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Hij &5
SMERBRTFT LI AR . S ARG, DA BT AR R 4. X e BE

MTFFEE 2B LR, O BAER T T2 B Aiblgss: ] . AR5 0AA FREEZ
BN, AR AR EE AT 1 5L .

Pisit: IBEIL 24

LT RRARIE O R E AW T 2AER P . EBARCA I OLRESEARY (2
TATCH 200 4FFEATT 200 4EZ00]) B IR FRHE T 2 — RO RA. B EREHEL
IIEEFR, FHEEEIHICRE: XSS R RHECAL. A A [F S
ARS8 DX IE RO K, T2 A T I B RS e T 5

TERRH, A5 XAIRFTE e TR TR, A sk (Leibniz, 1693 4F) B AL
FIAAMC S IHE T R4l 1750 4F, ni3kER (Gabriel Cramer) %3 T J5KAMA Far#H
VRN, R TSRO TSR ML B (Bézout’s theorem) Rk, Wiz =K
FHHLEZA 9 N 1 =0GFRATE R EBAEMEUGEE 9 A, BEE 9
AU ME— B — A SR 2R (R I SRR P A IR 2 A, I 3 AT T ek
HAEPHELIE 9 DR, I ARME—. XA 5EREREER (Cramer’s paradox) BEHIX LR
TSI A AL

Pr¥Hr (Laplace, 1772 4F) 250y TA78 AT RITH)— A= M (Cauchy, 1812
i) MERARGERIAFZHE T7ABE, FHEW TRMAX det(AB) = det A - det B. w3l
(Carl Friedrich Gauss) E/MT R HUE T H ) TAENZE T 2ty R AN — e ik i —
AL .

1801 4F, W5 (Piazzi) KPR (Ceres) FIAT T 297 MG, 44 EEGI K
BH 5 i) T W TR0, AR s A B Al TR BIE ;. AR, RSCARAEHI (L
BT EH I A . X R N IR AR R AR PUE A A i B s
1.

FEREE RS BN 5, BB 19 A A B AT A A5 b 2 B s ok JR
AWKy (James Joseph Sylvester, 1850 ) Z| AT “matrix” —ii); WL (Arthur Cayley,
1858 4F) RGN THEFERIINE . BORMIAE, HAEARNETE HIUE T J5 R PR A Bl o
W PRI S50, — AR ER Bk 5 ok B A RS i — 2 kb4

FEHC R B T2 (Hermann Grassmann, 1844 4F) £ (LMY KLY (Die lineale
Ausdehnungslehre) WHiTigE4E LM . SR Z EA PGSR, XS TAELE MR AR, 5
KON IMUBUL R EZORIE. A8 Hir 2 N FAEIESE, BS540 A2 e md” PA
i 44 .



BT (Giuseppe Peano, 1888 4F) 55— A BTy 20E L T g m =) (k.
Boke. HMAME. o0 ), REECEIERBNRAITIE AR 45

20 HEALW), Av/RMgE (Hilbert) S5 AEA FRAELNEA P B0 T IEIE 5 To o5 4k e
Besial, HEsh TIZ R MRS EIE Y K e, 1925 F) 1927 4ER], WEARER . 3RS NHERE S
FRIARX G A Y P & - P2 (von Neumann) B J5 LA /KRR 25 A E AR
TR T AR S

BEATHEAUAUS, LU 0%, QR 2R3 i 0 RO B S R S8k 1
AR 22 0 225 9 i 1) A B 15 R R fe R, Y ML o T 2 (0 P 0 1 5 R ) Ry
5 R B I T R 2 L2 T T B Bl

AR BB

AF AL DR 5, ARSI OCIE N B LA EAS T T A, BB e 4eltk
Z3[A) L LRI AR E 2R S5 45 A ]

ARAHETHIR R GEIHE LHHER . SNBSS 2 5. HFERRE . F77kSF T4
P A B D7 RE AL P SR AT LA S R oGRS, AT fEATHI. SRR A
SR AR AU RATHN, HEH LR S5 AR R b B

ARBI L] B2

MR — MR — AP SRR — 175 S REE — ARSI S i E B

Pl 585X 2k 2K, PPk a1 e e APk Ae B N 2. X BN A T s et R 1)
PUACKIA RIS B 5 1), (AT R B AN 5 A T 4.

gt okas i

EoR ETISR &1/ e R AR G N R Y EP QA o B L I iAo N VA prin b NS e i E
RECT 73 R 4R LA R

Bade—: 2RVt fedl G HiIFEEs (§1-§2). 4 1 TN BUHEP A ) &5 A LT
Y, K ek, B EATHR U NE, HTHE KM T IR R A5 M. 5 2 BRGNS
TRER IR, Bk, ek, WA ESQRUSTE, RIS T2 S MR Rk, IR RRAE
FIB SN AL .

Bl " ZRPERS ] SR (§3-§4). 5 3 BN R™ AT fa) th A, fg i —BeEi
AR 2 B RE S, SRR M . BERAERL, HHe TERIBAL. 2 5Ra 0. 5 4 &
TE SCERTEMUST, B AN S Z AR Y AR (BRI lE), M4 A0 (R-F €
), RS . S (A s BN AR A



Bt —=: 4550 (85). 565 5 T AMA TR LA EDUL H 4, R4 780 X SR IH— i 28
2 EAMEREL I A UE X — R AU (A2 — B0 —— MM ARIIE T 4780 X A e e — .
eI FE S R Tk, U ERE T A AEREREFE S Cramer Y455
R THE, DA —KH) Laplace A1 Cauchy-Binet A3, ARE A7 T HES 5 00 75K
HAETS 5%, DA S 13X 20 AR ERR ) S5 e X

WO B Z0R SRR (S6-§8). 45 6 REfF A (RN BE N S K i)
S, THEB . R RN, B T EREN G LTI A
WA BA IR TSR EAR A E b SIS TR NS T
HFE O % 45 8 TR SIS IR0, BIABHIE( SEFAL R, HE A7 T28m, I
Stk AN, DA Cayley-Hamilton i BRI/ NS i,

WP h: WS, W% S (§9-§10). 5 9 TG AR IR A,
RIS Fi 4L (Sylvester MPEERE) MIEEM:. 55 10 SAEILELA E5I A NS
], R IEACPERIE, UERASER FRA A e B, e IR A e e, IHAS A 202K, DAK IR
i A1 T 114 11

W HipgEs i G B (§11-§12). 5 11 FEIFER @ 7 EH2# (SVD), ik
L HAFAEPERIE— M, H N R ELL (Eckart-Young ER) . Fa 0t (PCA) Mli/h—
etk 5 12 5L Transformer FREZIHLHI LB, THEMFEIRIEM A BT 5B i )
i GEAAR 11 5 SVD .

B b: BURSBRIERI )T (§13-815). 2 13 B SURFIE TS [0 70 i, Sead
PR ENIE, FRE AL — B R AR A PR, 25 R M R R AR 5 e 7 4 52
5 14 BB PHOE SOEMERRBON —BORFE R B, H A /R SRR ENT, BT
HARRERIER W T RA R ARG REE AT, 5 15 B A BMEL, Wl R 0@
73— FREREIE, Hhe S R AR HE R KA.

T R AR R T E A A E A O U PI RAR . U N BRI B AR
7 B ) BN, NI B AT S5 BT R OR TR R A AR FE T AR FR B L AR
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1 Zetkiifedl
L1 PRSI RIZ Y iRl

LA — Al U SR R E R . FRAT e Sl — AT Ak ) ) T HE AR A
LB A] A S B 56 R BT T SR AR SRR, [RIRPURER R A AE M . ME—PEAD B S 85 1)
I

20 4l 90 AF A I M DUAC R s 4, 3R [ TR A M T i 2 R A
J¥. Archie (1990). Gopher (1991) F1 WebCrawler (1994 ) &R 255 J= ELHK i ¢ 4R T
BCANSCA S5 XA EEXE AU M T N 2 FI {5 B i, 2 &) 52 3] 5 B TR RN ) 52 il

1998 4, fii | - fiflar (Larry Page) FIf/RT - flidk (Sergey Brin) #ii PageRank
V&, P2 [ B X R AN SCAME D FERBIE, — AN g 19 55— AN 00 B/ AR
] 5 A e — AN, e R A e B St R IA s R MG 5 ke, BR T
R FIFHIE ] 5 A8 PageRank 8 J T4 IR R AT

FATE LA AR UL H A T RiA AR 1, 2, 3, 4, EfTZ P
R R AUT B s

Bl 1e R AR N T A

Horp oz FOREE @ AW EZMAEC 0T 1SR, HEEEE () #d99
=By, s Al 2, 3. 4 SR

Pel 2: 151 A O R 4

[N, 1SRG 2 S 4 S BT
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B 3 1 5 TR A

TR, FATT B i A H 3 23 IE . ARk 90 W B (Y R B 12 G &R, T DA ST,
AT 2t T R 2E R A A% I T ) B S

1= 32 + 4 (1 5 ¥ BTHG LR T-)
Ty = 371 (2 6 T (7 0P
T3 = 3T1 + 322 (3 - W Fr 37 )
Ty =i+ dma s (4 SRR

AT ARG REA, HE A BRAAE AR, BAOEE 25 = jou.
R A TRAAR AR, BAVEE] 24 = oo H—DP0LR ¢ RN 2, WHER
— M KA AT

~

Zy
t
t
t

T2

Z3

©l0 Ol W

T4

Ho t RS AR RS, Fo A IUE R XA e #fe — M. X
TG W DU B R RO A BE I HE B E &R — T, WS T AR Rk E , T
FATEA B T B R AL, X — R AT A Y 224 R U B I T 2 ] AR X
Bk, FrOASEIITE Bl R R AR R E R DR TR, BIAaRAAEAT
KRTZEW E, FROVGRNEZEMHTH 21 > 24 > 23 > 290

XF— M n AT, AT DA EESE X RS n ME SRR HREARGEMRE. R
HAMZE—A B T, B TR R S5 Bl EREEE I, AN G 43 S [ AR AL
HARETCVARAE . R BTATETCHT, BJR— iR Ry RRHEE , Mg I E
SR X IE R R RO O &

1.2 Bl i s ] £ 2k el

7 R A AR A £ il s )b SO RN A e R T HEAME R B . 3141
T T RSB PR 2454, X RREANT 2, PARSRAE . AR = EA

11



U %, RGNS RS, SR B, AT I P R AT AR AL SR A
Jrik:

(1) fF2es i &aslm?

(2) A ase Lt ei®?

(3) AnfRpsRABL: T REA?

1.2.1 Bz m el Kok, Bofeia b

AL R NEELBRES. 10T RATREA 21, 22, 25, 240, FATTARFHE1—
SIS

HA i BRS8N, XHER @ PP — BN 4 S AR R R
2 BB AR R B A
{<x1> | X1, T2 € R},
T2

BEAMEATONE R, 3 HXAME A I TEE —— 0 T L85, IR, R A Pt
DA% R T MBS XA A R OP, 11 F B R

Bl 4 SR —— XY

LRI, FATATLAA S R A TCER — X BT =25 ) T 8, i —— XS T AR AR
B XA R 1]
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X 1.1, B E%3H] (column vector space) g SN IS

R*"={| 23 | | ; € R},

HA R ITREACH S A (column vector).

X 1.2 R™ BT PAE SCAN R PRz da:

(1) Jmik (addition):
1 Y1 1+
T2 Y2 To + Yo
3|+ Y| =] 23+Ys

(2) B (scalar multiplication): {FHSEE c € R, E X

I CX1
T2 CTo
C I3 = CI3
Ty CITp

1 1.1 p A IERIEORA HX A U S 0T R? SRid, Hod i B s AR L
AT 5 SCo3 B P AT DU ISR AN A A 4, 4 P s -
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1+ Y1
T2+ Y2
. ”I

Y1 el

Y2/ .- )

/I

II :rl
)

()

(=)

N

Bl 5 frl R A S R T X

H SERIAS B SRV A AR RO PR, FRATRTDAARE] R™ rp ity ik AEife v a2 40 1 Jo:
ol 1.1, 8 u,v,w € R” Z7 @)=, a,be R Z%E, R4
(1) u+v=v+u (lkRHE);
(2) (u+v)+w=u+(v+w) (kb))
0
() anE o || | R AT ve R, A vt 0= v (ki)
0
(4) H1EFZF veR”, B —veR", 1£/F v+ (—v) =0 (heiktyitT);
(5) a(bv) = (ab)v (B s5642);
(6) v =v (FFFLI1E);
(7) a(u+v) = au + av (FFR Aoikah HBAE);
(8) (a+b)v=av+bv (heikxF ey HEAE).
X BSE SR A G R R 2578 WU G2 L M 25 1) A A BEAL S SR —3B . 4 s AT ik
BT AW, FATAT LA AR E
X 1.3 (BRHEAA). & v, v, .., 0, € R BHIAER, c1, 0, ., e € R Z52HL, IF2H1H]

=

C1V1 + CoV2 + - -+ + CrUpy,

FRMPA 1y .oy em SHEREUY v, v, ..., v B—P2PESLA (linear combination).
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IEICL P ETR, P R? EAE—SREA LR & v, w BT LRI A REGSE
AT T s BT R A

u=cv+ cw

Bl 6: P R? EASEE R v, w B A4 BB TR

MR ANIA R M, AT ARSI 2416 AT iy PR P

fﬁ%ﬂ 1.2. ’ig; V1,V2,...,Uy e R” 7%%]@%; Wiy, -, W %Eﬂ]é/}é&.’]\ié’ﬂ_é\y }]F/Aff,'gj
Wy, wy ARSI AR v, v B

1.2.2 bt ek b IE 20 mii

X 1.4 XT R ERJREL F: R” — R, WERAFETE aq, ... a0, € R EHEL, 15 F AU
Fikx
Flx)=a1z1+ -+ apzy,

HR4FR F 2 R™ g2tk %k (linear function).
Bl 1.2. IR F o2 R AL MEREC

F:R? SR
<"”1> o (21 4+ 12— (21— 12+ (22 — 1)? — (a2 + D)2

1.3, R F:R” - R &A% B F e

(1) 21£% 2,y eR", &
F(x+y) = F(x) + F(y).

15



(2) #EZF ceR,zeR", &
F(cx) = cF(x).

1 1.3, XAEMYH] R ERYEEL F 2ty ALY F 5 R Bk 5%k, tite

5 R LSS, IR F OV Adr s &g

SR IR FORAREREL TTABBRE F WA (1), (2) PIAMENG 55—, Wk F e

(1), (2), FAnid

0 0
i
1 0
0 .
F( ) =z, F( : ) = asxa,
0 0

HAATEL vy, ... v € R, ]

F(U1+02+"'+’Um):F((UI+"'+’Um71)+Um>

:F(v1+...+vm_1)+F(vm)
=F(v1) + -+ F(vm).
A,
L1 T 1
T2 0 0 0
F(| D=F(| |+ +|. p=F( . P++F( . |=az+

g 1.4. R F 2 &ma%, R4 F( ) = 0.
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IR B e = 0, MR3kE A

BEC . ) =0 O
0

Bl 1.4. WIFHY B, B A2 R? B AL

Fi:R? 3R

T
— 1+ 29 —|—4,
T2

F:R> SR

T
— a:f + x%
T2

XFTRRE B R R AR Fl(<8)) # 0, MIAI I AL 4 "1 By AR 2L R4
XFF R Fo, FATRI LA BA

s ol

MR i £ P o A R SCHR 35— 25 P By AN Je Zeb R4
ESL 1.5. R" _I: m /I\?J%‘@l%lﬁ Fla F27 s aFm *ﬂ m /I\,‘;;ﬁ blbea cee 7bm ﬁ/@%ﬁ%ﬁzﬂ

Fi(x) =b
Fy(x) = by

FrR n AR ETCHI ek JifR4L (system of linear equations), H A PR MR H ALY « FR
MM R R (solution of system of linear equations).
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£ 1.5, FRATAT AR Sttt AR AL R i — 2L LAl A

(1) #£ R? W1, &% a1, a0 A4H 0. BAANERMEREL Fi(x) = a121 + acwo PAICSEEL by /1)
LA a1x1 + azwy = by WRZE R? PH—KHEZ. Bl 2 + 220 = 3 WUE E
owy=—gx+ 3, ARER —5 A ap BN 3, WFEFTR.

T2

\ (0,%)

@71 E?£x1+2272:3

(2) 76 R? v, MRHE (1) A LATARREAES AR AN T ety e

a1 + a19T2 = by
G21%1 + Q22T = by

2 R? A B AL AL IR EAARR], M2 AT, AR E— 1,
BIXS a0 M AR B A TR, B M H I —E R ME— . AR 5k HEAM A,
IR AT TE 55 2 4L

Te i oG5 2 4N

Kl 8: PIASRE ST TR
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(3) 7E R? vy, R &tk el

111 + a1222 + a1323 = by
A21%1 + G22T2 + A23T3 = by

FIRRRT DAE 2 R® PSR AC LR, R 78 R AR —HER- P A —E HIL,
Rian Bt AR A — @A, H HARAAS, g se i — 2% 2k, BIEI R AIE—.

x; T3 T3
&y T2

Tefif L L

Bl 9 =ASKE TN R

(4) AES e b AT R ARE: i — DR R RS A R AR A AT DA e — MG
— YRR, 125 Sk RO H I ST RE A 1 A 2k 2 P T 52

1.3 Rl Tk AR W B

I COLRRARDY #liCik

BT RTE KT RS B TR ). CLERRY /Yy 7" HEILARETT
R BT R A, Il id 2 I H R gL T — R4l FBRIC SR, X
R AN AT A R ARG U A G KR SF i AR A

MRISEIC LS AT R AT REBCA %, HF HLRMEA i th A — & LA ME— i, B4
AR LT R e ? AT R iF SO oK i — B St AR, JATeoR B i —
AT LR

Bl 1.6 (WK ETCHITHIC). SEMBEAE N —I0—RIT AR 4D i5:

rT+2y="7,
3z —y=1.
F—RGH v =72y A 53

3(7—2y) —y =1,
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20 9

r=7T—-2-—=_.
AT DAFA T2 1 S5 (R ) e A
(1 2 7>m4h<1 2 | 7 )
2, .
3 —1|1 0 —-7|-20

P& SO FEE AR ES— DT RRm 3 %, 18z JHE.
2] 1.7. MR T E TR

2z +y =5,

z—y=1.

T IS5 AR ARG A T AR e i it
i 1.8.

Ao —23=7 (1)

21422 =5 (12

2, +15=3  (r3)
SRR 71, o AN IR G RELA MR, TR BLFRATTAS 5

1+ 229 =05 (rh)

4oy —x25=1T (r})
A
3

2r1 +x3 =3 (r})
FAVZ BT #AE: ORIF ),y A, v BZS 20, A BANT By AR

T+ 229 =5 (r!)
dog —ax3 =7 (ry)
—dxy + 23 = —7 (r%)
EIARBAEH AT R, AT ) vy, vy R ri,rg,rg. SERIR RS FHER T
i ry A vy Ik ey, 153
1+ 229 =5
4y —x3 =17

0=0
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XF BRI RRAEATIT LA 5 KA HIFIR 21, 22, H oy WTDABUERE A S

1.3
Tr = —5173 + §
1T
To = 1173 + Z
PR FRATTRT DAKE 7 R 2 I 55 4
n) () [
x| =33 | 3 [+ (1)
I3 1 0

1 1.9, MR EIREZRAT A% Bz ety R4 A JO o5 AR, Sk BT LATlRE R R h=A>
FHIRIA 2R 4. R B R

% dag —23 =17
X11+212:5
2z +x3 =3

Bl 10: AP A AL 42

i 1.10. fE EARAFEAE , FATRROE AT 2 Bl RE, VLA RO
AARTE O HEFATAT DAL R L Ok, PO R - 28 e

04 —1 7 12 0 5 1 2 0 5 12 0 5
12 0 5222004 -1 722510 4 —1 7|2 04 -1 7
20 1 3 20 1 3 0 -4 1 -7 00 0 0

[ 1.8, FEME AR IR AT E R TR =R A
(E1) A3y R iy 5 witT

21



(B2) FR—ATRAIEFHEL ¢
(E3) R ATHARFHLL ¢ B —47 k.

