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& 2.1. Let F be a field and f(x) = apz™ + ap_12" ' + ---a9 € Flz].
Define the derivative of f similarly as calculus. f'(z) = na,z" ' + (n —

a, 12" % +---+ay. For f(z),g(x) € F[z], prove
1L.(f9) =19+ fg
2. (f(g(2)))" = f'(9(x)) - -

3. ged(f, f) =1 if and only if in the irreducible factorization of f, there

are no factors with multiplicities.
& 2.2. Prove that Q/Z is not a finitely generated Z-module.

M 2.3. Find the Smith normal form of the following matriz over Z:

15 6 9
6 6 6
-3 —-12 12



EMX 2. Let R be a ring and A € M,,«n(R). The determinant of submatriz
with i1,19, -+ ,ixth Tows and j1, jo, -+ , jrth columns is called a k X k-minor
of A. The greatest common divisor of all kX k-minors is called a determinant

divisors ay,.

1. Define the elementary matriz over R similarly as field F. There are
three types of elementary matrices:
(a) E;j(\): For indentiy matriz, add A € R times ith row to jth row.
(b) Ei;;(X): For indentity matriz, multiply ith row by A € R*. Here

R* is the set of mulplicative invertible elements in R.

(c) E;;(N): For indentiy matriz, swap ith row and jth row.

Show that if R is a Fuclidean domain, then any invertible matrixz

A € M,(R) is the product of a finite number of elementary matrices.

2. When R is FEuclidean Domain, show that ay does not change when A

is multiplied by invertible matrices on the left or right.

3. Show that determinant divisors and invariant factors determines each

other.

& 2.5. 1. Suppose f(x) € Flz] is an irreducible polynomial over the field
F. Prove that F[z]/(f) is also a field under the quotient ring structure.

2. Construct fields from irreducible polynomials over R and prove that

these fields can only be isomorphic to R or C.



