, are the
analysis deferred in this topic; see [3, lectures 15-16 and 18]. Compactness lets us pass from
interior estimates to the global statements above using finitely many coordinate neighborhoods.
The local regularity statement remains valid on noncompact manifolds, but does not by itself
give a global H**2 bound there. On the flat torus we have already proved all three inputs: the
estimate is (3.11), compactness follows from uniformly small high frequency tails, and regularity
follows by division by A.,. The remaining argument explains how the same conclusions follow
on a compact manifold without explicit eigenfunctions. We now derive the needed existence
theorem, rather than adding it as another black box.

Proposition 3.16 (Finite dimensional kernel and a stronger estimate). Let M be a compact,
oriented Riemannian manifold without boundary. Then the smooth kernel H¥(M, g) is finite
dimensional. There is a constant Cy such that

lullgz < Col|Aullpz,  we H2AMM) N (HF)*, (3.13)
where orthogonality is taken in L>.

Proof. Regularity identifies the H? kernel with the smooth harmonic forms. If this kernel were
infinite dimensional, it would contain an infinite L? orthonormal sequence hj. The elliptic
estimate bounds ||h;| g2 uniformly. Rellich gives an L? convergent subsequence, contradicting
Iy — halls = v/2 for j # ¢.

If (3.13) failed, choose u; L H¥ with ||uj||z2 = 1 and ||Aw,||z2 — 0. Rellich gives a subsequence
converging in L?. The elliptic estimate on uj — uy then makes that subsequence Cauchy in H 2 so
it converges to u with ||u|| g2 = 1. Boundedness of A gives Au = 0, and L? convergence preserves
u L H*. Hence u = 0, a contradiction. O

On the torus, (3.13) was a direct consequence of \,, > 472 for m # 0. The contradiction argument
above recovers the required bound on a general compact manifold: compactness prevents a
normalized sequence in the harmonic complement from becoming arbitrarily close to the kernel
under A. We do not need to know the eigenfunctions or the numerical value of the spectral gap
to use this bound.
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Theorem 3.17 (Solving the Laplace equation). Let M be a compact, oriented Riemannian
manifold without boundary. The image of A : H2AF(M) — L2A¥(M) is closed and equals (H*)*.
For every f € L2AF orthogonal to H*, there is a unique w € H>AF N (HF)* with Au = f. If f
is smooth, so is u.

Proof. Let Au; — f in L?. Since H* is finite dimensional and smooth, subtracting the L2
projection of u; onto HE leaves an H? form, changes no Au;, and makes u; L HE. Estimate
(3.13) now shows that u; is Cauchy in H?. Its limit satisfies Au = f, proving closedness.

It remains to identify the orthogonal complement of this image. If v € L? is orthogonal to the
image, then
(v,Ap)r2 =0 for every smooth test form ¢.

Formal self-adjointness says exactly that Av = 0 in the distributional sense. Weak elliptic
regularity makes v smooth, so v € H*. Conversely, a smooth harmonic form is orthogonal to
the image by integration by parts, first on smooth forms and then by density on H2. Thus
(im A)t = H*. Because the image is closed, the Hilbert space orthogonal-decomposition theorem
gives im A = (H¥)*. Existence follows; two solutions in this complement differ by a harmonic
form and hence are equal. Smoothness follows from the regularity black box. O

Definition 3.18 (Harmonic projection and Green operator). Under the compactness and no-
boundary hypotheses of Theorem 3.17, let IIj, be the L? orthogonal projection onto H*. Define
Gf to be the unique solution orthogonal to H* of

AyGrf = [ — Ik f.

Then Gy : L2AF — H?AF is bounded by (3.13), vanishes on H*, and maps smooth forms to
smooth forms.

This is the analytic replacement for inverting a nonzero eigenvalue of a finite matrix. Compactness
and ellipticity have supplied the closed image and smooth inverse needed for the algebraic
argument.

4 Hodge decomposition, duality, and complete examples

The global Hodge theorems below concern compact oriented Riemannian manifolds without
boundary. We combine the analytic existence theorem with the algebra of d and d*. The resulting
representative is canonical after a metric has been fized; the underlying cohomology class does not
depend on that choice. The pointwise conformal formulas and the local hyperbolic calculations
later in this section do not require compactness.

4.1 From the Green operator to the decomposition

Let (M, g) be a compact oriented Riemannian manifold without boundary. On its smooth forms,
Definition 3.18 gives
AG=GA=T-T, TG = GII=0. (4.1)

The first identity AG = I — II is the defining equation. For the other order, both GA«a and
a — Ia are orthogonal to #* and solve the equation Au = Aa; uniqueness gives equality. The
remaining identities follow from the image and kernel conditions on G. Moreover, G is symmetric
for the L? pairing: for smooth «, 3,

(Gaw, B) = (Ga, AGB) = (AGa, GB) = (o, GR).