FATFRA_ L) =P ERAE NI 72 e (elementary row operations). =i aEf AR
Al H AT A SR A T AR .

T 1.6. A PIEGATAS E AR AT (row operations).

sl 1.5, TR T8, F B L5 b AT T4k,

FERA. KRR EATAR T, G W T, AT — AN AT AR e O 1ok
O~L. WHELE 0,0, --- Oy, il O 0L, - O O

AT AL AT R A BT A T2 i IH A T i A RO 2R, it IR AT Ry Zertdl
&, MHIRMNFELIEA AR AR R BRI RIS G (ME5t1.2), HIELFRATA PA
FENUNT B4kie:

1.6. {7k B o9 FF— AT R R MAATH R 2L G

111, SRS T2 7 X 5, SEOE A AT DA H A2 4k
A T DA A T 21 £ RSB R

1.7, T3 RoCE & A28 09 fE

1 TAEA TS R T AR AR A LA I 500, DR 4 g 4Rk A 2

g

= o &

H EE

=
&

anTy + -+ apT, = by

11 + -+ + G2 Ty = by

Am1T1 + + + AmnTp = bm

AR AR B LB HORICAE

al a2 e QA1n b1

asy a99 e a9p, b2
A= . . . b= . )

Am1  Gma - Qmn bm

FRFA LM FRAICE Az = b, XGRS

W 1.7 fomoxon AN a HEBUW mo AT n B0 (52) BERFRE mo AT n SUEERE (matrix),
1EHE (aij)mxn € Mixn(R). 24 m =n i}, A€ M,(R) ##H n K Jibf (square matrix),
I M, (R) S EHC A M, (R), BoAb n R 5 FERIB S (order of matrix).
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Bl 112 HfE T, € Mo (R) 2o 1A (i,4) ok 1, AR BOAEW n M7, B0 AR
P4 (identity matrix).

0

0

00 --- 1
XL TRA Axe = b, A TR REUEM: (coefficient matrix), (A4,b) FR 84 Mk
(augmented matrix). FFEFRATRI AT DA AT 2R R BAETRAT R 56 1, R4 TEX

IHETHATHKE, A 2T ZIRA R 2870 11 1e?
MR8, FATA BANRBA TR G A AR AT, ety Reg n] DA BRI

(1) FradEZAE 4Ty L.
(2) XHE—AREAT, i AEBmAEZITCNFIL (pivot), 25 @ 470 EI0™ M HLER @ + 1 A7
JLHE/E.

L LI 2R R RO AT BB 2 (row echelon form), JFf HANSR F=ICHroE S iy HoAth T 323
HE, FICARE R 1, WFRILE A T B BE%Y (reduced row echelon form).
1 1.13. T AR R F AR ALY s 8 BN AER A M BRI TR RIE, B A 2B
AL (S AR AL) o, UL Rt Bl (BB R mpREAL) . X — WA
(AR R N

Bl 1.14. FEBIT-1.87, XN M A

04 -1 7
Ab)=[12 0 5
2 0 1 3
WEELI0 FR , AT AR R AT AT ARG £
0 5
-1 7
0 0

PR AU AL ARIRATARLMOR M AT, RS T ATRA § BRI EIT 1 AT,
M ATH) -2 MBS —4T, AR TR

12 0 5) 12 0 5 1o 3 3
04 -1 7| o1 -1 1] 2200 1 -1 1
00 0 0 00 0 0 00 0 0



USRI TR R34 HRE AT A el AT AN TR e, BIANIERE o — P i Je — A7 s —

st

04 -1 7 2 0 1 3 2 0 1 3 2 0 1 3
12 0 5212 0 5] 22502 -1 I| 2002 -1 I
2 0 1 3 0 4 —1 7 04 -1 7 00 0 0

WAL MBI T AT AR 2], A A FRATAE T 35T DA AR A A R R Bk 2, H
b4 I AT AR AT B ) d AT BB 2R — AR A

BT, BATATVASEES ) — AR 1 A7 A HORE AR A e i A T B B L i i A 2 -

- Sl S — R A TR A AT, RS FOUTE AT B S AT R

I iR Al L TCA —EME—, BT ALt —E ME—.
IS RIS AT AR S AT A 1.

I 5 = M AT AR SR — AT T T T TR N E . W R A T &
ME—T1

T RXEE AT R G —ATER bR, MR i AR AL FOUR AR AT,
B 1 I R A e R AN T . TR R, JA T S A7 BT
BAE, 5B AT RS AT AT AR N X 2 AT R AR A TOn A TR AR R R 2
%o FrPACI S Ae i ot R S — AT T,

X =ATRI R G —ATER BRI AR - o AR — AR T A 2 E
AT R HENIE S —AT, S AT, B=AT - o BATHTRA 35T, AR i
N7 RIS R R A

FRR, BATE AT AL HeR BB 2L AR i g B ih 2 AT I e — DN AEZATH A, 1A
=P AR R THAT B ROM BN BT TR 94T, (A 0 BT AT R B AR . X
FERATHUEE) T — R Rl

X L Py AR AR T AR e B

SR 1.8, JE[F A P8 iLAT TR TR AT AL

I T P 38 4 2 R T DA AR — X T A A i T XUl - ] I AT 4wl DA 3 % 471l

AN IR o
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IR 3 moxon FEFERSIEEIRSN: Bk n =1 1, T m x 1 4R

a11
21
A= ]
Am1
W an = = am = 0, MR CRRZEEAITIHHE. % an = a1 = -+ = Q-1 =

0,ap1 # 0, 2L (1) F ap HFH AT, W (B2) KB —ATHRLA (ar0) ™" TN
L, PR (E3) RF26—ATRA T AN, HIL IR T iy

1

0

0

TRBERTFNECH n BHERT, XFT m x (n+1) B8 A, BHESE A= (B,y), Hh B

& omoxon . RIEIENEE B A AT RS E B AT AR AL, S0 B, KRR A Bl

HTE A 155 A’ = (B',y). W B WA RS, MAEGEEE 5 ¢ N n =1 K

W #y =0, W A BRRJHMHIE Ay # 0, MA@ A HHE—F5 n 54

E. a—FIN (1,0,...,0)7 BEfAEFTEEEEL. DURREE B AAEF4T, HH B W& k+ 1
G %ErT, B

Y1

Ys

<
I

POy

R no= 1 RHWE5E, AT AR Sl R A THr R, Rt B' /9 &+ 1 2 m 471 (2
AT A SRR TR, AU B, 152 FHCHE A”. 5 BAT PR g o

(1) ansk



WLy A7 B2 A fai TR 2.
(2) sk
y;c-&-l
. 40
Yrn
N2t Bik—3kfE g, A” e —IME k+ 1 178128 m A
1
0
Hod 158 B+ 147, B B+ 1 ATHE A 580ma 58 1,2, ...k 17, Fada—51
Hi k NICERAERNEE, MRS R AR e B A T i 2.

] B FRATT A W A ME— 1 R B E L.
THL 1.9, B A BT 348 89 H AT AR T AT R 3 0d L B0, 101F rref A.

XA PE— P B UE A A TR 1.6, RO T A TR Sty REAL AR HA . 7R
IAME—PERYELAE b, FRATHT DAZS R R BRI 5 S

S 1.8, W THFE A € Mypsn(R), HOG R 5 AT BB 2L vh 32 0y N EoploE SO A 1Rk
(rank), iC/E rank A.

A 200 ) e e R AT B AR 2R PP ) OB, R SCh SR B AR E S TR
1. BA2ZH 300, I T e

i‘..
s 1.10. *F T4EH% A € M,,xn(R), A rank A < min{m,n}.
XX AN S GA A R R A

X 1.9, WMAERE A € M, (R) BYFL rank A = m, WIFR A HFridBEIFE (full row rank
matrix). WRHEMHE A € My, (R) 8k rank A = n, WFR A HHEEFIER (full column
rank matrix). fIH A B, H rank A =n, WFHR A RiEBEER: (full rank matrix).

1 1.15. mifbfaih i mprB R E2 IR, BATAT AR XTI A, Ao E
Al rref A FPHYFICAE R B . FrCART R RUERE A MIRSE T H oL, B S
HAREATII AL
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1.4 Zettiifdlfiasifa, Ao

L 1.10. X T LM RRHR) R BRI A, rref A v FEICHITERY SR B AR E TCHR M AT
(principal unknowns), H4x A E N HHIIG (free unknowns).

WX B A 37T (principal unknowns) FIAEFE rref A [ 3J0 (pivot) H——XF W & &
MI TR &, AT AE T &t R . BIAnDA R B4tk fE e -

Bl 1.16. BNty iEdl Az = b, Hp

103501 b,
01 210 2 by
A=[10 0 0 0 1 0 b= |bs],
000O0O0O by
000O0O0O bs

W 21, 2, 25 72 TTC, T3, 24, 76 & HHIC. I HARYE_ EIRRBATHARRL, FATn] AR i
Jr R AR 1 D

L nsR by 8035 bs NS, WIHFRA Az = b Tofi.

2. ﬁu% b4 = b5 = O) Iﬂ” T3,T4,Te EX/‘\,_E{ %ﬁié&)ﬁ) Iﬁmﬁﬁigﬂuﬁgaﬁﬁg ﬁ%ﬁév ?{2
T AR s R A A i B AR R
$1:b1—3$3—5$4—$6

1‘2:b2—2$3—l‘4—21‘6

T5 = bs.
T3
M EE—4 B HICH YA | oy | EBE— X 3] — 2%

e
T b1 — 3x3 — bry — x4 by -3 -5 -1
To by — 2x3 — x4 — 224 by -2 -1 -2
= s = + T3 ! + T4 ) + Ts !
Ty Ty 0 1 0
x5 bs bs 0 0 0
Tg Tg 0 0 0 1

SEBL 111 (R FRAURI S ER]). 2 T2 42 Az = b, MATRHNE (A, b) WAERFATH
A (A, b), N
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(1) ZRAMENT A RIT LAY b AR,
(2) ZA2A T B M UTVAEZIUE, B g W usya—mIadrE—e g 7T —2%. 30,
FRAE—M Y AL EH AT
i @iy, @, RETG, @y, 2 HEIG AT B kB XA B BT
{EAE KRR, & LB H Hh iy s s
7:R" = R®,
Ljy

Ljy
T +—

Lj,
B 1.12. B8 m»4Em Ac =b A%, B S ZHMBE, NEHeest 7 R4 E S L2
S — RS gy 4T.

I S5 TRT B B A RR AL ) O 2R, FRATTIAE VT DATIE BH e a7 B s B g i — . ELAAR
/N L6, XAMER SRR K, Wk S B RT DABkE. X AR SRS E T
Thomas Yuster FJ%5 % “The reduced row echelon form of a matrix is unique: a simple
proof” | Mathematics Magazine 57 (1984).

TR SO R T AR B e oo AN, FRATH Q0T XA RN TC AR ) 0 s v U
g 1.13. &k f2zl Az =0

(1) ARt % BILE rank A = rank(A, b).

(2) ArE—ff % B H rank A = rank(A,b) 7 H rank A 5 A 8975485 .
IER. A (A, b) AR (A, b), W A AR A W fip ez, # rank A 47 A
JEHL, rank(A, b) T (A, b) BEICHG MR (1), A #24 HACY E 50 BB —
5, RIS RRAHSE.(2) 5t e (2) SR E X EEA55). [

RIS SFEREMA T, FRATERSRI M. Fealiy, T 0 ETEMHE, M7
AR EIR b R, X AL R R .
X 1.11. R Az = 0 FRoNFFIREME R4 (system of homogeneous linear equations).
I 1.14. ForA& s A2 Ax =0 s9fRe 4T Reg, B EFRR T M.

Y] P
Alx +y) = Az + Ay,

A(cx) = cAx.
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TEST IR T R, BRI SR AR BN AR TC A B & 2 80 095 2 R B
XTI o

8 1.15. 83k A & m x n 89%4EM, B om <n. W EayFr&ns 24 Ae =0 &8
A RS

EL i EREBE R TR 22 A A0, FeE RN U N R E R, E
TEHI U T R E IO B ABAFAERE—A~ H el ABCIERE, A5 iR &t R4l
—EHIEFM®. O

ERL 1.16. 3 TR 5220 Az =0b, ©oR T T LE—FF (BFFE), N Az =b 97 R 35T
E—pg ki e=y+x, P yx Az =0 09t

JER . HFR IR S A
(1) BIE y + = 2f#.
(2) RIEY = 2R, = = (z - 2) + 7, Wil 2 -2 §HE Alz - ) = 0.
O

I 1.17. MU ESRE, FREM T Az = 0 (UL T R™ Fil— S vk e 1 1
W15, 2NN EMR VA SRR T4, HARH T2, 0 Az = b Y
FEAT A T R A T2 (AL 4%

HMWERE, MT 0 AREITCHFRENETTL]L Az =0, HRoh MO TG 2
REWE, FAHEXAEE O A %R (nullity), 20F null(A). fioo M, Wit
ERREIIRE, AT T REALES ST BRI A PR FRATA T i E R

M 117 (B-FEEH). —/A mxn 48 A 89K A null(A) = n —rank A.

1.5 etk I FEAL A2 PRI :

FRATTRS T ek Ty R A ) AR A AR P — 2 25 MR o 4 7 S
1120 WFME A Ax = b, FATH W E S
(1) AR, FRATPRIX AL R LUEMIZEN (consistent).
(2) WRTTRETCHE, FATFRRX AL TR R AMIZEN (inconsistent).
(3) WARITHEA ME—E, FATFRX LM A2 FiEn) (definite).
H#:i8 1.18.
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(1) &2 Ax = b ZAEAF N T rank A = rank(A4, b).
(2) &M H M Ax =b THTHFNT Ax =b a4y, B rank A FF A 0573,
EBL 119 T 0 B A, &Ahr4Em Ax=b 2GR E—MRIET A, 5 b RX%.

B ARIEHES 1L ISHT A, Az = b AME—FEM T rank A = n. F2H (A,b) HA n 17,
rank A < rank(A,b) < n, # rank A = n B A rank(A,b) = n, FRAMEHILEHH

JC. O

Bl 1.18 (R(E 2 T A7 LEPERIME—PE). X F AN oo, ABERESEEK
kis.oo ko FFTEME—ROUEUNT ST r — 1 20X f(2) = a0 + ez + -+ + a2 75
WTAFE i=1,....,r B

flei) = ki (2)
. EED (2) KT ao, .-y ar1 X r DARETTHERM I TRA, AP5CHE
1L ¢ & - ¢t ao
2 r—1 k1
1 ¢ ¢35 -+ ax )
: B
1 ¢ & -+ 1) \a—y
A

e A R—MEMESAE (Vandermonde) HifE; SHTIFR ATSI ARG HE BRI WE. h
FERLL19, J7 T RE A A ME— A BR T A S Ao K, SRR B %

Qg
a1
A ] =
Qyp_1 0
EEMT c1yevvser & flo) B, TRA 1, ..o o HARBIREOANEE r — 1 202 ME—
) (HAEH 0) , AT (2) AME— (FEAENE SME—E—HH153]) . [

T 119, ZERUBIL T8RS TE L T AT 31 22 10027 L 0 i 74 B R 50 1) s 4 i 2 1 195
. B, G BEAMERSEEL c1s oy AREBIE Kigyi=1,...,m, j =0,...,m; — 1,
FFEME—RBUNT ST ma + - +mp — 1L IEBTK f(x) BT i = 1,...,r Al
J=0,...omi— 14

F9e) = ki
X ANGEYE T DA ST A A A B R S T RR AR UE . R I ) 26 R TR O R R
HMARETTANEIIH ma + -+ -+ my. FrA R TFEIRUERS B 5 et 7 AR 2 2R AR ]
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Rtz B B rp, AR LR n] AVAS R oR AR Rt AR AL, I HH PR
SETC RN RN RR]. B TR Y B AR S R A AE A — 1, FRATH®R R
B UEXT B R T R A R g R n] . 038 oAy B AT R X R ) 811

1.6 ik deiifrBres L — e ULy

QAR moxon IRERE, ZEATT PTG AL R S AT A rref A fRME—
PE.

EH 1.20 (= EH9). dF FHEFLEE A, 27T HFR09R MR TIRM T 475 4%
BRI, PR T b a94ElE A.

IEI. FRATR n UHAATERIERT: 24 n =1 W, rref A SR PR DL:

0 0
TR AT AR T A BB R, JF Bl AT e n] 3, A AT 28 HeRF AR M PR AE AR 2=
HFE. BIULTE no= 1 RGO, SeRifTI AL rref A BENT AN A RARFRIE.
BB A AR RO n BN OLMAZ, XF n+ 1 SRR A, FHEIK A = (B,y)
g, Ho B 2 n SIRMERE, y @Dl RS wefA f A" = (B,y) M
A" = (B",y") mifpiE. MBREIG 55, B' Ml B” &g h B Zd A2 HdS 21 (i it i
BOAL, MIARYEIA AN S B' = B”.

AL BN R
T
B 36:2 =y. (3)
ITL

F X 38 R RO S5 AT A R AU T AR B O Y R AL, DRI AN SO T R AL A A
&, MRl (3) ST U0 T Pl 24l

T T
T2 T2
! ! " o
Bl . |=vy, B"|  |=v"
xn xn

XEFOARAL (3), FATA AR MR Ol
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(i) (3) Jef, ik B A r Ao, WA

<
|
|
<

Hrp LAET2E r+ 147

(i) (3) A Bt B FICHAIE v, ... i 51 S HEICIE O, WAFEI T @iy, ..o 2y,
X AARETCHI MR, HF HAT

i
Ti, =YLy, =Y
(B T U ME—AY, AT v = v, WSS AT AL rref A @ ME—HY.
O
i 1.20. FIAIERAE no = 1 B BN T A2 RN R TS 2 ETHME” X
— PR WIEEATAC R AT, PRI T REAE AR RS IR . X BN B U AT Sk
Ay BIVORAEANAS s BIATPRA TR IS 4 ] e AR B AT

1.7 Pk SrAnrEilem v

Schubert cell HIAEZRRIE . RBULATHEAL G . AN U B & 1T o 2 i
WERRIZAEGHEN, NRTH-FEEL; W] AR

AT R FEME— PR R T m x n FEREFEAT AR T 8 SR S50 5 &R R AR
AR ME—M. XA XA UM BO AT Z M . FEA T, AN AR
FRHOIE AR, I e T A T R BDOR IR SR I E I Sk & ko MIERERL, H Kk <
n. FEZJGMETH, FRATE X R T @ E SR k4725 00 S AR 2 i e
(Grassmannian)G(k, n). XX FLAXT S AR R ETTS LS5 ARHAFEIEE (Schubert
cell) AR, B fTBBE LAY L1 A S5 PRt — S R AT SR FRATT o S e DA R WA
T = 22 1) ) B AN 5 0L
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Bl 1.21. & 2 x 3 B4R A, W2 rank A = 2, | Az = 0 XN R AR SUAE R®
R LATE SOE R® g UG L. T rank A = 2, WERRIFTHIEEAL rref A PIAHY

AREMEAN T
1 0 a 1 b 0 010
01 a/) \o o 1/ \oo 1)
FFPA R3 it 5 S R B RES G(1,3) ——XH VT
R*TR][ R,
Hor RO FoR i g

Bl 1.22. B 2 x 3 BirdlifE A, 52 rank A = 1, W Az = 0 XM AR FBAE R
HE LT 2 R g RS — 4B T rank A = 1, MPRARIATHIBHZL rref A #Y

B RErEA T
1 a1 as 01 b 00 1
o0 o/ \o oo/ \oo o
FTPA R® W@ 5 S PR & G(2,3) —— X T
RQHRHRO.
B, FATRTA% B R Ao

Bl 1.23. F1E 2 < 4 BHAERE A, W2 rank A = 2, | Az = 0 XN R AR SUBAE R?
HH LR S R g SR — e P, di T rank A = 2, W RIATHIARAL rref A 41
A B ATRETEANT:

10&10,2 1b10[)2 161620 010d1
01 a3 as) \0 0 1 v/ \o o o 1) \o o 1 d)/)’
01 e 0 00 1 0
0001/ \ooo 1)

FIFPA R i J5 S B PR & G(2,4) —— XN F
R4HR3HR2HR2HRHRO.

X R 1 k 47250, FA AR 2R n — b MEMERRIE, 832
A m=n—kANEICH mx n w GBIk R A S s ] XA,
BORFZA R G S G(n —m,n) S5[. FEXMRI T, FATE L Gk, n) BRSO HLIEDA K&
papAhli thistis oy LT
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e 1.13. FIEMN m ) m x n i@ T A AU S G(n —m,n). Hp 30
A ELE i1 < iz < <ip SIMPCARETHHREEERRN Gn —m,n) HHRHARIR
I (Schubert cell). &AEHARAMLEE P EISECE L T—DM R BNZHERXUS, Ht d Fr
HZ IR R AR

1E BB m = n — k AOTRERE G(k,n) BWZET, 5 FICHN i1 < v <iim, W j
AFETCATIE BSEAECH k45 — ;. I R 4E 80k

d=) (k+j—1i).

Jj=1

Xk L PR A1 PR A P 1804 A el R R A 2 SR 1) o 28 22 195
X 1.14. AT EHIE G(k,n) FPEEMRE LB (Poincaré polynomial)iE XN

Pkn cht

d>0

Hr cq 2 G(k,n) PHEECH d EHARFIIE AL

PAEROBIF1.21, 1.22R11. 23 h RATE ZFE T G(1,3), G(2,3) Fl G(2,4) fElnsEL
IS5 A
Pia(t) =t +t+1,

Pys(t) =t* +t+1,
Post) =t +t*+ 2t +t + 1.
H1 T A )T AR M 3 T DA A R R TC TR A iy < dp < - < RPEHE, P
FOR IR A ESE T 0 S m SRR
AN 121, 35 FA84E3T AT Gk, n), JE4F 1A HUAE 09 2 2

Pun(1) = (:) .

e AR K SRR I R BT e i S 2 IS T, Bl FE00HE%6 1,2,...,m 4.
I R 4ERCH m(n — m).

By, FATAT AR e s 2 W@ I A . FATE e — T i R FnAi
%.
S 115, XTAEREE n, kR k< n, &L ¢-BEH
1—q"

=1 2 n—lz
ly=1+q+q¢" +-+gqg e
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5E X g-Br 3l
[n]y! = [nlg[n — 1], 1,

RAURYE XL q- IR FRB (AR w07 R 5

n\ [n],!
k), (Kl =kt

EP 1.22. #35H AN Gk,n) B9hIeE 5 AX A

f%n@)::<z> .

EY. S m=n— k. d LIRS,
Peo(t)y= > =l

1<ip < <im<n

MG —s @M N FIek K. ARG n 51 FI0, W iy, = n, BG—fTATTIRE B S
W, HorFoosat Glk,n — 1) L, ST P (8). W2RES n SN2 00, WIEHA
EICAEAERT n — 13 5 Gk — Lin — 1) WE—4EICINI, &—A1T72 HfEX—7)
M—NHESE BEZH m=n—k DEBSE TN T P, (). B

Prn(t) = Prpa(t) + " Py 1 (1),

HHMFLZMR Pon(t) = Pon(t) = 1. 55—J7 1, t- 3502 R E00 L IR RE A4 ¢ R R 5
A
() -0 ()
= +t .
k) ko), k-1)

B Pon(t) = (Z) . 0

AT DA I 7 2RI N 3 22 AT g- — 20 XA KCHR i R SRR ol G 28, AT
R ERL.22. X—XF ¢- "I RBW A G RBILY] ¢- TR Be 2 0, I HAHY
HARBA B A A, FATIE W] A2 sk 2 TR XFRE, B Py (t) = Poopn ().
HEBGLA 1 SO PR (palindromic).

W 1.23. B LA Gk,n) 89 RIE § AXiHE
Ppp(t) = tF =R p (1),

Py — AR FUEEE T (unimodality) FATTETIF o3 ) S IR Bk
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A8 1.24 (SIEVERR). #4207 % AK Gk,n) B9RARE S X Punlt) = Yo cat? 89 5%
5 {cq} HRBIEMIT, BPAEEA do 124F co <ot <o < Cgy > Cagr1 =

TG I BRI RS2 B2 5, FRATE T AR P 2245 1 ) — Fh 2l A e, X HLAt
AFHEIE.
bl BN, A0 “RAeEmLi”
V2 M R A, TR RO SR — M. Bl I R aXme-F 45 57 etk
JiRedl, Bo-FARRGE R 2 LR G Kirchhoff HURTE A4 MRS, A
JOXH AT P R SO LA s T R R B A U SR W ) SR 4 e
PRI L A ME—. XL AR W] ] SO B e

1.8 )i
1.8.1 #i>)5si
> 7 L P AT REL AN i P 2 S
I 1.1 (A Ay e AR AR AL L e b S by
aCyHg + b0y — ¢CO, + dH,0.

L R C. Ho O =McRFEGH KT a,b, ¢, d BFFREMETTFEA.

2. SRIGPITA ik, I U/ N IERE R

3. FRREA AT BTy REA AR B S o 31— SR AT

2 1.2 (=oe— OB LI ER). TAEA I BRI R =PI ik, 25 B
HpRR L, —Da. —FKEHK P, B0, F I IGREIE.

z+y+z=1, z+y+z=1, z+y+z=1,
20 +y—2z=0, 20 + 2y + 22 =2, 2z 4 2y 4 2z = 3,
T —y+2z=3, z—y=0, x—y=0.

28 1.3. HCk At iEdl
L RTFPIDRETT 21, 72 LRI R

331—2332 =1
23:1—332 =2
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2. RTWUANKRETC 21,22, T3, s MWLM FEH

T1 —2x9 +3x3 — 4y =4

x2—$3+$’4 =-3
$1+3$2+l’4 =1
—71‘2 + 31’3 + x4 =-3

3. RTF=ZAREIC 2,y, 2 ILIETTRRAL

20 4+y—2=28
—3r—y+2z=-11
—2r+y+22=-3

I 1.4, HE A BURER), et Rl

)\$1+$2+$3 :].
31‘1+/\.%‘2+.733 =
.’E1+.T2+)\5173 :)\2

AME—R, TCI5ZMR, o, A ARSR IR

8 1.5, FIEME m DEICHREHIEILE m x n BYSEHERE, o0 LAY AL EAR R 1 iX
FERPFEFEILAE—28, SRORRIMFI B 2 /07 (BRI N T A Al R e e i3 my 5 al T
SE)

1.6, HEEEILAREZEANARE G &V 2TRNES, KFHMAMIT,
TR W2 QRS TS A e, DB A I 2 ) A 4B P A 1) 2 1) )
HERGEE. BATH Google 1) PageRank FriAfH 3 T AP TWEZNE (2:)iev MLMTT

2 1.7, #E—AS 3 Biror e, H 9 TR, HERfririig HRA—A 3.

318 1.8, %

1 1 0 by
A=|-1 0 1], b=]b
0 -1 -1 bs

TERA
1. Az = b B4 HALY by + by + b3 = 0.
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1
2. Az =0 WfdERE {kxy ke R}, Hp oy = | -1 |.
1

3. Y Az = b HRRH, & v 22—, WEER {z0 + ka1 k € R}
218 1.9, B RAVAE AL AT RR AL (BN S8 4R 0)

1 2 3 4 5
.6 7 8 9 10
11 12 13 14 15

1 2 3 4 5
2210 0 0 0 10
11 12 13 14 15

11
1 21
3.
1 21
1 2
21
1 21
4.
1 21
1 2
1 -1
5. 12 0 1
1 -1 0

2@ 1.10. HIE-MEET AR L HAWARE G. Fix V 2UGRES, Hh A
SRIDMEM TURFRA S AL, A 22 2R AR EE R TSR L. R R SR S Y S
AR XA TR B NRE T € R, B8 T = (Th)iev 22— B LRI 1. IR
BTN RIRE ST 5 Z R R AR R ISME, R — AR E R, U] X
Th— DR SR, AP EME A AR B BUE, (X — IR R R E .

I 1.1, FF B P A AR AR LT RE AL D, SR A

Lo 2x 2l A PR A (1) = (2) H A WSE—FICRZ AN 2, K AT RERY A.
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1 0 1
PRI S e TTEZSS U I O I I O I (O 95 TS SR 3 TR N E N DT
0 1 1
3. %ﬂjﬁﬁ 5 A'\J_:T\ Ml(ov 1)7 M2(27 0)7 M3(_2? 0)7 M4(17 _1)’ M5(_17 _1) E@:W\Hﬂ%ﬁ/‘]jﬁ‘
. X H TR ay-FiE TR ax? + by + cy® +dr + ey + f = 0 BTRRIUER
i £k.
8 1.12. 35 A, C 20 mox n FERE, WERXAEAT b, et RH Az =0 5 Cr = b #AM
RS, RE—ER A=C07
218 1.13. R SRR P TECE IS B RR . (BRSSP Y T4 R E T
Wi, 25 BRI B AR AR B4 OUR K B oo 40)
218 1.14. % Al m xn #HFE, B mx kR, k] rank(A B) < rank(A) + rank(B).
(P75 W (AB) fEA724eHe; HAoosd, kA A FHARE rank(A) A, KE B #5r
AR rank(B) 4>.)
28 1.15. W MR RS AL A, U .
20 =3y +z =1, Y+ 2z =2, 2 —y=0, 1x—|—4y:7.

2
28 1.16. i R AL AR

r+y+z=06,
20 —y + 2z = 3,
T+2y—z=2.

28 1.17. IECEHIWT IO AR A o AR, BT,
r+2y—z=1,
20 + 4y — 2z = 3.

28 1.18. SRS AR /i, IHE AR .

T —y+2z=4,
20 4+y—z=1,
3z +0y+2=>5.

8 1.19. BB a € R. FHE R RBRAAEARTF a NI
z+y=1,
2z 4+ 2y = a.
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28 1.20. SRFFUTTREA R AR, FHH— D EULA R R .

r+y+z=0,
2v —y+2z=0.

M8 1.21. A=Y, HERMES A EL. BAEAN=J kR
4, EREmR.
1.8.2 RUBE

P 1.22. 37 A, AV moxon JERE, b0 O m R, TR Ax =0 5 Az = BfRSE
FIF HARSS, W% (A V) 2B —EnlH (A, b) L T Hds 3], IREEX m =n =2 5
UERNE?

28 1.23 (CRMA&R S8 RA). i Ery kit 2o 48 pan
F(z,y) = az’ + by +cy* +dr +ey+ f=0
I, H a,b,c.d,e, f € R HAGNE. CRIPFIR_EW AR ) 0 25
Fi(z,y) = a;x® +bay+ ey’ +dix+ey+ fi =0 (i=1,2)
WA TV (2, vi), i =1,2,3,4. KIE: 3% P04 S R ih <
F(z,y)=az’+bry+cy’ +dz+ey+ f=0

YRGS APy + AoFy = 0 BB, Hid A, A A4 (PR Sk 4 mi o= mi gk
(75 DU b A R LR, SERTEST ) s RO M AR SN A BB AL R (PTE
L) VL 4 DA TEX.)
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2 Jhka

MR LMy R AL RO T RME B LR A AT SO MR I
Wok. k. BB, H R REFR NI A 0.

2.1 ik, Bok'Rk
HE Mo (R) _E5E SCATR Bi8 5
L A = (ai)mxns B = (05 )mxns W A+ B = (ai; + bij ).
2. Je: A= (aij)mxn,c € R, M cA = (casj)mxn-

PA_E RS 55 [ i as(a]) R™ _ERIINARIEORSE 4z — . AMEREZS RS A #M
PV L5, TEMFTR LM R TR ATC 22 W3 T A AN AY ) AR T 1) 1 457
&1
C = S Rn *ﬂA S men(R)7

Cn
WA IS a B HEA W TE SO/ A GBE A = (v, ..., v,), A
Ac:=cv1 + - + ¢ v,,

WELRLA 1, .o en HWRE A PRSI E v1, ... 00 FIRIEA S,
XTPAHERE A, B, (8 A W35S B W T8o R, FATINRT DA b T8 A I 15 50 1
FeVh i SN
L 2.1 B A€ Mysn(R) AR B = (wy,...,wp) € Myyo(R), WRiMEReH: (matrix
multiplication) & Xk
AB = (Awy, ..., Awy).

[, RESfe kit n] DA ARR S84 i) 75 200E

X 2.2, XF A= (aij) € Mypsn(R), B = (bij) € My (R), WM (matrix multipli-
cation) & LK AB = (¢ij)mxi, HH

Cij = Zaikbkj~
k=1
R AP o 3 vk ) A4 AR U T AR Ay
A€ Mpun(R), x e R" = Ax € R™, A€ Mpxn(R), B € M, x¢(R) = AB € M,,,«¢(R).

T 2. 20 BRI R, FATIR W] AMAT 1] & 04 E PR MR vk A5 e B — 174
AR A TR R
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X 2.3 KT A€ Muxn(R) AL B € Myxe(R), £5 A EfE

a;
[¢)

A=

am
Hrpa; 2470, IBA AB % SCYEA U7 1] R A

alB

a2B
AB =

a,,B
—1T a;B & B AT RMEHEA A, HREH a; 4.
2.1 X4 A, B, B A W5S B ATHHFIR, EFERE AB A A= L.
ik ik S EALEDE

THYES = HE P T R AT A B R, R A SR UIAIEE SR A AR n] IR
MRn. SRS Z A Aot B FRREESR ; SCHSE R IOFl i S e 4R, X ]
HERE e — A . AL RIS LT P R AR A Sl R X R A

A

es —> Ae

€1 o ‘ Aey v
BALIE B TEI AR 4 ik
B1L: a5 Aer, Aey P5E, FHERALIE T TEAZ BEFATIYATE.

Bl 2.2 (CRrEFERIA). &

j
1-0 (= . . _
B — +2:(-1) 1-142:2) (-2 5)
3:044-(=1) 3-14+4-2 4 11
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HREEAIEAE DR —177 5 AR 17 XA I AR .
2 —1\ /(1 4
2 -2/

0 3
PR 3R, BB R e A ).

3] 2.3, &
il 2.1, JEMEFGA AR AE. I THEE A€ Myxn(R),B € M,y,(R),C € M,y ,(R),

5
\

]
(AB)C = A(BO).
ilEBH- iE A= (air)a B = (br€>7 C= (C€j>~ X‘:l‘,f /3%:% 1 ﬁ?% .7 ﬁ'm/‘ﬂﬁﬁ, ﬁ

((AB)C); = Z(AB)iZCEj = Z (i: airbrz> Cej
=1 \r=1

=1
n V4 n
S (z W) =3 (BO), = (ABOY),.
r=1 =1 r=1
O

PIAN RS — ML B AL, It (AB)C = A(BC).
HES A EA W R A A, daRBd R ERS R Rekn BAioc

EX 2.4. T neN, B2 13, nxn BN (identity matrix)hy

i 2.2, 3 FHEE A€ Myn(R), H
L,A= AL = A.

— RN BN 20D PR R R e i R LK) R
WX 2.5. — N nxn WHEE D = (d;) WRHLE d; =024 7 # j B, WK D H—
A fHERE (diagonal matrix). HAfHICHE D = diag(dir, doa, ... dpn).  FEHIHEL, Q05
diy =dyy =+ =dp, = ¢, WIFR D RalisHifE (scalar matrix), icfE cL,.

R, AT, XA m x n Gt n] AE SO AAEE, B dij =0 240 # j
I 3 BLHATTRE I B T MR A AR AT e E SRR A B A RIA SR R A AR I

TeFH:
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i 2.3, 3 FAEEA A4EE A = diag(ay,ay, ..., a,) 4= B = diag(by, ba, ..., b,), H
AB = BA = diag(ayby, agbs, . . ., anby).
HUMNERISR VAR A FCA:, AT RN, HOR 5 TREZ HH X &
W 2.4. 3 FHEFE A, BE Myun(R),C € Myuo(R),D € Mpym(R) AB NER, &
(1) D(A+ B) = DA + DB;
(2) (A+ B)C = AC + BC;
(3) A(AC) = (AA)C = A(XC).

BT, R RIEA T R A, B AB # BA, EEAWRE— AV E L
i MRS BIGRST A € Miyyn(R), B € My o(R), W AB 5, {H2& £ # m i},
BA A ES. W m=Cnf, BARFEL TEm#n i, ABH BA WAL, BP6E
m =n = {1, AB fl BA BT, (BRSNS HE AB # BA. Blindki15 A
& n R, HXTALITTRKIKH a, e, e, Hoe BFIRE, WD A 228 n By
W B i Aue i ke (IR LA )

2.2 fPHHIRE R Tk

TR A 2o A T ARA Y A AT &t a (EX2.3) |, mfTAedd
IEEFRXA T — S (AVEL.6) , FATRT AT RS 2 BihS 2 O MR 4 S5 T A2 e
TR B T PRl

X 2.6. QN =S RN WS (elementary matrix):

(E1)

Elij] =

RISt L, B955 @ AT 555 7 AT 8 BRI
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B L, 1% 0 FTOA ¢ R EIHRERE, Horb ¢ # 0,
(E3)

Elij, c] =

1
I L, {055  790A ¢ VBV J ATRSIROAEIE, Fob e # 0.

K 2B A3 T BT AR SR A M ow) 7 AR e (E1),(E2),(E3) 321, X B
RN AT 2 TE SR REXT AT YA A, T A & R BOH 215 3 W) S5 8 e i B —1 7
AR FEAEI B EXTHLRE A SRAS, ABAXT 2 DL S RHCKR M A AT R LEA G,
MEETXANWEEES A KR
il 2.5, 3F A€ Myyn(R) BandiT R O ST AR‘B ey EIERE E.

Bl 2.4. R

1
A= L )
T3
IR LGRIATRHAE AT (E3) FF56 =471 2 5228 —17 B2, 152 n B R E0E R A7
24
1 + 273 1 0 2
A = T =10 1 0]A
3 0 0 1

PIFATRI A 47284k (E3) nTLARER IR (E3) 725,

iR 2.6. 37 A BATEMR O1...0) FMT ERAT Lo FREEFY RN By .. BBy, o
E; 3 B FATE S O Y3 JETE.