The harmonic terms disappear because the image of G is orthogonal to H¥.
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Lemma 4.1 (Commutation with the Green operator). Let (M, g) be a compact oriented Rie-
mannian manifold without boundary, and let Gy be its Green operator on k-forms. On smooth
forms, with the degree of each operator understood,

dGy = Grard,  d*Gy = Gy_1d".

Proof. The commutation of d and A gives
Ag11(dGra) = d(a — o) = do.

The exact form da is orthogonal to harmonic forms. Hence Gy 1da solves the same equation.
Both proposed solutions are orthogonal to #**!: one is exact, and the other lies in the image of
Gi+1. Uniqueness in Theorem 3.17 proves the first identity. Replace exact by coexact and use
d*A = Ad* to obtain the second identity in exactly the same way. O

Theorem 4.2 (Hodge decomposition). Let (M, g) be a compact oriented Riemannian n-manifold
without boundary. Every smooth k-form has a unique orthogonal decomposition into a harmonic
form, an exact form, and a coexact form:

AFN(M) = H* (M, g) & dA* (M) @ d* AT (M). (4.2)
More explicitly,
a =Ta+ d(d*Ga) + d* (dGa). (4.3)
Here the spaces outside degrees 0, ...,n are understood to be zero.

Proof. Write a = Ilae + AGa using (4.1) and expand A = dd* + d*d. Regularity ensures that
all the forms appearing here are smooth. Proposition 3.7 proves pairwise orthogonality, which
makes the decomposition a direct sum and makes its three components unique. O

Remark 4.3 (Unique components versus unique potentials). In o = h + da + d*b, the forms
h, da, and d*b are unique. The potentials a and b generally are not: one can replace a by
a+n with dn =0, or b by b+ ¢ with d*¢ = 0. Formula (4.3) supplies distinguished potentials
a =d*Ga and b = dGa. These are, respectively, coexact and exact. Those additional conditions
make the potentials unique within those subspaces: a closed coexact form has squared norm
(d*vy,d*y) = (v,dd*y) = 0, and the dual argument applies to a coclosed exact form.

If da = 0, its coexact component vanishes. Indeed, for a = h + da + d*b, orthogonality gives
[d*b][72 = (o, d"b) 2 = (da,b) 12 = 0.
Equivalently, dGa = Gda = 0 in (4.3). Thus
kerd = H* @ d A1 (M). (4.4)

Theorem 4.4 (Hodge-de Rham theorem). Let (M,g) be a compact oriented Riemannian
manifold without boundary. The map

H¥(M,g) — Hig(M;R),  h—s [h]

is an isomorphism. Fach class has a unique harmonic representative, which is its unique smooth
representative of minimal L* norm.

Proof. Harmonic forms are closed, so the map is defined. Equation (4.4) proves surjectivity. If a
harmonic form is exact, h = da, then ||h||%2 = (h,da) = (d*h,a) = 0, proving injectivity. Finally
any representative of [h] is h + da, and orthogonality gives

1h+ da||22 = ||h|[22 + ||da] 2.

Equality with ||k||2, occurs precisely when the representative itself equals h. O
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The theorem does not change the definition of cohomology. It realizes the quotient kerd/imd as
the finite dimensional vector space of solutions of a differential equation. In particular,

br(M) = dim H¥; (M;R) = dim H*(M, g).

4.2 Poincaré duality from a positive integral

Theorem 4.5 (de Rham form of Poincaré duality). For a compact oriented n-manifold without
boundary, the pairing

Hin(M:R) x Hig"OLR) — R (lal[8) — [ ans (45)
is nondegenerate. FEquivalently, it identifies H(’fgk(M; R) with the dual vector space of Hé“R(M; R).

Proof. If df = 0, then [,,;da A3 = [,;d(a A ) = 0 by Stokes. Changing § by an exact form
gives zero in the same way, so the pairing is well defined on cohomology.

Take a nonzero class and its nonzero harmonic representative h. Since *A = Ax, the form xh is
harmonic and hence closed. It defines a complementary-degree class, and

/ hAxh = |h|2: > 0.
M

Thus no nonzero class in the first factor annihilates the second. Interchanging the degrees proves
nondegeneracy in the other factor; finite dimensionality turns the pairing into the asserted
isomorphism. O

In particular, by = b,_r. On a connected compact oriented Riemannian manifold without
boundary, a top-degree form is harmonic precisely when it is a constant multiple of dV}: apply
* to reduce to harmonic functions. The harmonic representative of the top-degree class with

integral c is therefore
c

Vol, (M)

The degree-zero and top-degree generators pair to 1 when the latter is normalized to have integral
1.

v, Voly(M) = / av,. (4.6)
M

The pairing (4.5) uses orientation, wedge product, and integration; it uses no metric. The proof
chooses a metric to produce a class that pairs nontrivially. Changing the metric changes the
harmonic representatives and generally the map [o] — [*hg], while leaving the pairing and the
Betti numbers unchanged. Also, * need not carry an arbitrary closed form to a closed form: the
extra coclosed condition is essential. Finally, the wedge of harmonic forms need not be harmonic.
A concrete example of each issue appears below.