45



TEARZ HBEF NIRRT SR PRI 1 — RIS AT AR B S 22 R MRS By, ... Ex
efta, BREATA W # N IA.

s 2.7, K A€ Mpn(R). 35 A5 m HrfA5 481 1, 3503454 K, 21F (A]l,). =R
A (AlLy) BAFAFER Or,...,Op 135] (Ey.. . B2EVA|B), £ E; B TAR#® O
B m Fl?ﬂffééfi }JF B:Ek...EQEl.

AL AT I T TR M A, BRI (Al Ly,) U7 On, ..., O S0 T2 3%

AR Ly, R A AR . B BT e aT A, X A RO S T AR S T/ TR B, . .. EoEn, 1

X Ly, OX A7 AR P SN T 453 B . .. Eo By RIWPHEE RIS Rt E (Ex ... EaE1A|E) . .. By EY).
OJ

2.3 JhPER

RIS HE T, A FERTES R, X TH%MK B € M, (R),
BAFFES — M H1EH M B’ ffify BBA = A MMEREMN A € My (R) B0 SCESEMT
B'B =1, . Ffi17E 3Can ks

S 2.7, SFHEE A e M, (R)
(1) #4 B f#if3 BA=1,, Wk B J A Ki/ih (left inverse).
(2) & C flifs AC =1, WFx C K A #9478 (right inverse).
(3) WRZEHEAT WAL, WFK A W3 (invertible).

H TR ST AR BT W 2508, BRATANE V) SR M AP 2. S — ey, JATA R
XoF T LR A S5 e P

EPL 2.8 xFF4EME A€ M, (R), o F 4R S
1. A Tif,
2. A B,
3. A BEEL.
4. rref(A) =1,.
5. MEZ be R, 542 Ax = b A E—AF.
6. HEEAN DER, 742 Av =b A E—HE.

7. Az =0 RAEXHE.

46



8. rank A = n.
9. 46 A TVl R A MF4E R0 AR,
Hp &t (5)-(7) NEEFREZ S, (1)-(4). (8). (9) RIiEHEL#*4iEF.

e, (1)=(2) % RZHE T (2)=3) MABFERAPWAATE, 8 (2)=(1). HREL
PR R RIS e B, BERELLL, RATELHEE (4),(5),(7),(8) . B (5)=(6). X
ok, WERAFAEREAS b i Av = b AME—F, WHMHN v & Az = 0 HIEZMH u, W
ro +u W Av = b Wk, SHE—PETIE, Bt Az = 0 JAEZM. Fh (6)=(7). XU
(4),(5),(6),(7),(8) &1t

(2) = (7): R A fFAELW B, B4 Az = 0 #fill * = BAz = B0 =0, {l Az =0
A EfE.

(5) = (3): MEIMTLE b e R, HHE Az = b FRIFAEME—FR, B2 HUbR i R ) &

1 0

0 1
blz . ) b2: . )

0 0

W2AWHC Ax = by, Az = b, ..., Ax = b, ME—IEDHE wi, ..., w,. 2 C = (wy,...,w,)
W AC =1,, B C & A WA (REIE: & A FAELANMM AL, B (2) = (3).)
(3) = (2): &% A HHH, f74E C fif30) AC =1,, Mii CAC =C. B—JHH, hiF C
FEAEACE A, NI C fFEA I, Aiich D, Fik

CA=CACD=CD=1,

B C i A 2.

(9) = (2): AR A FIAFIR N WISEAEIERYTRAR, B4 th T AEAE R A 2, [H ik A
WAy 2.

(4) = (9): W wef(A) = L, IAMIEHER2.6, FAERIFHE B, ... By fHiFF
EyEy oy ByA=1,, Bt A=E Byt B R A WIARIR A SAER . D

il 2.9, F A TTY, N AL EWYrE— AR, iTF AL

IERL. FRATHFEUEI MR A i, A2 AW iR E—: ik C & A W—A248, D
e A W— A, B4
C=Cl,=CAD=1,D=D

Bl A PR 2l 5 A A . IR ARBe Cr, s 52 A A, T O B2 A A
5, i Cr = Co, Bl A BYAEE—, SR, FATHRRTLAGEI A A g nE—. O
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Ik 2.5 CRUE). BREHEERM], R A w3, 84 rref(A) = L, MARHEHER2.6 7] JF77E
BT ARSI, PR A N SR RTAT I B L A R S A el A IR A3k
RANALIFIX LIS AR PR R R BUL SR TR IE? HBHIFE (A, L), M HATRIEERS A
RIATHRRAL, IBAXT AR NHEIE B, WA B(A,L,) = (I, B), FrPABLR B = A™1 X R/
PR RAE T AL, A T A By

Bl 2.6. FE

)

R
w =
IS V)
[
= O

~

N
(=
o
[\
(-
w
= O

~

N
S =
=N

[SI[SCI

I o
o=

N~

-~
(=
= O

ol |

[\]
[
)=
N~

-2 1
-1 _
2 2

2.7 i, FATAWREK 2 Brardioy B g dnk (G50 R nr 32 HAY
ad —be # 0, FAEHEH LT

o b\ 1 d —b
c d Cad—be\—¢ a )
2.4 JHEFEREEE

R P — MR DL IR Rl i R R A AT 5 S AT A, ol R R P 2 AR A

X 2.8, MTHE A€ Myyn(R), HE B (transpose matrix)&—4~ n x m Bk

L 2.9, WM A e M,(R) W2 AT = A, WHFRRPREPE (symmetric matrix). 2
U, TR AT = — A, MFRAR BRI (skew-symmetric matrix).

Bl 2.8. Xt AR, HAEE N T AR XA TR, A E R .
s 2.10. 3 F4EMEAE B R, RAVH 2o TR

1. (AT)T = A,

2. (AB)T = BT AT.
IERA. (1): EEARME CEPRT. (2): B AR RS a0 ) i i 2ot 2H S B8 AT ) R 2k
HAE ). O
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el 2.11. =M 460% A B THEN T B RTHELEE.

IE. IR EAR RO, X A BEFTOAS e, S0 T AT BT A L . X AT
WATLHAEM T LRI A E, 53] EAT. BEEGE (EAT)T = AET. {7 ET
DBERATI, B AS A4 S5 (A TR m] a0 A O

2.5 BRAEATHIASH P APk

M2 1.8, FATE SUHRE A W R RATI 24 o4k —A> B SR )tk
& AT RS A MBE T A X RIR?Y FATATPAUEN] rank A = rank AT, X AR T F 1
e FE.
TP 212, 2T TR TIERE A a9ik.

X IR B 2ot AR R 5 A e B (ERRLAL) (AR

LSRR BUNT R E IO, IBAFIREME T EH Ae =0 h—EHHHIT, MITA
|
2. FREMEFFEH Az = 0 YIRS T F 24 HACYX Y B ST,
IER . ARYEIEIR2.11, XPAERE A RS A S S84 T A e vl i Ak . PR e R AT 7R B X 1]
Wi B, A rank A = rank(AB). it C = AB, 4 r =rank A,s = rank C. fRi% s > r. %

fﬁ%wﬂ\éﬁlréﬁﬁ_%gﬂ Ax = 05 mUﬁIﬁ Liyy 3 Lgy W\&Q Ehj—ﬁ Tjyy o 5Ly Hﬂﬁg}illl,
TR AR AT DASRIR N

Az =0 <= z;, = fe(zj, - 25, ,), VE=1,2,--- |1 (4)

HrpfA~ fir R EBIC 25, 2y, IEIEREL

H—IrH, FEFREMETRA Cy =0, WHMEA Az = 0 WiE —— XK, B
x = By,y =B 'z.

B TH Cy =0 HFEIT Ypyr - 1 Yp., VARBEHTIC Yg1r - Ygn_.- FERIBELA ()M
ARBX y=B"e WAMTT Yo, Vg, . FAEWAT, FAVHE]—FR SN LM%

yQt:gt(ajj17..‘7xjn7r)7 Vi=1,2,---,n—s (5)

HpEA ¢ AR HEIC 2y, L2y, BIREREC BT s> Hilbn—s <n—r, WL
T-(0) PR NUE TRIERBI N FTDMFLE o5, -+ x5, AN, Bi15076)H
A yq, = 0. BUIH XA )y, 2, IEFERNN Az = 0 1fE, d258 1
L . Ji— X MR YVA y = B~ e & Cy = 0 fiR. EHX A ou i 5 oo
ME— SO PR T3 B SR IR IR SRR A TR, AT IREERR S A SR, BRI A TEAE MM A TRk 5 5 AR 17
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Yo+ Yagu . ENE, BTy =0. XFET = =By =0, 5 = EZM0)E. HILEA
WAz, Bl s <.

X A=C0B™, i B MR aTAERE, A4S rank A < rank C, Bl » < s. £ |
Frik, r = s, Bl rank A = rank(AB). O

i 2.13. 2 T4 A € M, «n(R) &3, rank A = rank A”.

IEA. Bk =rank A. 5%t A ATASHAT 2] rref(A), FOUFHARSAS e, WTVAKE 2081 2 A
ke FVFIHEHARSN PR 04T 8, A2 BRAREID

S = ( Ik kanfk >
Om_kxk Om—kxn—k
Hrp O RESBANERFRE. Mgl il, e i P e M, (R) 1 Q € M, (R) fif5

PAQ = S. #%E5H
QTATPT = 87

2ok, AFen] Wi EA AR, H rank ST = k, 153 rank AT = k = rank A. O
M EIRIER SRR, ARYE TR R ST AR ) K R, FRATTIERER H:

g 2.14. 3 T4EH A € Myun(R), HETHELERE P e M, (R),Q € M,(R) #47

PAQ = I, Okxn—k
Omkak Omkanfk
Kb k= rank A, ki h A BKIIG (LHAAIRET, rank normal form).

X 2.10. HEE A, B € Myxn(R) ZIRIHFR AL (equivalent), HIRAFAER W[ P €
MmGR))Q € Mn(R) ﬁ?%‘ PAQ = B.

TP 2.15. m x n M4EM A, B Z A 483K % B0 Y rank A = rank B, BPAB3&K % 4 T A W 4E
eyt ok .

IR MTATAV AR B B MR R, AT AR M A A R 55— D7D, 2R A, B A
Rl IRE, EATTRIAR AR AR ], A TTAHAE. O
2.6 SrYiRE

BRI s TR, T TR TR . SRS TSI A . A
TR SO BRI . BORMITRIE, P Huz T S A MU TR R
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SrYUFE: R RGEPR R/

TAR  RPIR A 1y o AT O R REAIA B, S o T A A A R 2 2y
B, BUEVE AP RR B R 4 1 K . XA AE B TR R IE S
AN Do TR BT A TE 3R

SERE A, AT AMBGE 24 80 2y, KA MR O R R A R . i

ai; Qi Gi3
A= a21 Q22 (23

azyp ag2 ass
WERMLA R R 53, BRSO, TR MR Fak vh i I — U 2 A R 26 1) 3 B

@11 Q12 | 13

az3 )

A= a21 (22

a31 432 ‘ a33

FATA AR B A 2 x 2 BORERE IR (Aij)2xe, Hop

A — (au alz) Ay — <a13> Ay = (a31 a32) Ago = (agg)

a23

A= A A .

Ay Ay
AT (] — R HR ) TR AT RO [R], AT [l — S HE A AR RSV BOM R]. BN BT Av, A 3
ﬁﬂﬁﬁf, A1, Aoy i@ﬁ%ﬁ?, Aqr, Aoy iﬁﬁﬁﬂﬁﬁﬂ, Aqg, Aoy i97ﬁ~ﬁﬂ
2.6.1 YUk ET

T3 BRAE REAEOT S5 A TR — > 3 BORE [ O Eiofe. FEmmmri Bl b, 34T
CA — cAnn cAg

cAa cAz .

LENPIIEWRE TR B RA N, Bl A + B = (Aij + Bij)pxqg-

I YU I ek M A MR A SRR, RN R AR RGBT ARl
THRERATAT ARG
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i 2.16. A T4E%E A € Myun(R), B € M, (R), 40Xk PH 5 Mo 3tElE A= (Aij)pxq, B =
Bij)gxrs B A a931% 55 B wifrxlpHR, WEER C = AB w2 —A il
q
C= (Cij)pxr7 Hp Cij = Z AikBkj-
k=1

X AT SR AR IR PRIE T AERE A 5 By, RIBOEFERE.

Bl 2.9. XF T4 B RS
(A B> <E F)
M = , N= .
C D G H

He A B,C,D,E,F,G,H #2%k, H A C 0555+ E F 09175, B, D W5V T
G, H B17%8, R4
(AE+BG AF+BH>
MN = .
CE + DG CF+DH

TR AR SARL, BATT A 3 B F B AR
X 2,11, WERTTEE A € M, (R) Al PAS AN B

A, 0 - 0
0 Ay, -~ 0
A: . . . .
0 0 - A

Hp A; B2, WFR A RarHest kb4 (block diagonal matrix).

S0 AR SR, SRR AT 23 BT S B R A = (Aij)kxk, B = (Bij)kxk,
ML ENM R R BRI, H

AB, 0 0
0 AyBy - 0
0 0 - ABy
PRI FRATTA A0S 56T 43 Bkt f JE R 0T 1 4518
i 2.17. R G A TG Rt A 0T
Al 0 A 0
0 Ay --- 0
A = . . .
0 0 Ay,



Mok A TiEd BALEAF—A A; 3j7Ti4, sont

A0 -0
4 0 Ay' -~ 0
0 0o - A

B, KF Ay ATR AR IR AL, [FIERAAH R A T8 eV e IAE A XV IRAT B AT
T = A BT BN s R 7, BB RR AL i T 453 oo BORAH A H N ZE
FIAHES, 0N Yo, rank(A;), FTPA rank(A) = rank(A;) + - - - + rank(Ay). FHit A 7]
WY HACY B —AS Ay T3 5 —J7 T, ARE—A A BnTa, R4

A0 -~ 0 A7t 0 -0 I, 0 -~ 0
0 Ay - 0 0o A;' -~ 0 0 I, 0 .
0 0 Ay, 0 0 At 0 0 L.,

FAANIRI e R R, FRATEE T DAERH A0 256 T2 Jab B A B i AN S

frdi 2.18. 4o R 4EME M STVAS R He ey 5 X,
A B
M = ,

1. A#ARF X rank(M) > rank(A) + rank(C').

AR 4

2. % B=0#&f, WAFX rank(M) = rank(A) + rank(C).
3. 4% AC ¥ huEar, W M Ti#%HLSE A C ¥Ti.

EI. AR A, C BHERIFT SIS T 5 AR HAG R HAR AR R, A

I, 0 x =

A B 0 0 x =«
— )

0 C 0 0 I, O

0 0 0 O
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Hrr ry = rank(A), ro = rank(C). [FEBFATESGEE L, AR IESITE, R
RN r+ 1 2 ry+ro 47, XFERAERERNA v+ ro ITEERIEE, HEIU N RS,
I, 0 O

*
L, O
*

1

(6)

o o O

0
0
0

o O

0

ST TR — LB AT, 2t (A MR T RESR O 6, FFDA rank(M) > 11 + .
I, 000

W B =0 B, LRSI ( o, ) (G E010 « B B — A 0) Bl -+ 1o,

0000
A C I, Byniiint, mAEIGE] M OZ2WEkR, MR, 24 M nin, i
BrEs A RER TATEE RS, w EIrria(6) I A, C BT O

1E 2.10. X8R = ARG B RIS R R =2k 4.

2.6.2  SrHRMEA T A1
FRATTAT AT 43 B AR R T o B 720 AR e, A5 A XT3 G FE =
B 2.11. BRI BesE
(o 7)
M: 9
C D

Hrp A, D #2 )5 . 2k A A, RA01A SR ACR T =Mtk (B ks =
AN Z; B/ T =MERE AT ) - N TiCs ROV R, AT
TEAFAE MR R I R R 21 A e, B T8

A B

C¢ D

I O

O 1

FATR_ LI SRR A, R 2 RSN 5l — A B B ST 2» B 51 L, X B
TEVEREN 2 B T RV H s T LA A, FATHREXT I — L6851 41 i 4 et et
K.

A B A 0

C D . C D-CA'B
I O I —-A™'B
0O 1 O I

PR IHXS B 19 81 A 4 1



el

A B) (1 -A'B\ (A 0
c D) \o I ~\c pDp-ca'B

RIE AT A A ek R = Ak
¥ B, C, D SRR AT AT AR B S Rrnidue, WERFRNTRIBUN 9 AZ
HA B S5, XA MR R AZGFRATA R — LA F P LI S5 R

Bl 2.12. XFFHHE o, B, FIEHFE A Rk

A:(I O‘).
gT 1

— TR AT AN BT A eI 2 BT

I o I O R I « I 0] . I « I O
BT 1 0 1 0 1-pTa =BT 1 0 1 -pT1-p%a)™t (1-pTa)!

. I 0 I+a(l—pBTa)7 187 —(1-p%a) o
01 —(1-pTa) 187 (1—pTa) !

Ho s B2 JFRATR a2, 18158, HFE A w3 HACY 1 - 6Ta # 0. I HEAGH T

e I[+a(l —pTa) 187 —(1-pTa) la
IR et A GO

75— I HFATTLASEH K o

(1 a 1 o) (I—aﬁT 0 1 —a> (1 0 (I—aB”)! —(I—aﬁT)—1a>
— —
BT 1 0 1 BT 10 1 8T 1 0 1
. I 0 ([I-aph)™! —(I-ap?) o
0 1 —pT"I-ap”)™" 14+p871-af") '«

FIRERY, R —PZ RTAT 2. 18158, Rl A AT HACY T-af” W I HA

o @=aBHT —(1-afT)a
A\ BT 1471 —afT) )

T PR RSB 25 A ], BARRME A Wi 2045540, b FRATA T—aB” nliq HAL
21— BTa # 0, HIHHE IR LR

(I-af") ™ =I+a(l - ") p"
1-p"a) ' =1+pT1-ap") a

A 2. 18F0 7y P FR AT 91 A8 4, FATIBRERS 22544 1) Frobenius FRA S
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8 2.19 (Frobenius #AAER). s F4EM% A € M, xn(R), B € M1 (R),C € Myye, A
rank(AB) + rank(BC) < rank(ABC') + rank(B).

IEAL. R AR T 2 BAT AR B B AR e, S T A SR A AR T ) AR,
AT SR A B e

(AB 0 ) (o -ABC) (o 4ABC> <ABC7 o)

— - - :
B BC B  BC B 0 0 B
Y @2.18, FATH

rank(AB) + rank(BC) < rank(ABC') + rank(B).

Bl 2.13. XFHE A e M,(R), 1 A2 =1 24 HALY rank(A + 1) + rank(4 — 1,,) = n.
JER. R

I,+A 0 I,+4 I,+A I,+4 21, I,+A 21, 0 21,
— — - —
( 0 I, —A> ( 0 I, —A) ( 0 I, —A) (;(/ﬁ -L,) 0 > <§(A2 -L,) 0 )
a2 B VRS A2 .
Cl < CL —Cy- §(I7L +A)

# rank(A +1,,) + rank(A — I,,) = n +rank(A4% — 1,,), M1 A% =1 24 HALY rank(A +1,,) +

rank(A —1,,) = n. O

i 2.14. BRUWFIT A PAIER, W f(z) Fl g(z) RERZHX (ERZHA K f(A) 1

BT, B S E L EEAE)  WXET A € ML(R), F f(A)g(A) = 0 HHALY
rank(f(A)) + rank(g(A4)) = n.

2.7 ke Pedifdr A i

PR 7 4G 1 I e ) P S B S AR Y S5 AR R AR P [ 0 3R, A NIRRT
W BARRIAR IR S, AP R W ] AR .

1965 4F, James W. Cooley 5 John W. Tukey 7£ {Mathematics of Computation) I
RKFRIC, 25— FE B HUES R TR Z B O(n?) B2 O(nlogn) HIMARNE,
B[ vy 28 3t (Fast Fourier Transform, FFT).

2J. W. Cooley and J. W. Tukey, An algorithm for the machine calculation of complex Fourier series, Math. Comp.
19 (1965), 297-301.
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KA 43 i EARE W T 57 (C. F. Gauss) 24 1805 4EWF90/IMT LB R(ER B N+
. TERCF AL IS, CooleyTukey FEvAA 12N iz 1.

PA n = 10% AREERCHOI, BT R BHUE HA8 29 55 102 Wass, 1 FET i
FHEPEF O(nlogn) &g B FFT "2 H T E S BGrTogam s it 8
5.

TES MK, BRI 7 AR 42— A by PR R 2 ) 91 P S R B ) ) Sfe vk
FET FHAE IS5, B EREN O(n?) Bl O(nlogn); ANiHaitititsh
FE A0 S R P e v

FATNZ T IX— B ZILE %, SN 28 FET {588,

ZEMA d &I

hi(z) = ap +ayz + - - - + agr®
hy(x) = by + by + - - - + bgx?
ek
h(z) = hi(z)ho(x) := co + 10 + - - - + coqx®?,
Her ¢ = > ik @ibj. HAEEVEIA a;b; M E MBIV ¢y T, FE (d+1)7 ]
REOREE, BIE AR O(d?). Mgt 5o+ T4 (fast Fourier transform) f Higi AR i n] 4148
HRIZWES] O(dlogd): et ZIA %A REFR, T4 HUE SE AT, PRk nl RE0R.

AR, WEH] M) 22— 2d WETI, HATARTE 2d + 1 NARER © ALHEDR

A, BIFRATAE T AR kX

h(zo) o 1 =z 22 ... z¥ Co
h(z1) ¢ 1 @ 22 ... zM 1
= M . =
2 2d
h(.’EQd) C24 1 Tod Tog --- Tyq Coq

Hdr M #iFx b s iFE (Vandermonde matrix).

ﬁﬂ%%ﬂf_ﬁfT hl(l’i) '—? h2(Ii) E"Jﬁgﬁ%ﬁ\ﬁ, %ﬁfﬁ h(%‘) Eﬂ/‘/\iﬁﬁ h(l“z) = hl(l“i)hz(%‘)
HE, XHAFEIHT 2d + 1 WREBE, HERIERES Od). I R8T A
O(dlogd) WM AL L ha(2) 5 ho(z) BIRBORIFE SLE ha(:), ha(z:), PAAN
LA O(dlog d) WM E)E R BT SAH h(z:) RAFE] h(z) BIREL Xt PO EsL 22
JG 5 PR AT 3 A 48 B8 R R

PAEFA TR — Dy n — 1 IRZT f(2) = a0 + a1z + - + apaz™ ™" RGP
iy AR g S ps AR A . R R, FRATAT AR n = 2°, BRERFRATTE AT DATE
— IR B2 UECE = 2 W, (H 2R Sk i) RS =,

HREMERS n DR o1, o, BB IITTEBETAN f(2:) T n® RIEE,
WEHTESE B O(n?). P r AR e RN BUER n AR, T IEE n A e
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S 2.12 (n REALIR). B n AIEEEL Frw e C ol n IRAALHL % o = 1. &fk n K
(X9

whk =e?mk/n k= 0,1,...,n—1.
Horpr w, = 2" FRA n AR AR
FAAIARA DA BR8P @ PR e 7 A8 3 SRR A DA S ) AR il
(1) JaMIE: Wit = wk;
(2) HBS I W% = W, (Y n R EE)
(3) WZBIB: Wi/ =™ = —1, I Wb = —wk,

nlo , j=0 d n),
(4) ;‘kﬂ]glfﬁ ngzk _ {n J (mO n)
b—0 0, j#0 (mod n).

PREE(ESZ AR _EIR PR, $5AF ERECR f(2) 20 P

f(.CU) = (aO + a2£L'2 + -+ an_gx”’Q) + (alfp + (13563 4+t an—lfﬂn71>,

n/2—1 n/2—1
)

A foven(y) = a0+ a2y +asy*+- -+ an_oy s foad(y) = a1 tazy+asy* +- - +a,_1y

)
f(ZE) = feven(xQ) + SL’ded(SL’Q).

Bl 2.15. Bt h(z) = a* + 32° + 222 + o + 1, KATHEEL G
h(z) = (z* + 22 + 1) + 2(32% + 1)
= hoven () + @ hoaa(z?).
MFALE 0 < k< 3, #ATAH
Fwp) = foven(@i") + @y foaa (W) = feven(wy j2) + wy foda (W), j2)
PAK
Fn™2) = foven (@) + w2 foaa(@77) = feven(Wi/2) — Wi foaa(wyj2)-

ESERFESHET o™ = —wh (Bh wn” = e = —1) DA Wl = Wik i
%&ma%ﬂﬁTf&ﬁ%p>%ﬁMwngw 5@QWTMLﬂOm)mE$E%ﬂ
J(eon) TREEAT A, MRST Soven(w) FI fosa () AL BTN T —24HG TR, PTAT
R T4 R, 2 n = 1 BEGEH, AT BADA O(nlogn) MISLARIE S 2 R K
I
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ISR Rl

B e A AT PR S AR W TR s TN T(n). b, AR 8
TN /2 B IR (3R foven F foaa TE n/2 DEAARALRIE) , GIFHT
% O(n) Yizfd (B k=0,1,....n/2 =1, 5 5HE—RITE wy, - foaalw) o), —UMTER
—YE) - A I A R AR

T(n) = 2T(n/2) + O(n), T(1)=O(1).
Bwon = 2°, JEIFiEbfE:
T(2°) = 2T (25 ") +¢2° = 2(21(2°2)+¢-2° 1) +¢2° = 4T(2°72)42¢:2° = - -+ = 2°T(1)+s¢-2°.

MK T(n) = O(n) + O(nlogyn) = O(nlogmn). X5 g bR ys i 7 78 e ity Ik ) 2 4% % 0
O(nlogn) FI S

7 2.16. EIZ L) £ 252 (Master Theorem) F4RIKIETE : X} T'(n) = aT(n/b) + O(n?),
2 a=b I T(n)=0(n%logn). XH a=2,b=2,d=1, 1A1F%A a = b? HIIHIE.

URFA TR 15 5 R AR PR A AL A, XA 24 T LA O(nlogn) MISRZRETTA T
LU S

11 1 1 1 ao £(1)
1 wa  wp Wy wyi ! a f(wn)
1 w2 wi W WY az fwy)
1w w8 w) wi Y ag || flwd)
| owpt 2D e eeneen [ fwr )

Python 58
IR R Pt LAvVAL g PRibPL R BN s g (o s VYR Y 5 R MR S E 2 S V6
T ARIRIY, BRI R AT

import cmath

def fft(a):

P e R (3 H LD
WMN:a=1[a0,al, ..., a{n-1}], £F n 4 2 WE
rdi: [f(omega~0), f(omega~1), ..., f(omega~{n-1})]
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n = len(a)
if n ==
return a
# %A E TR
a_even = fft(al0::2]) # BT EK
a_odd = fft(al[l::2]) # HFHRTITEAK
omega_n = cmath.exp(2j * cmath.pi / n) # n X AR E(IR
omega = 1
result = [0] * n
for k in range(n // 2):
result [k]
result[k + n // 2]

a_even[k] + omega * a_odd[k]

a_even[k] - omega * a_odd[k]
omega *= omega_n

return result

def ifft(y):
R e il € A= D)
W\:y = [f(omega~0), ..., f(omega~{n-11})]
%Hj: %Iﬁﬁ%ﬁ [a_o’ a_l’ LRI a_{n-l}]
n = len(y)
# HUILHE M FFT, HRU n
y_conj = [v.conjugate() for v in y]
a = fft(y_conj)

return [v.conjugate() / n for v in a]

def poly_multiply(hl, h2):
AR FFT #HHEA £ T A M AR
r\: hl, h2 HEHAREIN K (BERLK N EHK, UE round FJT)
W RRSTANRBI X
# FRKEAFA 2 WF (FEBBERANSE)

n=1
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while n < len(hl) + len(h2) - 1:
n *x= 2
hi = hl1 + [0] * (n - len(hl))
h2 = h2 + [0] * (n - len(h2))
# FFT -> % fiAld -> IFFT
y1 = £fft(hl)
y2 = £fft(h2)
y = [a * b for a, b in zip(yl, y2)]

return [round(v.real) for v in ifft(y)]

1 2.17. BB HSSIR R R RN O(nlogn), 2K ZRER O(nlogn) (BHIBITHLH
FER logn, BEATECKEN n EAH) . 7ESCFR TR, R RHE KA (Cooley-Tukey
WEORSAE) DAREGRISIATTE, I Al Ea AR S R A 2 O(n).

PUES St R DN IEN /=R TRV | O e S B M ey VGBI iE s SN

1 1 1 1 e 1
1w, w2 w3 wn—t
1 w? wi w$ wa" Y
V=11 » w W 3D
Ll Q20D e e
AR R R R 1
W= —W.
n

Wi = wg’”. iy

n—1 n—1
W)= 3wt = 3wl
k=0 k=0

B SCH BATARBSRANG B, 24 j = 1 W EX = n, 24 j # LR EX = 0. Filk WW = nl,,
Bpwt=1w. O

R, AARELE R f(x) M AUEEE] f(x) MR, HEEX e R N &
Wi g(z) MBREL RIEI w0 wot . wn " VR AT T A e, R B
i g(w;?) BUA n it fz) ZRE
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SEAEI 2 WAL i
£5 b, A PREASLHZZHAT A d IRZIAK ha(2) 5 hao(z) B, SERERRRIT:
(1) % & n ARKT 2d + 1 oY 2 IR FF b Al he IRBUAEANE ZRIE n.

(2) FFT GRfE): 2030%F hy R ho (9 R KL RAR PO A2 AR S, 152 EAHE n ASBAR
AR BUE. IRJE: O(nlogn).

(4) IFFT (ffifif): XIRBHY m{E MR A i 28 e, 155 h(z) MR KR
O(nlogn).

BINRIE RS O(nlogn) = O(dlog d), HILLTRITITH O(d®) A A B,

SuILAVAL S SV
PREE(ES7 AR T SGE a2 I ARIEA L. AU SIAS LA B B T 1)

1. K¥EBoweik

PIAS n (LREER R SRVE W] DAV ZE S 2 A R BB A DASEAS 1k i Ay BRI i 22 i =,
BIAnEE R 1234 X 2T 44 32 +22° +2° (DA 2 = 10 RARIFAR) . FH FET a4k
BHIERITE R RANREIER O(n?) BELTLMERESL. Schonhage-Strassen B iEHE—#
i A BRE EiEaeZ i (Number Theoretic Transform, NTT), i£%] O(nlognloglogn)
AR

2. {5 S AbBE G B 5 B

RS A HGUE, FET &R s S A m i hrifE TR 4 g WHIREE S
<$07 T1yew- 7$n71)7 ﬁ%ﬁ{ﬁju-]_gfﬁ

n—1
X = ije*%ijk/", k=0,1,...,n—1
§=0
G TS TEA MR ARG AL, R A E BT, T2 O(n?) Wass., i

FFT fHFEEE O(nlogn). X FAFERE AT B RIRE, | HZ TS 0HALEE . JoEkim e
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3. Pl abmn 55 8 a4
YA AR ] T R A A A AT R . JPEG SR B HURZAR R (DCT), Hik
HAEAE) FET SCPL; FRgamh ol 2edie Rttt rsAh, DA REAA MR FFT tA
T P N R A BN I L HE ST
4. BB
PN EHUT A (a07 .. '7an—1) 5 (b07 cee 7bm—1) HPBEBRE SR ¢ = Eiﬂzk aibj> x5Z
HAEN REOTE B FFT vHEERTEM O(nm) 3R] O(Nlog N) (N A#bRJEH
KEE) . MRRm R A Ml P RIS R 22 I 2R i X s 2L
5. RRmiRg s> Ji Fe
&7 % (spectral method) AR ERIT M A, FHH FET FE P2 (0] F5
RS2 (). XERIH AR TR RE w = e, OB THENZRZS 0] AR B IR
MTTHE w3 7 A R e AR R B [RE R AR 4 W HE O(nlogn) BS(R] P 52 L.
6. Bug gy
RGeS MAL A EEE T, FET (Fpilsat £k NTT) #2211
o VIR SRR ET) TR, AT S SOK AR R
o TR SO N T 2 WR0E 5, WE AR
o PLE T Mobius Sz S5 4008 BB
2.8 2]8
2.8.1 %28
> R TP REL R T 58 B I 39 Ay SR e
21 2.1 (WIAAEREICSRATAS ). X

A=

N &~ =

2
)
8

O O W

1. GHATRG LT ro « ro — 4dry BIWIEHRE E.
2. BHARGERIE 1 ATAIEE 3 TTIIVIEHE Es.
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3. WWE BBy A, FFUIIAN A S8 5 7
28 2.2 GEFEFRIEA B U ). 4

RZ(O —1)) S:<2 0>‘
10 0 1
L oy 5k R A S X EE AR .

2. 11 RS 5 SR.

3. WU (L DT, 5t RS(1, )T F1SR(L )T, RN 2 <okt fl e
PLARPIER” AN

218 2.3, THREE R

r 5 6 7
1 4 79
9 -2 0
1. 1-3 3 8 0 ;
1 -1 -3
1 0 00
L 1 0 0
x 1 o0 ][ x  —x
2. | X2+X 2 0 8 —-X-2 =2
0 X X-1 0 0 1
[cosf —sind —si
5 |08 sin cos sin ¢ (0,0 €R).
sinf  cos@ sinp  cosyp
0 1]
K 1] Chita?)

SIRE 2.4 WA A, B BIFPRORZE. WEW]: fEAC0EIE X 573 AX = B 24 ALY rank(A) =
rank((A, B)). (K (A, B) FRA5 WA~ S e 5 8 A0 )

I 2.5, A n AERE AW, AC (PR, A AR R, HOC/NRS, (EL AR
P=AWAD . A0 570 AW W5 AT G AN TERR ol PSS i AT AR
K py. W ) FoR py.
PR BRIEREL n =2 HINEER
pis =y ay)a).
k

il 2.6. B G = (V.E) 2K, TGV ={12--,n} n il AR G RBEIE
W, B A BIICR ayy ST TN 4, § Z AR
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TR AR B55 0 1755 5 AT RET 6, § 2K k IR ECR. (IhE 45 2K
FER k BUIER, 248 V 8T EK i = vo,v1, -+ v = Fl E B—FICEK e1, -, er, W
en TR va_1, vp.)

PEoR: M IR 50 45

218 2.7, WEM: SETA n 05 SR SGRI n By FRL AR T, RIFEAT AL, A € R.

2 2.8. i A € M,(R) @XALITR EAMIFERX AR, IG5 A RSB
B 359 S %o LR

8 2.9. Fg n Y EBE A = (ai;) M E=MFE (upper triangular matrix), Q15X FALE
i >, A a; = 0. WERICHS A B ALITRYN 0, Fr A R BB (strictly upper
triangular matrix). &I, R A WEXTAEE « < j, H ai; = 0, WH A HF =M
(lower triangular matrix); GRS A FIXTALITTELE N 0, R A R B =M% (strictly

lower triangular matrix).

B UEX VUSRI TER P INE . BORMIRIA T &) b4, WEM— A~ B =R
AR E =R R — A% B — N MR T = AR TR
— AN AR

2 2.10. fBix A ZXALICRMPIAFE n rE=AK. W 5 A W3emy » By
Mr—Ede L=,

I8 2.11. SHMERIEEE n, & n Br L =AM J, = (a;;) R gy =11 <i<n-1),
HAMMEITCEZET 0. SKFFE m x n %650 B, W2 J,.B = BJ,.

I8 2.12. X nox n HEFE X = (24))1<ij<n, & XH B K
tr(X) =211 + T2+ + Top-
1. % AR mxn il B2 nxmflE, B tr(AB) = tr(BA).

2. UEMIAAFALE no < n WHEFE A, B [fif3 AB — BA = I,.
28 2.13. FIEATE 2 BrrFEER G M = {A = lz _ab} | a,b € R}

L JE IR M OAERFRRInGE , BORMISRE T HHH.

2. THUEM] M _ERSRIAW R ACHE, T H M AR AR Ry al e, HAE R tAE M
.

3. LA M P IERIREE SR C = {a + bv/~1 | a,b € R} HYIIEFIFRIEL,
ARSI ?
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S8 2.14. FEANN AR A R

[u—y
o O =
S = Q2
— SN

2. HESIESCHE 2 Bral 0y B A 50 (3 ad —be £ 0)

17 8 3 17 8 3| |= 18
312 3 1. MAMITERSERMAERE |2 3 1] |y| = |36].

0 8 2 0 8 2| |z 0
218 2.15. [ —ZH A Google 1) PageRank S, AR T0S ) H EEAR 2 /00 1.

SHER— AT E G, HX T R4 —E A AR E T
PR XANTREAARIRA A =0, A BRAT . %1 AT DRI ATy = 0.

T
28 2.16. IEMZE R Ax = b A4 HAY lﬁT‘| y=

0
o

I 2.17. A A= (aij)i<ij<n A n BrSHRE. UEBHA V1 <i <n, |a;] > Zj# la;], W A
]
s M Az = 0 254 JESMET ) E 2 0.

218 2.18. QbR noxom B EE A BT EEET 1 SMTAE n 450 E o Mlom 4
Gl B A= af’.

i 2.19. i A R, w0 2 E. Uk
1. A4 wo? Af4 HAY 14+ 0T A £ 0,
2. A+uv” WA (A+wT) = AT - A A

28 2.20. SKTIA n BraE et

14+ ay 1 1
1 14ay --- 1

Hrha; #0, HEH 1+, £ #0)

28 2.21. ik A € Mypxm(R), B € Myyn(R). UEM I, + AB [ HALY I, + BA 7]
Wi P MRS N, B AL, 4+ AB WS T AL, + BA W7
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S8 2.22. %
1
Ao 3 ’ B 2 0 .
2 1 1 -1
T8 A+ B, A- B, 2A, AB #ll BA,

S8 2.23. % AR 2x 34, B2 3 x4, C 2 4x 2%, W AB, BA, BC,
ABC, CAB &A%, HEHA E XN,

S 2.24. i1

2 2.25. SRR

MR, I RIS R -
S 2.26. I RS A Al

=9
i
=
=
kel
s
&
jy=y
i

28 2.27. LM RS AT Ax = b BB

20 —y+ 2z =0,
x4+ 3y =5.

38 2.28. %

o

|
o O =
S =N
— s W

IARIEATA SR A IRk
218 2.29. LA AREREFRE— NI R A . 5 SRR 2 % 2 B TERiE.