4.3 The round two-sphere: derivatives, eigenforms, and duality

On the unit sphere, away from the poles, use colatitude 6 and longitude ¢. The outward
orientation and round metric give

g = df* +sin® 0 d¢?, dV, = sin0do A do,

1
wdf =sinfdg,  wdp=——— db.

These are chart formulas, not globally defined coordinate coframes. In particular, a singular-
looking coefficient involving sin # must be interpreted through the underlying global form.
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For a smooth function, the Laplacian is

1 9 (. 0f 1 0*f
Al =—Gn690 (Sm%e> e

Take the globally smooth height function z = cosf. Then

dz = —sin 0 db, xdz = —sin® 0 do,
Az = 2z, d*dz = 2z,
d(xdz) = —2zdVy, d*(xdz) = 0.

Although dz is closed and exact, *dz is not closed. This directly shows why one cannot prove
duality by applying * to an arbitrary closed representative. Commutation gives two eigenforms:

A(dz) = 2dz, A(xdz) =2 x dz.
The second one is coexact, because
d*(zdVy) = — = dz, dz + xdz = d(z) + d* (—z dV,).

This is an explicit Hodge decomposition with a nonzero exact part and a nonzero coexact part.
Its harmonic part is zero, and G(dz + *dz) = 1(dz + *dz).

For a numerical check of the energy identity,

a7 8T
2 _ 2 _ .2 _ o7 _ 2
/SQZ dVg—3, /52|dz] dVg—/stln 9dV9—3—2/522 avj.

The cellular cohomology of S? has dimensions 1,0,1 in degrees 0,1,2. Using the de Rham
comparison and Hodge theorem therefore gives

HO(S*H)=R-1, HY(S*))=0, H*S*)=R-dV,

This topological input does not use Poincaré duality. The normalized top representative is
dVy/(4r), and its pairing with 1 is 1. More generally, the harmonic projection of F'dV} is

1
Iy (F dVy) = (47T /SQFdV:q) dVvy.

All three coordinate functions z,y, z have eigenvalue 2, by rotational symmetry or the same
calculation after rotating the axis.

4.4 The flat torus: harmonic representatives and all three summands

Start with 7" = R"/Z", with the standard flat metric and orientation. For an increasing index
set I = (i1 < --- < i}) write do! = dz™* A --- A dz’*. The Fourier analysis in Theorem 3.11
identifies the complete harmonic space:

HE(T", go) = spang{da’ : |I| =k},  dimHF(T", g0) = (Z) (4.7)

Indeed, the Laplacian acts on each coefficient by the scalar flat Laplacian, whose kernel consists
of constants. Thus harmonicity forces every coefficient to be constant; conversely every constant
form is closed and coclosed. In particular, for any smooth form o = 3°; ar(z)dz’,

Hkoz:za[da:], afz/[om aj(x)dxl---dx”.
N q]n
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There is a topological way to read these constants when « is closed. Let T7 be a coordinate
k-torus, with the coordinates outside I fixed, oriented by the increasing order in I. Moving the
fixed coordinates gives homologous subtori, so Stokes’ theorem makes fTI « independent of those
coordinates. Averaging this integral over the complementary coordinates and using Fubini gives

ar = /TJ a, hio) = lg:k </T1 a) dat. (4.8)

For k = 0, the statement simply says that a closed function is constant. For k = n, it says that
the representative is its total integral times dz! A --- A dz™. Thus periods recover every harmonic
representative, and a closed form is exact if and only if all its coordinate periods vanish. For
forms that are not closed, the coefficient averages still give Ila, but integrals along individual
coordinate subtori need not give those averages.

Specialize to T? = C/(Z+iZ), with z = x+iy and gy = dx? + dy>. The one-forms dz, dy descend
from the plane even though x,y are not real-valued global functions on the torus. Equation (4.7)
becomes

HO =R, H'=RdzadRdy, H>=R(dzAdy).

The star sends 1 to dx A dy, dx to dy, and dy to —dz; each image is again harmonic. Constant
forms also wedge to constant forms. This last property is special to the flat metric and does not
hold for arbitrary metrics, even on the same torus.

Example 4.6 (A closed representative and its energy). For any real e, consider
a: = (14 27we cos(2mz))dx = dx + d(e sin(27x)).

Its horizontal and vertical periods are 1 and 0, respectively. Its harmonic representative is
therefore dx, and direct integration checks the minimizing property:

laelze = 1+27%2, a7 = 1.

For € # 0, the representative is closed but not harmonic: d*«. = 4m%e sin(27z) # 0. The nonzero
horizontal period prevents dx itself from having a global periodic primitive.