2.8.2 HHE

>Ji8 2.30 (Strassen H¥E). % A, B ol 2" x 2" 4ifE, FATEEITEIF C = AB. Strassen
YR —FRIAWTT: A, B Fl C 2RISR/ N S5 ) B

Cii Ciz
Ca1 Oy

)




Hrp Ay, Bij, Cij € Man—1y9n-1(R). FNERIEWT:
Cii Cho _
Co Oy
KPR TE T A D TR R R R s IRTREE 8 W FEH R SRVET A Oy FiRE, X S5
Tt R B TR 5 T 75 1) e YR AR M /) - Strassen B E LT B AG(E :
My = (Ay1 + Ags) X (B11 + Ba2);
My = (A21 + A2) X Byy;
My = Ay x (B12 - Bzz);
M, = Ay x (Bay — Bi1);
M5 = (Ay1 + A12) X Bag;
Mg = (As1 — A11) X (By1 + Bi2) ;
M7 = (A1z — Asz) X (Ba1 + Baa),

7 YSRIE (A My —K) TAE 8 e BUAEFATRI LA My, Sk3k Oy

Cll C12
C’21 C122

A1 X Bip + A1z X By Ay X Big + Ajg X By
Az X Bi1 + Ay X Byy Aoy X Big + Agy X B

My + My — M5 + My M;3 + Ms;
My + My My — My + Ms + Mg

R THLX AR, HLAAN R BIEA Strassen AT Z AP BRI UEL. ik SAHIF Strassen
B (B —EPRSE, t Coppersmith-Winograd #2H) .

i 2.31. 1% A = (aij)i<ij<n DA FTIE A F)—A> LDU 43f#f, /248 A = LDU
Hr L2 —AEXALeEZh 1 (=A%, U R2—DEXNAL TR 1 1 E=MA
FFE, D @— AT AR, 0 An = (a5)1<ij<m- WEB: A F77E LDU 4324 HAL %
TN 1<m<n, A, & HHXY A58 LDU 40fignt, H LDU ZpfigmE—.  (E: A,
FRA A P 37 M. 3 XA U], FEE U B T, “RERS SRR A LDU 43
file, I AN A G B )

2] 2.32 (Bruhat pf#4fiE). 4 GL(n, R) 24 R LY n Brf ki 4k, B 2l =
. A0 S, REfTEIMEA—MIuEN 1. HRITER 0 19 n Brdiks (CEHAEE)
SR LR w € Sy, X GL(n,R) TR

BwB:{A1~U]~A2|A1€B,A2€B}.

IEW] GL(n,R) 2y BwB WA KieFnBFREU LT+ Bruhat 7 il B A
HEFE, WA VR R ki

28 2.33. FF n GrIr e A RBEERHMNE, R AN = 0 XA TEREL kRS, e
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L7 A g n Brasifs, W I+ Al

2. R I - X 2 n BrEZEgrE, B & n Brsiife, H X™B = BX™ XA IR m
WAL W IR —ER XB = BX Wor? AR HIEN, WA ESS i,

218 2.34. QR HGhHLE 7

R An BT (AR)?
2 2.35. X% n (U5 A, UERIPAT BRAE
rank(A + I) + rank(A — I) = rank(A4% — I) + n.
(P27 AIHIESCH] A% =T FIER o A 53k )
3] 2.36 (Sylvester FEAZER). W A € Myyn(R), B € My, (R). TEH:
rank(A) + rank(B) — n < rank(AB).
($&73: IXZIESC Frobenius BRI B = 1, IFFA.)

28 2.37 (RRpgwor kS e B, ERH: rank(AB) < min{rank A, rank B}, PAK
rank(A + B) < rank A + rank B,

2l 2.38 (FRSRE—f#). ¥ A € Myxn(R), H rank(A) =r. WEM: r BHFSETHE A £
V2N < 7 S 1 o ST BTG G OB 2N (= RO € 7o e N el D N e S DR/ I G O
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3 ZMEziml

FRFFEL Ax = 0 PORFEE XTI AE R B 1. AT X —PE T e LR 25 1]
HATe sl LA e . FEEORIARAR. X SO SR R S R R B )
At

] BN PR U k. KR n (W5 REET S, KR G RN B B[R] A2
PRI B2 PRECHT T AVE Ry ) A B, PRA BT E T i g e, ZebE2s IETJ/\IET%EE’JEXE
XS]z
3.1 R" ¥4

FZRT SRR M TR Az = 0 R B EE S IEZS (L& 0), HI2:

LomE, BMER o, 22 € R, {18 Az =0 H Az, =0, Il

A(xy +x2) = Az + Az =0+ 0=0.

2. BOREM], AMEESEE ¢ 5 = € R, W Az =0, I

A(cx) = cAx =0 = 0.

X 3.1 KR R XA R BHES T4 W FRh R™ 1122 W] (subspace).
1. g SHMEE v,v e W, Hu+veW.
2. BT H: SHEZ veW S5 ceR, HcweW.

HI T IA RO GHAVS R B R LA A, FrABRA TR R AKE T 23105 SO R ALk
P E TR AR TR

i 3.1 CHfFa T2 Rl AT, VB RS Al i m” X— g2 AN
FRIRR ), LS ETA 20 T 2 e AR AR 2 R 2 S B A A

$1+$2+$3:0

T ) AR R R® () —ASF23 (8], B B2 5 IR ety R A A R, X I RS Rt ).
{EREY
Ty + 9 + a3 = 100

A BTAT [ B ARAE LA Bt g — AP, AR TS, RO EA S T &, WAXHEoR
B IR TR, S0 WA R R LR 5. I R 2P A A -5 05 S G A i B A
X1
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Bl 3.2 {0} 2 T45%, BrW%T-25] (zero subspace). 3K ARG 55 SCHFEAYZ 420 (null
space) HIX 1.

s 3.1. R" s91EfT—AF =R W a5 RF=0.
A AT w e W, T W X T80REH], AL 0=0-weW. O
i 3.3. ETEMEIEMT KR TR/ T2500.

Bl 3.4. FAIFHIESIE R Piy7-23(8). drimEAECRm LTS SC (FEICL1) AT, G R
WHEZHE R? W70, Rz, R W b — M ERRma, W W B—E 08X 5&m
BUTER R E L. AR WO R ST AL LR &, i EGRIA, XA R
HAMARE R? frA R E. FHI R? B2l h =2 B2, i Fmn g,
AR KR, WATAFRR R PR TR B, A EL, SR
AT, B RO

0

1 A LR

MBI T HBATHT AR ], 23 8] 52 6 1 J il B e T I L-F- BT LRI X G o 4 2 ] o
HUE (i
3.2 EHA3MPRIZEYE R

PATRFAIS ) R T2 @ i PR DR PRAIA 1 535 R 2B s (A M2 AR

ﬁ:")‘( 3.2, ZEMIE A€ Mpxn(R), FFREMT A Az = 0 R () 2 R" 1Y
[, BRCA RS ], AR A 198 (kernel), 104 ker A. FHMHEARN A By%2 0] (null

space).

Bl 3.5. WIR A 3 BraErE, AR BB S EH, B EBILLL, Feq A A& B
ker A 7£ R3 H{fES rank A &R %)

(1) rank A = 0, ItHF A ZEHFE, M ker A = R3.
(2) rank A = 1, I ker A S 8 J5 1~ 1.

SRR 0 35T, ZEATRES N 0 $HSB0E, WSS A O X 4
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(3) rank A — 2, JEE ker A St 10 1 2%,
(4) rank A = 3, LR A AI3%, M ker A = {0}
X 3.3. B v, ..., v, € R™ NI EETA RSN S
spang{v1, ..., vy} o= {@1vy + -+ + 20, | 75 € R}

PR w1, v, IZRPEAR R (linear span). i PEALE Y U582 IR A B 2 E Al &
(AAE1.2), TPABIE spang{vi, ..., va} J& 4300

1 3.6. By, FATRATPAE SCIET5 ZA T RSN, Bk {vi | vi € R hier 205
HifEbREE T 0 MARRys &, Hod v, € R, W X

spang{v; bicr == {xi, v, + - + 23,05, | Tiyy .., Ty, EREE Zsg,01,. .. ,0 € T}

Bomz, BEsERAE T R TOMREE, AMKIR B BBy g AN B el A, DA
T ICTT RIS )
BAERRATRAE — T LRI AR5 kA i K &

3.2, 5% A= (v1,...,00) € Mysn(R), IR 4 Az = b % BAL S

g

&

b € spang{vi,...,v,}.

XAEHERAR spang {v, ..., v, } & A BIFIZEMH] (column space), iCAE im A. 2L, 7
] PAE X HATAE W] (row space), iCfE im AT,

PAEFRATING T PR L R &tk TS Rl A FEREIA% DA SRR . BLAEFRAT]
R T IX PR R [ A

3.2.1  HAEMG RSN K

GEME A € Muyx(R), MRyEEHLLL, KEFRH Az = 0 KAFRDAH B H0
Tjpyooo T PARETCE W, o kb = n — rank(A), I HAEH dOCHE S, FICME—
JE, AT

ker A = spang{vy,..., v},

Hrp v, B4 AMIC z;, = 1. HARA BRI 0 JSf32IAR &, Bilin-% &R

A=

o O =

2 0 3
01 4
0 0 0

= o O
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M) rref(A) = A, HHHEBEHICH 22, x4, FICH 21, 23, 25. IR Az = 0 WIFFK XA

T —2x5 — 314 -2 -3
To To 1 0
T3 | = —4xy =22 0 | +x4| -4
T4 T4 0 1
T5 0 0 0
Pt
-2 -3
1 0
ker A =spang{| 0 |,| -4}
0 1
0 0

3.2.2  ZMARGES %M

Sz AR (v, v} C R BERAFTERIE A € Moy (R) 15 spang {vr, ..., v} =
ker A7 HRMZHER. FAVH—ADEARE BT AR —Fh— AT .

Bl 3.7. AE R® rhoB JEANN (1 4 AR B 123 )

1 4
SpanR{ 2 ’ 5 }
3 6
y
T 1 4
zy | E€spang{| 2], |5 |}
ZT3 3 6
2 HACH IR KT v, y2 AUZRIETREAL
1 4 Ty
2 5 <y1> = )
3 6] \”2 3
A ARPEHLLL, WX ST
1 4 1 4 T
rank | 2 5| =rank [2 5 x| . (7)
3 6 3 6 x3
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X RO SR A T A AT T AT 2

1 4 T 1 4 Iy 1 4 Ty
2 5 T2 — 0 -3 To — 2.’E1 — 0 -3 X9 — 2.’171
3 6 T3 0 —6 T3 — 3%1 0 0 T3 — 21’2 + 21

PR gl R i M R R SR (T) T 25 — 220 + 20 = 0, RIMEPUERE A =
(17_23 ]-) ETJ" ﬁ‘

1 4
spang{| 2|, |5 |} = ker A.
3 6

PALEDTIRU, XA RS R vr, .. o € R, FRATER AT ARSE HAERE A € Moy (R)
(EZE
spang{vy,...,vx} = ker A.
3.2.3 ArH IR H A ], SelEARG &R

PATFBATHEATH A e 5 T A (A R AR A 10 6 2. i R AR L PR ml T, 47204
ANEAELNE TR AL IR, AT A A R Y A%

il 3.3, TR T A w94z,
FACNFA B AR J A el AR R [ 1) 51 25 ).
s 3.4, P TAETREE AP 2R, ITERARE A fTsm.

EM. AP A GIE A = (vi,...,0,), RIEHEIR2.1L, I HRAE G T AT B,
WAL A BV EIAR RIS AB = (V1,...,0,). MARREERGRAYE S FATH
V1, Un B V1, v IVERIERLE, AT

spang{T1,...,,} C spang{vy,...,vn}
I Bl T oA B2 v, B A WATPAk AB 52552, M
spang{vy,...,v,} C spang{vi,...,0,}
R AEHA A A B8 %5 ). O
Sl B S €l G Kl R P G

74



3.3 Pkt

T AEFF RGN TTRRAL Az = b, WA, WHAERSE T AFOR AT RGN TR AL A =
0 RN E—RrE 2o

{x| Az =b} = {wo+w | w € ker A}( HidtE{xo} + ker A).
— ey, FAHEXAE XL AT PiS 220 (affine space).
X 3.4, GE R T3] W LA KR v € R, MRS
v+ Wi={v+w|weW}
FRAVA v K Hni (base point), W Sy Jjlig%iih] (direction space) 44 (affine space).
il 3.8. f£ R? W, 1d 45 (1,2) A5 spang{(1,1)} #fis 5= [m)
{(1,2) +t(1,1) [t e R} = {(1+¢t,2+1) | t € R},
Bl si (1,2) HpRm 1 EE.
X T as ) — 5 2R JEURt s (17 55 4 T DU o o A 72 T 281 B R T LA R G
o A [ PR A
3.4 R-ZEHE%EH]

TESLFR R, BATAL B LR, B W 7R, B T3 3 4k
TR, BN KB R, Kl E, 5wk N m R, &%
PIALERS ] ¢ I AL EDR f(¢), 53 B F 8 e N

J(t)

I
—

0 ()

Bl 12: SREGHEIR TN

TEASZ SN RIS, A0 R A e 5 FAS 2 IR i as i e — 2R il 3R e
mf(t) + kf(t) =

(0]



Hor b ifsEnsh 248 AR, Btm=Fk=1, Wirfih
f1@) + f(t) =0.
MIRAEZITRERS, 2 R HAREH A
f(t) = xysint +xocost, 1,25 €R.

FIA P B B ICHY S IR & R R S5 M0, A WA LA A B i et 4
. HEXHEPER C([R) THRIRE, AR R™ HRyHEE.
BB LB ZE AL ST B = sint B33 T 7%

F/(H) + f(t) = sint
RIS

1
ft) = —itcost—l-:vl sint + xg cost, x1,xs € R.

X AR R R AL IR S A 01, AR — R B 57 YO R g FE =X

R BATHIRAE N e ), Tasta), (5 s (o) AT 3 AR HR R 454, RN 2
FIATE A S 2S B A S AR TFATA AR R™ ) — 28 L E S A BT
o T AR A S — IR PR D, 5 — T T TR R SR 251, DA 554
P ZR e HUTE O B P AT 35 ).

w3 8.5, —4 R-Zetbnifl (R-vector space) @ — 28 fy Vo RASK LI SCHYIIEAN
HorRmimpizsr. K V R Rocsm@ s O . X Ria A

L VXV =V, (v1,v2) = 01 4 g3
2. H: R xV =V, (c,v) — cv;
W RERT R p A AR DA PR
(1) u+v=v+u (MESHHE);
(2) (wtv)+w=u+(v+w) MEEEH);

(3) FAE—ICR 0, EfFXHMERE v € V, 1 v+ 0 = v (MAWBALIT), ZJFFRA TS UER
JEIEFEMESTR O 2 ME—FY;

(4) XMEF v e V, f7HE —v € V, fliff v + (—v) = 0 (IEMYTIT), ZJEHATLUEBTH EX
BB —v 2 v HE—HER);

(5) a(bv) = (ab)v (BARETGH);
(6) 1v = v (FRAYHALIT);
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(7) a(u+v) = au + av (FIRAINER 53 FHE);

(8) (a+b)v = av + bv (IIEFTEERA /S HLAEL).
FATA AT 5 61

Bl 3.9. R™ PLJ R™ 23 [ #f e R-Zedh=s ).

Bl 3.10. 4fk R-ZHZ A Rlz] Ha T R-Zeth25[A].

Bl 3.11. SERRBUNTFET n i R-ZBZTA, i0E Riz)<, MR T R-ZbEasia], HRE
G on i R AT SR A R-EM2510], AW NKREET n 202 Fn] fg
WHUNT n.

Bl 3.12. C*(R) = {f(2) | f(z)@E XA R _ERDEIT R B MRl T R-ZefE s,

M 3-13' M’ITLXH(R) *@}:&T R-%ﬁ‘@?ﬁl‘m, 'fﬂ n Fﬁﬂiﬁﬁ%é'ﬁx GLR(R) Z:mﬁi R-?J%‘ﬁfflmv
DU AT e A F 0 —A Zf A+ (—A) = 0 AR i 4.

PATNEATH XN SR A FHE S T — 08 LR 4508, IXSRE5BTE R W EEITRA S R
W, FRATIX B4 e — et =5 8] kR

g 3.5. KMV Py RarE—.
iER. fRIX 0,0" #ZMERETTT, MImAkdE e XA
0+0 =0, 0+0=0,
MM 0 =0". -
Wi 3.6, KMV PIEEGE v bkl v E— T
JER. AEH v €V, R v+ wy = v +wq = 0, HB2

w; = w; + (v+ ws) = (w; +v) + wy = wy.

O
S HORBIAT T DAFF 3] 2 i it
g 3.7. AW FEEEE v HH Ov=0.
HER. ARSI
0v = (0+ 0)v = 0v + Ov.
P i E —(0v) A
—(0v) + (0v + 0v) = (—0w) + Ow,
Mifif5 Ov = 0. O
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W HOR —1 € R W] LA B ks
find 3.8. AMEAFHETAE v HH (—1)v = —v.
IEA]. ARG A
Ov=(1+(-1))v=1v+ (—1)v,

M
0=v+(—1)v,

B (—=1)v /& v PEE . O

EIT R™ ipgFa50m], FRATA 25 B E:

X 3.6. 5V 2 REHN, EETHEW CV KNV —A R-FEM, R W 4V
YA ARz 3T .
PAUR A B T W 3 B T — R-Ze 25 1).
i 3.9. 1.V iEZSFERE W Has V s Ea 0.
2. MAEZ ve W, Emikii g —v E W P
SV HEEFZE W ERAV t9hikfo R REFZTH A R-ZEHETIN.
£, (D) AT v e W, i F W X FH0REH, 4 0=0-ve W.

(2) SMERE v e W, BT W XTSI, B4 —v=(-1)veW.

(3) T W CV, Hit W g cRMR T V P IERECRZE. BT W ATk
AECGRE M, BAAE V IESETT 0, A1 W s inyEsio. FHik W EX Wiz E T~ )
SRR Lo 2SR Y /N SR A B O
Bl 3.14. IEMNFFIREME S FEARIMREM K R™ B 7250 —FE, JEIR 08 ) MR M T
V = C>(R) W7=5m. Blanx+ 8 lHE s /() + f(t) = 0, [RBLHMEN W, NHE
BeRE f(t) =02 W miocE, A W S WTERE fi,.foe W AL ce R, iT

V() + f1(t) =0 AL f5(t) + fo(t) = 0, AT
(fr + f2)" (@) + (fr + f2) () = f'(t) + f5(t) + fr(t) + fa(t)
= (f7 () + f1(t) + (f2 () + f2(1))

=04+0=0,
PAS
(cf1)" () + (cf)(t) = cf{(t) + cfi(t)
=c(fi'(t) + f1(t))
=c-0=0.

it W a2 C=(R) 1§25 0m).
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HTAIEMBEE, FRAOTFEAER & L —dH A LR A DA 2t A
WX 3.7, L5 R-EMEZM VP& vr, . v, MIHZEMESLS (linear combination) &
XA
a1vy + -+ apv,, a; € R
AIHEFA TR B /EX R X A v, ... v, IR

e 8.8, FiE R-MEZSA VoA {viier, Hirf I AR Wk A %2 ]
(linear span)iE Sk

spang{v; bicr = {z av; | J C THARTEE, a; € R} .
ied

[FIRERT, FIINERI i 7 BeiE , FRATTRT DASSIIE—4H ) & B PR 2H & B 2 A AT 8 2 I 1)
mIAMEA A, MmZm:AE e 125

3.5 kYRR

e b5, JAl12E ) T AP A span Rdifid 1450 — D HARW SR 4
SER— 4O AT ARSI HeApiiid, FAThe LAl &/ L oo TUA R L. fl4n
TE R w1, ANl 01, v, 03 @ AR HR A SR AR SIS T 25 ] 7 IR v — A i) W] DAy
FONA R LR, IR A ERHUZ TR T, FATATAUR 53 AP ) oA A X A4~
TSl X B TR LA AR AT ESEE WG T

Bl 3.15. 4

1 4 7
vi=|2|, v2=1]5], v3=|8
3 6 9

HEH v3 = 2vy — vy, I
a1y -+ a2V + a3vV3 = a1V + [05XD) + a3(2’U2 — ’Ul)
= (a1 — az)vy + (a2 + 2a3)vs.

R

spang{vy, vo} = spang{vy, ve, v3},
WF 2, FEZTE v, va, v3 ERMEE I IR, vy 22 R E.

TESRAERO TR, FN B AR E] FLAR T 24 2 2 AR K H B B 15 DL
B T A R A ], A AR e s 8] h AR B, R R AT
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Bl 3.16. TSGR RGP, MR fo(t) = sin(t) VERFEFFE A5 T0595 24
fs(t) = sin(t + s). ZAREUBTFAH spang{fs(t) | s € R} = spang{sin(t),cos(t)}. X
P sin(t) 5 cos(t) KMEToR, EAMEAEELELCH 2.

1 3.17. XT R EEs E) IR T X, A — D RGER T IEAY. Wronskian 1751: *f
ﬂ:ﬁmﬁlﬁﬁf f17 ey fn’ /‘\HEEX

A fa(®)
@) )
A7V - )
ﬁu%’?’?‘ﬁ%/l\ tO ﬁﬁ%’ W(flv ceey fn)(tO) 7é 07 Ijl[] fl? ce fn ?){Z‘ﬁaﬁ?\é Wﬂﬁn W<Sint7 COs t) =

det ::;i C‘ji) = —1#0, I sint il cost ZbETE 6. RAFERLIHEFTAI M1
— S
3 .

FIRPA GRS O SR (e g) TRAR A Ry, e AR s T
2SR 2RI FATHAT E SORNG 6 %] X AT A L.

T 3.9 TELMEZE V o, [ v, 0, € V BFRNZMEAX: (linearly independent),
B 0 R vr, .., v, B G772, ETUEAT

0=a1v1+ -+ a,v,

M ay=---=a, =0.
B vy, ... v, BFRCHEPERSE (linearly dependent), SESFMATUL, FFEA ST
ai,...,a, € R {fif5

CL1’l)1+"‘+an’Un:0.

i 3.18. 445 R-EME[E] V, WG E {vitier CV, HEMIORMERE SO (EEA

BRA @ viy, + - +ai, v, =0 BHAY a;, = - = a;, =0, SFEFHH), HPEEARAD
] E 2 ER PR TG K

ay
Bl 3.19 (JUME ). FEATHAGRT, FATABPES A | 2 | fHdH (a1, ..., a00)7,

Qn,

L 7E R? o, AR IR v, vo LA 562 HACY BEATIRE, Bl— 25 — i s
BN (1,2)" # (2,4)" LMARR, 0 (1,0)" F1(0,1)T Lepiok.
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v = (1, 2)T

T

X
// 0 T
I (S22 BTN (F4E)

2. 48 R? 1, =R vy, v, 05 SRR BOCY R TSR (R = 1 1) i s R
RARAE Rl —AS P10 Y 3% LAV B AR AR 3R ER). Bl (1,0,0)7, (0,1,0)7,
(2,3,0)" et %, FEWENTERIE xy PN

z

wy P

Y
T

Bl 3.20 (LA M), 76 Rlz]<o W, Lz, 22} &METER (N a +br + ca? = 0 XA @
BAZM HANY a=b=c=0), H {1+ 2,1 —=,2} KHAMX, HH

I4+2)+(1—2z)—2=0.
XA T U B 2 A A AGE F T2 1) &, tad T — iRy &tk =S oo &
AR D PER R B rh ) 2 [ 2R M A R FR Z R R R A
@ 3.10. EAMEN V PoyEE vr,. .., v, ABAAX S ARE LY ESH—AEZ Tk
ARG Tay B S, XEH R TEMMEFTFRGE, AENTHTLHEIA
iJ:EBH {F/%& Vi,...,Up gj%/ri*ﬁ;év mu@ﬁﬁ%ﬂﬂ%ag ai,...,a0n S R ﬁﬁ%

av1 + - +a,v, = 0.
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APIEBE an # 0, M

—1
v, = —a, (a1v1+ -+ ap_1V,-1),

B v, WTAZES LB R O AL Ay 55—, B v, T DAZE R B 1 i 0 2P L
é7 Epﬁﬁ A1y yAp—1 S R ﬁﬁ%

Uy = 0101+ + Ap_1Vp_1,

Jlidin)
a1v1 + -+ ap-10,-1 + (—1)v, =0,

;H\:EP A1y An_1, -1 Z:/%ﬁﬂgga N\ﬁﬁ Viy..,Up éﬁ‘@*ﬁ?\é O

TR 311, B AN RNV PagEE vy, ..., v, BERE, N v, .., U, Uy AR ESE

WT vn41 € spang{vy,...,v,}.
B WER vog € spang{or,. . v}, WK v, oo v SRMHMIR. S5 — D5, RIX
101 + -+ Ap 1V =0
MR ar, ..., anpr AENE, IBA—EH an # 0, HNEH
av; + - +a,v, =0
HH a, ... a, AENE, XGLETC AT E, A

Vi1 = —a;_lH(alvl + -+ ayv,) € spang{vy,...,v,}

3.5.1 st )b 2tk Ao Pk

PA_E KT LRI KA AR — B e s IR AT 24 FAT] ] 2 50) ) B 23] R™ I,
S AR S AT DA S A P A Bk e H R T A T SR

TP 3.12. @& vy,...,v, ER™ AHAX LAY rank A =n, P A= (v1,...,v,)
& m xn NFEME, BTtk A & 7] iH kY.

PER. HEE] v, .0, KT Y HALY Ar = 0 A S, RP5e 111 HEX 24 HAL
2 rank A = n. O

#il 3.21.
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AMETO RN R E X, {v1, vo} EMETO R Y HALY
1 4 0
2 5 <y1> =1o
3 6] \P2 0

1 4
rank | 2 5| =2.
3 6

iR 3.13. 4o k> m, RHTE R™ ¥ k AFIGE—x &bk,
P R™ ok ASI R AR A BFAE k> m BN m. O

H 3.22. EiRHEIR UL R™ b e m A c 2N EZ 0 m. N1/ 450
FRX .

L 3.14. PI TR T4EE A= (vy,- ,v,) YFIEEL v, ,v, BHEMMEEN, /T
TR EIESE A PEZ G0 v;),..., v, HGEREIERE.

TEA. MR E BE2.12, B AN AT R R, AT A BSCAE BT ) ) S o e 2L A 2
R RN AR BA AT T — A T AU TR R R, AT AN SO AT A 1) AL e
A O

3.5.2  ZRPERIABRLNEIC A
PATR fin i B T M TC SRR T M A ME— 1k

i 3.15. L V A —AKMEN, F o1, v, €V EABREKX, M T v € spang{vi, ..., 0.},
HAE B R vy, ..., 0, KA X T RS E—.
IER . RWifRE

V=10 + -+ v,

=bv;+ -+ byv,
il
0= (a1 — bl)vl + -+ (an - bn)vn

FRAE LM T 2 /8 AT a; = by SHEREM 1 <0 < n BOL. N

[l JEi 2 P T PR — A B 2 0 THEZE AR spang {vy, . . ., vn ) FHREIRE TR
T30 DA ARCR R TE KA A 7 SOt T AFR B b fre 28 T A 8
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S 3.10. XM VP vi, .. v, BR 0, v, RBRZMETC AL (max-
imal linearly independent set), {15

(]-) ’Uip ce 7vik gﬁ‘f’i"?ﬁ?‘é
(2) FEIEE vy, v B {00} BITERPR AL X

i 3.28. % vi,..., v AENE, MH—EFFERRLIETRA: Bk v # 0, HIE vi, v
SE T ERMER 5, ANZRIER RMABIER va, METCRIPRE vo. FHKIRFBE vs,va, ... RIAL HE
L AR ORI RS S €

#il 3.24. FE R? P HE A E:

1 0 1 0 1
vi=1|0|, vo=]|1|, v3=|1]|, va=1]0|, v5=1]1
0 0 0 1 1

WERFATILIR v1, va, v3, v, v5 WITARFHALKR LN TC A -
o v #0, £ v,
o vy AHEM v MR, R voo BUIPARRAMETC R AL {v1, v2} o
o v3 =01+ vy, AIDARZEIIELERL, AR vs.
o vy ANHEM {vi, vo} SMERM, PR vao MREHETC KRR {v1, v2, va}e
o vs=v1 + vy + vy, AIDAHZHTAYI LIRS, R vs.

BT NBRII I LA (0,00, 01}, — 665 3 R
Iﬂ&&ﬁ]}ﬁ%—/ﬂm}?7 %Lﬁ?ﬁﬁﬁﬁ? Vs, V4, U3, V2, U1 E@Jllﬁf?ﬂé%i&

o vs 0, ¥ vs.

o vy ANREH vs AMRI, PRE veo BUINARRAMETC R AN {vs, va}o

o v3=v5 — vy, AIDAHRIZAETIAELIERL, B vs.

o vo NHEM {vs, va} SMRI, PR voo MRLHETCRAMRIEN {vs, va, v2}0
o V1 =05 — vy — vy, AIDAHIZHTRYIAELIER L, SR vi.

RAFNB RN W KERETERAN {vs,v4,v2}0 FILARE], EIRE AR TR 2R
LT R AP R R EA AR M, (HENFrE &N (#2 31).
FAMT D b U R Gtk To S 4L 1) SR se 4 fh el i 2 AS B phsE -5 R ERU W T
Rl IC R
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Sebr b, T R™ i A, S ciRiRIE T RS R L T R A T
Bl 3.25 (AATALEFHMRLMETC KAL), HEWR3 145 UFTRAT], XA MR T2 R AT 51

AR A S G, AT BATT AT DA i A7 AR R R - AR et e e Al X1 Bl by A
I, R E A THE AR R T A f

1 01 0 1 1 01 0 1

Al
A= (v,v9,v3,v,v5) =0 1 1 0 1| ——1]0 1 1 0 1
0 0 0 11 0 0 0 1 1

BHMEC & RITHREIE, EICHTERNSESE 1,2,4 5. W {vi, ve, va} BB K
LMETC KA, MAETICH vs, vs FTPAR FICHILMER L (MTRETE EHEEEL v = vi + vg,
Vs = U1 + V2 + vg). — B, REEEMATRREE, FEICHTAES X R G5 1h] B A B
A — R Z T x4l

LMETE R PRUE T B TORI I &, I ARPE I BRAE 1A s A R 2 1), X (2 4
HYEHE.

EBL 3.16. 3 F R-ZMER V PG E vy,...,0, €V, v5,...,0;, ALEMKEMHL LA,
)

spang{vy,...,v,} = spang{v;,,..., v, }

e AR spang{vi,, ..., v, } C spang{vi, ..., v}, H HARYEEBES. LILA AR Ze A Te K
M ESCTRER i € {1,... . n}\{i,... in} A

v; € SpanR{Ui17 ) Ulh}

M spang{vy,...,v,} = spang{v;,,...,v; }. O

— AR A Z MR L T kAL, (HENTEEry RN ; iR 2o
KT A PTREIR B HOR(E. SEIE AR 45E.

B 317, % V & R-BHMER, AV =spang{wy,...,wi}. WV PEESF k Ak
TR ATREE vy, ..., v —E&RMEIEX.

iE8. T V = span{w, ..., wi}, MIMEE 5 € {1,...,1}, #FH
vV = ajwi + -+ G Wy,
B

(V1,...,v) = (wi,...,wg)A,
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Hr A € My(R), X EATHRITRIEFGER R A A B8 REUMAY w1, ..., we BIZNELA
. MM

X1 L1
T2 L2
xlvl+...+gjlvl:(Ul,...,’vl) : :(wly...,’UJk)A
X Z
F 1> by TR B S5 LT3 A — O 4-E R AT o1,
LR .

FHIEAER, FATUERR R Lt To KA 1) B2 — € /Y
g 3.18. ==l V PyEE @4 vy,...,v, PHIBRKERA KA PO EaHE A
T Y.
T ARBE vy, v, Bl o), 0SB U1, ., v, BIPRERORZR MR TE A, T

spang{v;,, ..., v;, } = spang{vy,...,v,} = spang{v;,,...,v;}

AR 2 B3 1TUA BOX PR ) AT R A b <0 HL U<k, BTbA k= L. O

X RPN A B ) e TR ZE e R LA, (ER X T Jo 55 2 ) B 3AT ][R A AT
PARE SCR R ettt Jo 41, AR AETCI5 MR OL T, AT T mi e 103 23 i 7 ¥8 245 m] PALE
A RAASE UL, AT TR PRI R L TE R AR, (B iR VO A BRA R &M A, 8

B3 ITOYRE ], ATIIAEAS IR A R Te R i, A BRE T A Ik, BRI AERR R Y
ST RAL R, AR LerEasE] VAL R T AR OR L T AL E

e 3.11. XF R-EMhas|] Vb EE T8 S, FR S Mgttt e k4l S i9—4r1

(1) B &K
(2) XF S HAEE TR S C SWME BC S, " s x.

FATRIAFRICA T RIENE, AR Vg RS R &R, WV AR TR
PETC RBAE, I HAEBEPI ORI R A P B R, HART Vg4 socdl
F i A

3.6 LY

KRB Te R ALBR AR A S 8], SXOAE AR Ko R A NS BRI % X
G RN E X BEBON R A T AN R AR AR ] X 5, BAN{E -5 n] iR
FE B AR R XA RGEZS ), 4R h— U P R, Rt AR AR aR 1 2>
R
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S 3.12. 4 Vg4 RN, WK V) — 4 B
(1) {vitier &KMETK;

(2) V = spang{v; }ier,

WK {vitier & V 413 (basis).

1 3.26. {v;}icr MIKT V B—HES HALYER v € V, v J2 {vihier WEMA S, I HA
B ARBOE—.

P 3.19 (EEMAEAENE). 4o R R-ZM =R V TARA RN REER, NV L
(ATRay) . Bikie, 4o R V = spang{wi,...,wi}, W wy,..., wp b5 —MRK M T FEA
A Voag—ma.

1 B)EJ . i&l‘ Wiy, .-, Wy ZEIE: Wy, ..., W E/‘Jg/l\ﬂjij(éj%‘]‘iaﬁ?égﬂ HHJ:*%%D Spa’nR{wila ceey wil} =
SpanR{wlv »ee 7wk} = V7 E wi17 »ee 7wil é)%/]ﬁﬂﬁﬁ“é, ﬁt?ﬂj*@ﬁ‘z V H‘J—‘zﬂg D

X 3.13. X R-ZePE25(E] V, 40K V AEAE— A FREE, W E d m & Nl Vo se
Ai:B (dimension), {04 dimg V. QR V NEEEARE, WFR V 2 TCFRZER).

i 3.27. TR, dim{0} = 0. AFRYE R-ZMEZSE] V AERUE R E L)
W2 VO — AR T — RO e To 4, RS HEIE 3. 18 W] I A o] AN RO AR T
FERTRI. A b L (i R AR GER A AT, BN SR A FREERY, BRI A 5.

‘Ff 3.28 (é‘fﬂlﬂiﬁ%mf‘?ﬁ@ﬁ%) *ETETE 3ASHH V HY4ERCR KE R, HF AR =2 4E

(]‘) V= SpaHR{U1, ey Uk}.
(2) o1, o ERPETC.
(3) dimg V = k.

B, FHEH dimg V' = n, X n Ay E A FFRUELAMETE R B VR — A, RIAT
TE A R — 4.

i 3.29 (EAiE ). R A RYELIEZ MR — 2R R. JESCRIEM: PIAA R
HE AN LA, Y HACY EATRAEROA T R, B4 n gEsc8edb s s R
[F] 44

T HHATE L — RFVBI T KB A [ Lt 23 18] AR AE R BAR R
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Bl 3.30. X R-ZepE2s (] R™,

S =
_= O

e = . €y = e, =

)
—

2R Bg—HE, MM dimg R® = n.
Bl 3.31 (AEARifER S ALER). R™ BT (EARMERE—Fh. BlanTE R? i,

<[ (1)

W R? f—4Li (PP EALMET R, BAEET dime R? = 2, R4EHIC3.281/07]). [F]
— A EAEA BN A A B AR R Bl

3
v = <1> =3e; + ey = 2u; + us.

Bl v fERRESE {e, eo} NHYMARRE (3,1)7, ﬁ'ﬁT% {wi, uz} NRYARARZ (2,1)7. BHTTHEIR
B Y T B AR, S SRR e B A

Bl 3.32. X T R-LMA] Myun(R), {Eij} BT —24HE, H By 2 (6,5) fiER 1, H
RALER 0 B, MM dimg My, (R) = mn.

Bl 3.33. X T EEKEUNTET n i R RIS TRA RN R-LHEZA Rlz]<,, {1, 2,2°%,..., 2"}
MR T 413, T dimg Rlz]<, = n+ 1.

Bl 3.34. XbT—4E H B R f7(1) + f(1) = 0 RUMBHCRY R-ZEAs A, {sint, cost} #4
JCT 4B, AT A S 18] Y SEAERCH 2.

PAEGI 73R, “HEd0 Gi— a7 — SRR RN, TEiR R A 1) A )
(R™) . FEFEZSTA] (Mynxn(R)) . ZIEES0] (Rl2]<n) 2R T RER 2.

NN TR T [RS8 ] DA SE AN R, T AN [R] (4 S 52 P ) A 25
Ab.

Bl 3.35 (FBM4raRAH). V = {9 rbete | g b e e RY MR T A R-ZebEZsil, Hog i R

AN [ ) , .
T T
B:{x3—x’x3—x’x3—x}

1 1 1
C=q—-, ——,——
{x’x—l’x—l—l}
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BB CER M TR el 5 C R AR SR 2 — o —
x(x —1)(x + 1), RIT V' g5 Ie AR T DAME—HL 5 A

ar’ +br+c « I} 5
- =4 .
-z r x—1 x+1

B C TR [ eofbeteqy, [ = AR R# T AU RS Ft, %
[F1) PR A ] T RESE £ AN ] T BT 55

X R-Zpk =S V, AR —E A IR, AR i1

W36, HT R RECRRSIMRN BRI B, 0,5, HIRT 418,
I dimg Rlz] =
B TR, FATE LR OA RN LS. FEZ )G, QR BEI, FeA4T
SRR A A ) A PR

Bl 3.37 (FIEMEELERL). FE R P JE ST W= {(z,y,2)T €eR® |z +y+ 2z =0}.
B z=—z—y A

T 1 0
Y =x| 0 |+y| 1
—x—y -1 -1

SIS
I

Hik W= SpanR{(l 0,—1)", (0,1, 1)}, MiX WA LR HETC 3¢, B AE AT W i —2H
B, dimg W = 2. E 5JUTE S —8C GEURRFE R 487 /.