Example 4.7 (Solving the decomposition for an arbitrary one-form). Let o = Pdz + Q dy,
where P, () are smooth and periodic. We seek

a=h+df +d*(Ydx Ndy), h = Pdr+ Qdy, /Tzf:/Tsz:O. (4.9)
Since d* (v dx A dy) = 1y dx — 1, dy, the required coefficient equations are
P-P=fetiy, Q-Q=f—1m
Taking divergence and curl separates the unknowns:
Af=—(Pe+Qy), Ap=Qu—P, A=-07-0 (4.10)

This step also explains the solvability condition: the integral of each right-hand side is zero
because the boundary values match on opposite sides of a fundamental square. Each equation
therefore has a unique smooth mean-zero solution by the Fourier construction in Section 3.6.
With Fourier modes e2™(m*+m) the solutions for (m,n) # (0,0) are

i(mﬁ(m,n) + n@(m,n))

fm,n) = - 27 (m?2 + n?) ’
~ imAm,n —nﬁm,n
p(m,n) = ( Q(%r(n; + nzg )) .
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~ ~

Set f(0,0) = (0,0) = 0 to impose the normalization. Smoothness follows from rapid decay
of the input coefficients; division by m? 4+ n? compensates for the derivative in the numerator.
To verify that the two Poisson equations suffice, subtract the proposed right-hand side of (4.9)
from «. The remainder is closed and coclosed by (4.10), so its coefficients are constant. Their
averages are zero, hence the remainder vanishes. The mean-zero normalization removes the
constant ambiguity in both potentials.

If o is closed, then Q, — P, = 0, s0 ¢ = 0 and o = h + df. Only in this closed case can the
coefficients of h always be read as the horizontal and vertical periods. For example, cos(27my)dx
has zero harmonic projection but has horizontal integral cos(27yg) along the loop at height yg.

For a fully numerical instance of all three summands, set f = sin(27x), 5 = cos(27y) dx A dy,
and consider

a=dr+2dy+df +d°f
= (1 + 2w cos(2mx) — 27 sin(27y) ) dx + 2dy.

The exact, coexact, and harmonic parts are respectively
df = 2m cos(2mz) dx, d*p = —2msin(2my) dz, h = dx + 2dy.

Their orthogonality is visible by integrating the sine and cosine terms over the unit square.
Specifically,

Ihli72 =5, lldfli7. = 2% |d"Bll7. =27°  |lalf. =5+ 4n°.

Both nonconstant terms have eigenvalue 472, so

1

Ga=—
@ 472

df +d*B), d*Ga=f,  dGa=}B.

The last identity uses d3 = 0 and dd*f = AB = 4x23; similarly d*df = 4n%f. Substituting in
(4.3) recovers the original decomposition exactly.

The period-normalized basis of H' is [dx], [dy], and

0 1
/T2 de Ndy =1, </T2 ei /\ej)i’j = (_1 0) . (e1,e2) = (dz,dy).

This is the nondegenerate alternating Poincaré pairing in degree one.

4.5 Flat metrics, periods, and the four-dimensional pairing

On the same smooth unit torus put ga g = A%dx? + B%dy?, with A, B > 0. Its scalar Laplacian
is —A7202 - B *285; all nonzero Fourier modes still have positive eigenvalues. Thus the harmonic
spaces in every degree remain the constant forms. The representatives of [dz], [dy], and the
integral-one top class remain dx, dy, and dx A dy. But orthonormalizing the coframe gives

A
— dzx, dVy = ABdzx N dy,

B
*d:czzdy, *dy:—B

and consequently

((eivej)LZ)iVj = <B(/]A A?B) ) (e1,e2) = (dw,dy).
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The Poincaré matrix remains (_01 (1)) This example separates three objects: a harmonic rep-

resentative, the metric inner product on the harmonic space, and the integration pairing on
cohomology. The first happens to stay fixed throughout this family; the second varies; the third
is topological.

The same distinction is visible for an oblique complex torus C/(Z + 7Z), with 7 = a +1ib, b > 0.
Using z = x + 7y pulls its Euclidean metric back to

gr = (dz + ady)? + b*dy?, dVy, =bdx A dy.

The metric coefficients are constant and positive definite, so again all harmonic forms have
constant coefficients. On harmonic one-forms the two matrices are

1 (a®>+0® —a 0 1
((ei7ej)L2)i,j = g ( —a 1 ) ) (AQ €; /\ej>i,j B <_1 O) .

For instance, the star is *dz = (a/b)dz + ((a®> + b?)/b)dy and xdy = —(1/b)dx — (a/b)dy;
inserting these into [« A /3 recovers the first matrix. The integral-one harmonic top form is
dVy/b = dx N dy.

In four dimensions, take the standard oriented flat 7% and write e = da* A dz?. All six e are
harmonic. For the intersection pairing Q(«, 8) = [p4 & A B, use the three ordered pairs

(612,634), (613,—624), (614,623).

Within each pair (u,v) we have u A v =dV and u A u = v A v = 0; products between distinct
pairs vanish because an index is repeated. Hence, in this ordered basis,

Q=UaUaU, U-(?é). (4.11)

The star exchanges v and v in each pair. The six forms (u + v)/v/2 and (u — v)/v/2 therefore
give orthonormal bases of the self-dual and anti-self-dual harmonic spaces, respectively:

dimH2(T*) = dim H2 (T*) = 3, Q|H2+ >0, Qe <0

Here the signs follow directly from [a Aa ==+ [a A*a = *[|a|?, on the two eigenspaces. The
pairing is symmetric in degree two because (—1)%?2 = 1; this symmetry of Q is a different notion
from self-duality of an individual form.

4.6 Changing the metric: a surface phenomenon

For a conformal change § = e?“g on any oriented Riemannian n-manifold, compactness is
unnecessary: the pointwise inner product on k-forms scales by e~2¥* and the volume form by
e™. The defining identity for the star gives

—2k
sl e = €T | (4.12)
On a surface, * on one-forms is therefore conformally invariant. For a one-form «, this implies

o= e 2Ud .
g g

The conditions da = 0 and d*a = 0 are unchanged on every oriented surface. If the surface is
compact and without boundary, these conditions are equivalent to Aa = 0. Hence its harmonic
one-forms, and the harmonic representatives of fixed cohomology classes, depend only on the
conformal class of the metric. This is a special feature of the middle degree; it does not assert
that all harmonic representatives are metric independent.
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Remark 4.8 (The full smooth kernel on a noncompact surface). The compactness qualification
cannot be dropped when harmonic means Aa = 0. On the Euclidean plane, o = = dx satisfies

Agyo =0, da =0, dgyo0 = —1.

-2

For § = e**gq, the preceding formula gives d;»a = —e “*, and consequently

_ —2x\ __ —2x
Ao =d(—e ™) =2e “dx # 0.

Thus the full smooth kernel of A need not be conformally invariant on a noncompact surface,
although the space of closed and coclosed one-forms is.

On the unit torus let g, = e?*®¥)(dz? + dy?) with v smooth and periodic. The complete
harmonic spaces are

HOUT?, 9u) = R, H' (1%, 9u) = Rdz &Ry,
HA(T?, gu) = Re*“dx A dy.
The representatives of [dx] and [dy] remain dx and dy. Indeed, their stars are still dy and —dx,
so they are both closed and coclosed. The integral-one top-degree class has representative
eQu(I,y)

—————dz Ndy.
J2 €2¢ dx dy S

If w is nonconstant, this differs from dz A dy. In fact

%g, (dz A dy) = e™ 2"

is nonconstant, so dx A dy is not harmonic for g,. Thus dx and dy are harmonic while their
wedge is not. The ring structure on cohomology is computed by wedging closed representatives
and, if desired, projecting the result back to harmonic forms. For example, this projection sends
dx A dy to the normalized volume form just displayed: the integral fixes its cohomology class.

Example 4.9 (A metric that changes a harmonic one-form). To see an actual change of
degree-one representatives, choose a smooth positive 1-periodic function p(z) and put

1
gp = p(x)?da® + dy?, L= / p(x) dx, dVy, = p(x)dx A dy.
0
This changes the two coordinate directions differently. Its star is
wdx = p~tdy, xdy = —pdr, x(pdx N dy) = 1.

We can find the representative of [dx] by solving its coclosed condition, rather than guessing.
Seek h, = dx + df with f = f(z) periodic. Since this is already closed, harmonicity is equivalent

to
0= d(shs) = - (1;{;)@)

Thus 1+ f" = Cp. Integrating over a period forces 1 = C'L, which is exactly the compatibility
condition for a periodic primitive. We obtain

)dm/\dy.

hy = p(Lx)dz, hy=dy,  hy= p(Lx) dz A dy. (4.13)

All are closed, and *h, = dy/L, *hy, = —pdx, and *hy = 1/L are closed as well. They are

therefore harmonic. Their coordinate periods, or integral in top degree, are normalized to 1 in
the indicated direction. They give the full spaces

HO(T? g,) =R,  HYT?g,) =Rh, ®Rhy,  H*(T? g,) = Rhy.
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One direct completeness check is the global change of circle coordinate s = L™ [ p(t) dt (mod 1).
It gives ds = h; and g, = L?ds? + dy?, reducing the question to the rectangular torus.

For a particularly explicit choice, take p(z) = 1 4 e cos(2mrz) with |¢| < 1. Then L =1, and

hy = (1 4+¢ecos(2mx))dx =dzr +d (25 sin(27rx)> .
™

The form dx is the harmonic representative for gg, while h, is the harmonic representative of the
same class for g,. When € # 0, d(x4,dz) = d(p~'dy) # 0, so dz has lost harmonicity. This does
not contradict conformal invariance: g, is not a conformal rescaling of go in the fixed coordinates.

Finally,

1
/T2 by A hy =1, Hh:vH%Q(Qp) - Z’ ||hy||%2(9p) =1, (hx’ hy)LQ(gp) =0.

The period pairing stays fixed while the actual representatives and their metric lengths are
determined by the metric. The calculation 1+ f’ = Cp is a one-dimensional model of the general
analytic strategy: impose the desired differential equation, identify the integral obstruction, and
normalize the remaining kernel ambiguity.

4.7 The hyperbolic upper half-plane and a compact quotient

The following differential-operator formulas are local and require no compactness assumption.
On H={z+iy:y> 0} take

dz? + dy? dx A\ dy
Ghyp = y2 ) thyp = y2 .

The oriented orthonormal coframe is dz/y, dy/y. Consequently

_dx Ndy
y?

x1 sdr = dy, xdy = —dz, *(dxAdy)= ?JQ-

For a = Pdx + @ dy, the full computation is
xa=Pdy — Qdx, d(xa)=(Py+Q,)dxANdy, d'a=—y*(Py+Q,).
In particular, with our nonnegative convention,

Af = _yQ(f:Jc:Jc + fyy)- (4.14)

For a top form R dVjyp, one also obtains

d*(RdViyy) = Ry dz — Ry dy.

Now let I' C PSLa(R) be a torsion-free cocompact discrete subgroup and let ¥ = I'\H. The action
is by orientation-preserving hyperbolic isometries, so the metric, volume form, and differential
operators descend to a smooth compact oriented surface. Write its genus as ¢ > 2. The forms dz
and dy themselves generally do not descend. To construct global examples, require invariance
under the group.

Let F(z)dz be a holomorphic differential on H satisfying

Fyz)Y'(2) =F(z)  (yeD). (4.15)
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This is exactly the condition for the differential to descend to ¥. Write F' = P +iQ. Its real and
imaginary parts are

a=Pdr—Qdy, xa = Q dx + Pdy.
The Cauchy-Riemann equations P, = @, and P, = —Q, imply

da=—(Qu+ Pz Ndy =0,  d'a=—y*(P.—Q,)=0.

Thus « and *« are harmonic downstairs; this direction uses only closedness and coclosedness, not
compactness. Conversely, if « = Adzx + B dy is a harmonic real one-form lifted from the compact
surface X, the energy identity on X makes it closed and coclosed. Thus its coefficients satisfy

B, —A,=0, A, +B,=0.

These are the Cauchy-Riemann equations for A —iB. Hence a +ixa = (A — iB)dz is an
invariant holomorphic differential. This provides an explicit local dictionary between harmonic
real one-forms and holomorphic differentials. Finding the invariant function F' for a specified
group is an additional global problem; the local formula alone does not produce a differential on
the quotient.

The usual cellular calculation for a closed genus-q surface gives by = bo = 1 and by = 2¢q. The
Hodge theorem therefore yields

HOD) =R, dimgH'(Z)=2¢, HAZ)=RdViy,.

The displayed local dictionary identifies H'(X) with the real vector space underlying the g-
dimensional complex space of holomorphic differentials. For any nonzero such real form,

/a/\*a:/(P2+Q2)d:cdy>0,
b F

where F is a fundamental domain; the integrand is the pullback of the globally defined two-form
a A *a. This is Poincaré duality expressed in hyperbolic coordinates. If one uses Gauss—Bonnet,
constant curvature —1 gives Area(X) = 4mw(q — 1), so its integral-one top representative is
dVhyp/[47(q — 1)].

Remark 4.10 (Why the upper half-plane itself is different). On the noncompact space H, the
function f(z,y) = y satisfies Af = 0 by (4.14), while df = dy # 0. There is no contradiction
with (3.3): neither f nor df has finite L? norm on all of H, and a global integration by parts
cannot discard the behavior at infinity. The function y also does not descend to a compact
quotient. Compactness and the absence of boundary are substantive hypotheses of the Hodge
theorem proved here.
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5 Exercises and hints

Exercises 1-5 review the topological and pointwise constructions; 6-10 develop the operator and
finite-dimensional arguments; 11-16 connect geometry with global cohomology. Exercises 17-22
use tori to work through the metric, harmonic representatives, Poisson equations, convergence,
and dependence of estimates on geometry. Detailed solutions are in the blackboard companion.

Exercise 1 (A period detects a hole). On U = R?\ {0} let
_ —ydr+xdy
2w 4y?)

Compute dn and its integral around the positively oriented unit circle. Compute H%; (U) in all
degrees. Show that 1 + d(z/(2% + y?)) is a different representative of the same class.

Hint. Retract U onto the unit circle; on the circle subtract the average of a periodic coefficient
before integrating.

Exercise 2 (The radial primitive). Using the homotopy F(t,z,y) = (tx,ty), compute K« for
a=xdr+ydy, and Kw for w = dz A dy.

Verify the primitive identities directly. Explain why the same proof cannot contract the punctured
plane to the origin inside itself.

Hint. Kw = $(zdy — ydz); check the factor 1/2 by differentiation.

Exercise 3 (Periods on the square torus). Let o = P dx + Q dy be closed on T?. Let a,b be its
periods around the horizontal and vertical circles. Prove a = adx + bdy + df with f periodic,
unique up to a constant. Compute the matrix of the integration pairing on H' in the basis

[dz], [dy].

Hint. Pull back to R?, take a primitive, and use the two zero periods to prove its translation
invariance.

Exercise 4 (Use the inverse metric). On R? with orientation dx A dy and metric g = 4 dz?+9 dy?,
compute |dz|2, |dy|?, dVy, xdz, xdy, and *(dz A dy). Compute ||dz + dyH%Q([O 12,9)"

Hint. The orthonormal coframe is 2dx, 3dy; the squared norm of a covector uses g~ .
Exercise 5 (Four-dimensional splitting). With the standard orientation and metric on R*, let

a = dz' Adx? + 2dx® A da* + dzt A daP.

Compute *a, o = 3(a £ *a), and o A v. Verify the identity involving |ay [* — |a—|?. Explain
why a is still an alternating tensor.

Hint. *(dz' A da3) = —dx? A da?.

Exercise 6 (Three-dimensional vector calculus). For v = (P,Q, R) on Euclidean R?, write
v = Pdz 4+ Qdy + Rdz. Compute d(v”) and d*(v°), and identify curl and minus divergence.
Evaluate both for v = (—y, z,0).

Hint. *(dx A dy) = dz, x(dy A dz) = dz, *(dz A dx) = dy.
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Exercise 7 (Signs in the plane). For o = Pdz + Qdy and 3 = Rdx A dy on Euclidean R?, derive
d*a=—(Py+ Qy), d*f = Rydr — R, dy.
Compute A« by expanding both terms and canceling mixed derivatives. Test on a = x?dx +xy dy.

Hint. On an oriented Riemannian surface d* = — * d* in every degree in which the formula is
nonzero.

Exercise 8 (A complete finite-dimensional model). Give C® = R, C! = R3, C? = R their
standard inner products, with

do(t) = (t,0,0), di(a,b,c) = c.

Write the matrices for both adjoints and for A;. Find all three Hodge summands, the cohomology
in each degree, and the harmonic representative of a degree-one class.

Hint. The three coordinate axes in C1! have different roles.

Exercise 9 (Why closure matters). Let A : (? — ¢* be (Az); = x;/j. Prove that im A is dense
and not closed. Show that y = (1/7);>1 belongs to its closure but not its image. Explain why
(im A)* = ker A* does not give an algebraic decomposition 2 = ker A* @ im A.

Hint. Every finitely supported sequence is in the image, whereas a preimage of y would have
every entry equal to 1.

Exercise 10 (Harmonic representatives minimize norm). On a compact oriented Riemannian
manifold without boundary, prove directly that an exact harmonic form vanishes. Then show
that a harmonic representative h has smaller L? norm than every distinct representative of [h)].

Hint. Use (h,dfB)r2 = (d*h, )12 = 0, followed by the Pythagorean identity.

Exercise 11 (A sphere calculation that is global). On the unit round S2, use polar coordinates
away from the poles and put z = cos . Compute dz, *dz, d*dz, d(*dz) and Az. Show that xdz
is smooth at the poles using ambient coordinates (x,y, z). Compute Hdz||%2 and verify the energy
identity.

Hint. xdy — ydx = sin?§d¢ on S?, and [q» 22dV = 47/3.
Exercise 12 (An explicit Hodge decomposition). On the flat unit torus, decompose
a = (1+ 2w cos(2rx) — 27 sin(27y))dx + 2dy

into harmonic, exact, and coexact components, displaying potentials for the last two. Compute
da, d*a, and the three squared L? norms. Is [a] a de Rham cohomology class?

Hint. Use f = sin(27z) and 5 = cos(27y)dx A dy. A Hodge decomposition exists even when the
original form is not closed.

Exercise 13 (Conformal invariance has a degree). For ¢’ = e¢*'g on an oriented n-manifold,
derive

*g’|,4k = el 2 *g -
On a closed oriented surface, show that the spaces of harmonic one-forms for g and ¢’ coincide.
On the square torus with ¢’ = e?“(dx? + dy?), find the harmonic representative of the class whose

integral is 1 in degree two.

Hint. The criterion is closed and coclosed; the normalized top form is dVy/ [ dVy.
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Exercise 14 (A hyperbolic quotient). On H = {y > 0} with ¢ = y~2(dz? + dy?), compute
d*(Pdx + Qdy) and Af. If FF = P + i@ is holomorphic, prove that Re(Fdz) = Pdx — Qdy is
closed and coclosed. Let I' C PSLs(R) be discrete and torsion-free. State the condition under
which this form descends to I'\H; cocompactness is not required for descent or for the closed and
coclosed equations. Finally compute Ay and dy, and explain why there is no contradiction with
the compact energy argument.

Hint. Descent means F(vz)7y/(z) = F(z); local coordinates themselves need not descend.

Exercise 15 (Two dualities, two signs). Let M be a compact oriented n-manifold without
boundary. Prove Q(f,a) = (=1)¥=%Q(a, B) for its integration pairing in complementary
degrees. Explain why the middle pairing is skew-symmetric in dimension two but symmetric in
dimension four. If n = 4, choose a Riemannian metric and prove that @) is positive definite on
harmonic self-dual two-forms and negative definite on harmonic anti-self-dual two-forms.

Hint. Integrate o A o = %|a|2dV on the two eigenspaces of *.

Exercise 16 (A metric changes the representative). On S! = R/Z, take g = a(t)%dt? with a > 0.
Find the harmonic one-form with period 1. Specialize to a(t) = 1 4 ecos(27t), |e| < 1, and
compare it with dt. What additional structure made dt a distinguished representative initially?

Hint. x(b(t)dt) = b/a, so coclosedness means (b/a) = 0.

Exercise 17 (The oblique torus). Let T = C/(Z + 7Z), with 7 = a + ib, b > 0, and write
2z = x + 7y with 2,y of period one. For the metric g = |dz|?, compute the metric matrix, area,
xdx, *dy, and the L? Gram matrix of dz,dy. Show that xdz = —idz and [|dz||2, = 2b. Give
period-normalized harmonic representatives in every degree and compare their metric pairing
with their Poincaré pairing.

Hint. The determinant of the metric is 2. Constant coefficients imply both closedness and
coclosedness for this constant metric.

Exercise 18 (The torus Poisson equation). On the unit flat 72, prove that Au = f has a
smooth solution for smooth f if and only if [, f = 0. Describe all solutions and compute the
mean-zero one for f = sin(2wx) + cos(4my). For general smooth f, explain why dividing its
nonzero Fourier coefficients by 472(m? + n?) produces a smooth function. Prove the estimate
llull 2 < (472)~ Y| f|lL2 for the mean-zero solution.

Hint. Separate the zero mode, use Parseval, and use rapid Fourier decay to justify termwise
differentiation of the solution series.

Exercise 19 (One frequency, two projections). On the unit flat 72, decompose a = cos(27(x +
y))dz into harmonic, exact, and coexact components. Find mean-zero potentials v, 1) such that
the last two components are dv and d*(idz A dy). Compute their squared norms and verify
orthogonality both pointwise and after integration. Does this form define a cohomology class?

Hint. Project the coefficient vector (1,0) onto (1,1) and (1,—1). The two potentials can be
chosen equal.

Exercise 20 (A changing representative on the same torus). Take g, = p(z)%dz? + dy? on
R?/7%, with p > 0 periodic and L = fol p. Find the harmonic representatives hg, hy, ho of
[dz], [dy], [dz A dy] and their L? norms. Prove completeness of your list using the circle coordinate
X = L7 [ p(t)dt modulo 1. For p = 1+ ecos(27x), |e| < 1, exhibit explicitly the exact
difference h, — dx.

Hint. The metric becomes L?dX? + dy?. The coordinate X is circle-valued; it is not a globally
defined real primitive for h,.
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Exercise 21 (The intersection pairing of the four-torus). On the unit flat T4, let €% = da® A da?,
with orientation dz! A dz? A da® A dz*. Show that the six forms e are a basis of harmonic
two-forms. In the ordered pairs (e'2,e34), (el?, —e24), (e!4, e??), compute the three blocks of the
integration pairing. Find b3 and b, . For w = e!? + €3*, compute *w, ||w\|%2, and [ w?.

Hint. Each pair contributes the matrix (¢ }). Distinguish harmonic forms from arbitrary smooth
self-dual sections.

Exercise 22 (An inverse estimate depends on the metric). Give T? the metric g = L?dz? + dy?,
with L > 1. Compute the eigenvalue of e2mi(maz+ny) the first positive eigenvalue, and the norm
of the Green operator on the mean-zero L? subspace. Solve Apu = sin(27z) with zero mean.
Show that a single bound ||u(|12(4,) < C||Apul|r2(g, ) cannot hold for all L > 1 with fixed C.

Hint. Every fixed torus is compact; the loss of a uniform bound occurs as the metric changes
and the first positive eigenvalue tends to zero.
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