Bl 3.38 (HEFAXTE). 7 R 1, 4
W, = spang{(1,0,0)7,(0,1,0)"}, W, = spang{(0,1,0)”, (0,0,1)"}.
W Wy S zy P, Wo Jg yz P, Wi NWa 2 y il W+ Wo =R R
dim(Wy +Ws) =3=2+2—1=dim W; + dim Wy — dim(W; N Ws).
— IR A RN dim(Wy + Wa) = dim Wy + dim Wy — dim(Wy N Wa), 5 SCRF4A HERH.
find 3.20. % R-G& =8 Wy, Wa, 52 Wy C Wa, N
(1) dimg Wy < dimg Wo, # B35 s % HILE Wy = Ws.
(2) Wy 89T AT A Wy a9 k.

AL (1), BT Wy PROLRMETC XA 2 Wo RV T XA, Miffdim Wy < dim Wa. 25
Wy = Wy WS BIRMAT. adk, % dm Wy = dim W, = k, L Wy #—415 vq, .., o,
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MW vy, v g2 Wo 1k ADNEMETC R &, EIC3 28 ETEE Wy B—4LEE, M
Wy = spang{vy, ..., v} = Wi.

(2). & Wy RS o1, ok, Wo ISR wi, . w FOTTERR v, .. v, w1, -0 wy
AR R A TG O 2 B I AT 4 — 28 BIRT & DS v, o, X2 DA, N
U1, U REERPETCR. XA AR R R TC R A2 v, v $TFEIREI W 1Y)
A O

BT YRR, FRATAT AR Sk ok PRAR SR — 52 h R RE AR LA 38 S BRIE ST 2 P
frasia) (g 2500)) P45
B 3.21. 3 F4EME A € M, «n(R), rank A T AT I 44, rank AT & %) 5 18) 4 5%
TERA. FRPE A3 AV AT AR RN U A T A R], ROMFRAT 38 G A T AR R A A A BT A T B AR 2,
BCHS B TC e AT ) A B T AT S A i — 4L, I rank A 24725 R 4E%L. S AT PAIE
HH rank AT J2 325 [A) 4E 4L O
HEWB 3.22. ¥ T4EM% A € M,,xn(R), dimg im A = rank A.
JER. A 2. 130T O

TS, AT A € Moo (R) BIZERE null(A) & N rref(A) 1 HHITHIN
B, WP null(A) = n —rank A. IUER 74800 TH, AT AR ZEAES L BIEZ
% (FA300]) M4EEL.
TP 3.23. A F4EME A€ M, «n(R), A

null(A) = dimg ker A.

P ABREST ker A a9 248
TR R AT A F AT T rref(A). FTARMOATUE R (fdi3.3), BRI ker A =
kerrref(A). & rank A = r, W rref(A) H r NEITHF n—r NHEH. BIEEH111, &
MABHIC @, 2 5EC L. HAa Wi 0, Il FAME—#E, ISR n—r AN E
Viyeooy Up_pe

bk X ker A H{E—m&E «, HAHITTERN (2, 2i,_,), HERITH ¢ =
Ty 01+ -+, Vn g, B ker A = spang{vy, ..., v, 4}

LMETCRNE: 25 crvr + - + oV, = 0, FERE] v; 195 4 DR 1T vk(k # J)
B i, Ak 0, AL ¢; =0 XFFrf j oz,

ZE b v, v R ker A 1—215E, M dimg ker A = n — r = null(A). O

g 3.24. 2 T4EM A € M, (R), dimg ker A = n — rank A.
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P 3.22(dimg im A = rank A) FIH#ES3.24(dimg ker A = n — rank A) &, (#1554
HRE P EEANEXZ —

T 3.25 (Fk-FEEH (rank-nullity theorem)). 3 F4E% A € M, «n(R), A
dimp ker A + dimp im A = n,
PP null(A) + rank A = n. #%3Z, a9k 518 BI20) s FF T A 0h7)4.

i 3.39. %7 rank A = r, WIRAEE ISHAH n—r ANEHBITI, TRAEESTA r 7
W, CEETAR N, E R R4 dimker A + dimim A = n; BFEE L
IR ker A BURPASTE], M) A FEZANASE] B ARRES im A R4

1 2 0 3

#l 3.40. % A=10 0 1 4| € M3x4(R), ] rank A =2, null(A) =4 -2 =2. i iR
00 0 O

FEPH,

dimpim A =2, dimgker A = 2.

XERE A AR R PR —A 2 4ish) (RIS RTI), 1 A 2 R Jiy
—A> 2 417

HEE 3.26. 645 A € M, xn(R), B € M, (R), N
rank(AB) < rank(A).

JER]. HEFNEE im AB C im A. 0

3.7 IR A bR AL

MELNEEN V — 4 B, B mR A REME—FoR B B AL G &
BRI RS B FRAAs, AWTHE V PRIsE 5 R s iz A

I 3.14. 4V 2 RN, B = {vr,... v} RHAAHE, WX veV, A1k
ik
v=aiv; + -+ ayv,

Hrf a; e R F ) &

=] .|€R"

iR N v #ERE B FHAsFR (coordinate).
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1 3.41. X1 RN V, v € V FEANFE T AR HEEA AR L EB13.35 %, %

_ 3at 442

3 —x

FATAT MR 5 105 HHAE B R Akbr (RSB0 TR

HEGH [vlo TEAERD X0 (A—HRR [vlo, BIREARD . HIEHET
[ — [ A EAN RS R AR bR AR e, XI5 | A

— AR ERE: WRE AR v 725 B RS [v]p, WK o fE5—4HE C R
HIARER [vle? EFANTT I AFRE R RS

T RN V, 41 B = {vi,..., v}, NS, BATAIEIFE B
BUAEHFE B = (v1, ..., v,)*, SEETARBRIA & SCAT ARV S

v = B[v]p.

AN T —HHE C = {w,...,w.}, ¥ C WHANEMEN B ByREmERR: ML
1<i<n, H
W; = P1;V1 + -+ PniUn.

X 8.15. FIRHEFE Ppec = (Dij)nxn BRCAME C BIE B K HIBE (transition
matrix). HHMICS, B
C = BPB<—C~

s —A R? s fay S 1R AR R

il 3.42. It R? fbRifidk B = {e1, ex} Fldk C' = {<1> : ( ! )} T

1 1
:1'€1+1°62, :1’61+(—1)‘62,
1 -1
1 1
Pp o= 1 1 .

TRORYE, MV £ R™ I, SR SR HR—MEaliTs, K U B FRb @ (RN REON R A

R
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XF v =007, TATE [v]p = (3, 1) (FEARHER T ARIRHZE H &), I

o - L1 Y (3 _ [
['U]C’ = PB(*C[’U]B = PCeB[ ]B ~ 9 (1 _1> <1> = <1> .
e 1) (3
(1) ()= ()

THEIE R T /A v = (3,1)7 EPELEE NP7 8 70

v 2uy W

162

1’!,2

2 CF: ve=02,1DT

2, v WARHER T 1040 RA v = 3er + leg, XRSFATIUIE B M 453053 HIPPAT T «
WAy B AR, FA v iR C = {wn, wet TN v = 2wy + Tus, XFRFATIY
BHIPIZA T BT we = (L, 1) Fll ue = (L, =17 fJ51. FEARSEAA, B2
AR T X IR SR AR R AR A LA S

s 3.27. 3t THAS4EME, RAVA 4o T IR
(1) [v]p = Ppeclv)o-
(2) Pp,B, = Pp,eB,PBycB,-
(3) Ppep =1,.

(4) Ppec A T# 4%, 3t 0 Pyl = Pocp.

93



8. (1). H1 v = Cv]e = BPg_c[vle VA v = Blv]p, RIERFREME—VERITE [v]p =
Pg.clv]c.

(4). th (2) F1 (3) AR PoecPecs = Poep =L Mili Poc RSN Pocs.

(2) 1 (3) AYIERIZE, B2~ 0

1 3.43. I (1) B, ARTH [v]o, AFTLREBHEE Pocc HIFEE [v)p. I,
HPET (4) WA [v]e = Pocslvls = Pyl olvls.

TR FR 2y a3 3 AR 5 RS S A AR RS R T
#il 3.44. FEH13.35H7,

z? T 1 11 1
b= ; , C=9—-—— —— (-
{x?’—m’x?’—x m?’—m} {:1; r—1 m—i—l}

5 C g EMER B MENEIIR. HEE 2® -2 =2 - 1)(z+1), A

1 z2-1 2 T 1
x a3—=z :c3—:c+ x3 — +(=1) x3—x’
1 2+ x2 x 1
r—1 x3—=2 :1:3—:L‘+ :1:3—:L‘+ x3 -z’
1 x?—z x? x 1
z+1 23-—x 3 — +(=1) J:3—x+ 3 —x
(A L RS HE IR
1 1 1
Pg,e=10 1 -1
-1 0 O
HOs i R
. 0O 0 =2
PC&B:PB?}_C:i 1 1 1
1 -1 1

M v =22 AR B RIAERN [v]p = (3,1,2)7, i

\
—
I

MC = PCHB[’U}B = 5

I] 3:1: +z+2
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3.8 etk mpE, M, 2

A TR TR Z )G, FA1H R ENEA Btk 2S 0] A Lt =S ), I
YEROR BEREANTR RN AR HE =R A T s 5, BRI PAS Ry 251
3.8.1 TERIKALZ

SESYERE VIS W, Wa, NEGIRINATE, RITBASEEENNR
Wi N Wy FIF Wy U W, SRT, BIAS25 8] 358 5 A e 12500

1§ﬂ 3.45. E R2 EP, é\ Wl ﬂg x %7 W2 ﬁy Yy % ﬁﬂ% (]-70)T S Wla (Oa ]-)T € W27 1@?1”9@
il
(L0)"+(0,1)" = (1,1)" ¢ W1 U Wa,

BRI W U Wy REIEAETF, AT & 25 ).

O s

NTREIEE Wi A We /9“7 A, AT E MR RUAORE, 4
R-ZRIEZSIA] V' PAS R-ZRAIE 12500 Wi, Wa, ATA AR RS 28 125 8] 1 594

(1) WinWy 2 V i R-&MT2500], Frhy W 5 Wa 98 (intersection). X A] DA B H2HIE:
17 v1,00 € Wi N Wo, | vy, vy RIBHET Wi A1 Wa, T v1 + v2 Fl cor WIRIET W4
M Ws.

(2)
Wi+ Ws = {w; +ws | wy € Wi, we € Wa}

& VI R-EMEF2300], o Wi 5 Wa iR (sum). 285 5k Wi +W, = span(W,UWs),
Bl Wy + W 28 Wy A Wy W/ NT-25 ).

Bl 3.46. %1& RY A TR Wi = {(n,00,00)7 | o0 = O yz D) B Wa =
{(x1, 22, 23)T | 23 = 0}(BP zz ), M

Wi+ Wo=R> WiNW,={(z1,22,23)" | 21 =22 =0} (El%h).
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W1 N WQ(Z t—FEE)
W1 z ~F
Wa(wz i) ‘el

T

T

EH 3.28 (4EHAR). 47 R-ZH=M V AR R-ZF =0 Wi, Ws. Bi%k dim W; < oo,
)
dim(W; + W) = dim W, + dim Wy — dim(W; N W,).

‘iJEBH ,ﬁi& W10W2 ﬁgéﬂg Viyev oy Uk, ?FE_ Viy.e ooy Vg ‘E&j]l] Uty oy, Up EFJL?EEE Wl E/‘ngﬂ
BB w, . we IR W B2, RIS

Vigeo oy Uy Upy oo o yUpy W1y oo oy Wy

T Wy + W 1—2H3.
*E?E W1+W2 E@%Xy W1+W2 EE Viyeo oy Vg Uty ooy Up, Wiy . ooy Wip Eﬁk_‘a JJ:KR%?
UEA X S ) 2k P TG % fRiK

a1v1 + - -+ agvr + biur + - F bpuy +cwy + -+ cpwy, = 0.

&

rT=aiv; + -+ apvp +biug + - + byu, € Wi
T22011U1+"‘+mem€W2,

M r1=—ro. T r € Wy H —ry € Wo, H 1 € Wi N Wa, AL

r = d11)1 +"'+d;ﬂ)k,

Il
! (a1 —dy)vy + -+ + (ag — d)vg + brug + - -+ + bpu,, = 0.
HRAE v1, vk urs U IIERPETC KRR by = - = b, =0, NITA
a1vy + -+ apv + crwy + -+ ey, =0,
A v, v we RN a1 = =ap,=c1 = =¢, =0. O
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Bl 3.47. £ R* 1, &

W, = span , W, = span

)

= O = O
_ = O O

1
1
0
0

S = O =

E‘?_j& dim W; = dim W, = 2. ﬂ\jTEJ\{ Win WQ, ‘& v e Wy ﬂWg, l)_!]J

+d

+
(=)
= o = O
I
o
_= o= O O

S O ==

Bla=cb=ca=db=d i} a=0b=c=d, \iff Wi N W, = span{(1,1,1,1)7},

i 3.48. 457E R-AMZEN] V AK R T25[0]) Wi, Wa, Wy, PAT ARG

3
dim(Wy + W + Ws) = > dim W; — dim(Wy N W) — dim (W, N Ws)

i=1

— dlm(WQ N Wg) + d1m(W1 N W2 N Wg)
J3—J7H, A S A o
(W1 +Wo) N W3 =Wy N W3+ Wy N W,

& R? f Wy = span{()}, W2 = span{({)}, W5 = span{({)}, WPA EPIAITAPE.

3.8.2 A

FEFZEEPA V =W+ Wo 1, 5 v = wi + we —fAME—. 24 Wy N W, = {0} K}
SREME—, HERR V SR W 5 Wy INERL RS SCONEAT, B T N E AR A .

WX 3.16. gy R-ZMEAS(E VW, @ LAMEZ AP BRI (external direct sum) L&
V x W, H ErA 40

(1) (vi,wr) + (v2, w2) 1= (v1 + Vo, w1 + w2), HH vy, 00 € Viwy,wy € W.
(2) c(v,w) := (cv,cw), Htf v e Viw e W,c € R.

RO —A RS, Mk Vo W, HEmEN (Ov,0w) (A0 N mar)
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il 3.49. R™ A]PARAE n 4> R BYSMEF.

X 3.17. 4y REMEAS NV PARHT2500 Vi, Vo, ISR
(1) V = Vi + Va, BUEAT V i & n] AR IR Vi, Vo e iyl G
(2) inVve ={0}.

MFR V& Vi F Vo WIPERT (internal direct sum). —fih, ZEA4~ v € V ERREME—S A,
v=vp 4o (v €Vy) L MFRV 2 Vi, Vi BRI EFL

i 3.50. V =Vi @ Va(WEM) M— M2 Z: 5 v e V ] DAME—HE 1 v = vy + 0o,
Hr v, € Vo FESE L, &M (1) BRIE T OFFEAEE, M (2) BRIETME—M: 25 v =
v+ vy = v] + b, W vy —v] =) —ve € Vi N Vo = {0}, MM v = 0], va = ).
i 3.51. TP U] B R AL
T VieoVo—=Vi+V,
(v1,v2) = v1 + V2

FE PRI RIROR AU 5 SEARAYBRSTRAAE T — 5 SONZePE Nl X ERE M EM- SN E
AZ— R, A2 R H AN 2 NANELA, T GERR o B

il 3.52 (HANRJUAHIT). 75 R® o, & Wi oy oy P, Wa Sy 2 Bl U R = W) @ Wo: £
il (a,b,c)” ATLAME—2M A

a a 0

bl=10b]+]0

c 0 c
ew; eWs

XA R ME— R IET Wi N s = {0}

S 3.18. Ly RGP V AR5 m] Vi, WERAPAE T2 Vo WL V = Vi@ Vo, WK
Vo & Vi I#NZE[E] (complement space).

?35353 FR AR 3. 20, FRATE T DARF 25 0] 1) —2H B A 4 4 s ) 1) —2H 3, 1R kb 25 1)

AEAEN. (RS RIAME—: e R? i, Wy = span{(1,0)" }(Rl = %) Hykb=s(a]
A PAZ span{ (0, 1)T} (R y fh), WA LAJE span{(1,1)"}, s 8 —fcHh span{(a, b)” (%
b+ 0).

i 3.29. RAMZERM V=V& - ®V;, AR L4 T HLHL:

(1) V=Vit -+ W
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(2 HEF 1<i<k HVinX, ., V;=1{0}.
IERR. PSR O

M 3.54 (jEE%HE‘J@“%} TZE R? EF‘) é\ W, = span{(l,O)T}, Wy = Span{<071)T}a W3 =
span{(1, 1)"}, W R* = Wy + Wy + W, (EEXAKEEF. i, (1,1)" H ZFp 5

(1, D)7 = (1,007 + (0, 1) +(0,0)" = (0,0)" +(0,0)" + (1, )T,
N N N~ N N N

eWy eWs ceEWs ceWy ceWs cWs
KRN Wa 0 (W + Wa) =Wy # {0}, dife T Eiddind Py &1 (2).
find 3.30. % R-&ZEER VW, &
dimp V& W =dimg V + dimg W
PER. AR {v1, ... o) 2 V I—HE, {w, .. wn ) 2 W H—HE. &
B={(v1,0),...,(vn, 0} U{(0,w1),...,(0,wn)}.

HAZRAE BT Ve W i—dlk. O

3.9 AW

EARRFLAEZS ) “Pror” AP AT UERER Sy, Ry =S g —Fh “HEgn” #fE: 42
FAT2EE Wb A D N, BRSO, R WA nER Y R AT
MR A X RT BB B n RIS AE Z/nZ H, DI a, b FOAH R 24 LAY
Bon|(a—0b). FELMEEEF, AT v —ve € W RIEEEER KA.

wiaEh]: FEHELE TS )T Ak

BIAEF- PR R — R B E A BSOS, HOREBAR R E R, XML TERE
TS, B, V/W RDGEAR A R, 2RE o+ W fE W
Hh i R O 2R R TR — AR

RS E SCZ T, BAVeRCS. X V=i Wk veV, £
v+ Wi={v4+w|weW}
B v FAERIRG S (coset). ANHERIE
n+W=v+W <+ wvi—vy€EW.

B, P RJE T R G BN Z e Wk R, V3170 i T A
AZHIBESRIIT, 2 V /Wl DA LR SR N TR IR A
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X 3.19. 755 R-ZMEASE] V ASHTFZ3E] W, Bi4afl] (quotient space)iE SN RFER I 4E
HBV/W={v+W|veV}, HEHFHTFzsH:

(1) (’Ul + W) + (1)2 + W) = (Ul + ’UQ) + W, ;H\:':F‘ V1,02 € V.
(2) clv+W):=co+ W, Htp ceR.
FERFH N —A> R-ZRPE=SA], HEEN 0+ W = W.

1k 3.55. iz R Uk (well-definedness) 5 S50k, RIZTE H945 RO TRE AU
FKICEEL. AINERNB: 25 v+ W =0+ W Houopg+W =0, + W, vy —v) € W H
vg — vy € W, AT (v +v2) — (v] +vb) = (v —v}) + (vg —vh) € W, Bl (v1 +v2) + W =
(v] +vy) + W. BORIEIEZRD.

#l 3.56. & V =R? W =span{(1,1)T}, Bisd e Sngrmh (1, 1)7 ELk. W V/W i
—ATEE (IR v+ W AU Eate— 47T (1, )" i EZ. s, (1,007 +W &
i (1L,o)" Homekh (1L, 1)T mEZ, 1 (2,)" +W 2l 2,1)" WPATEZL. BT (1,007 -
2,17 = (-1,-1)7 = -1- (L))" € W, IWFAHELILIRA 4%, 8 (L0)T + W =
2, DT+ w.

TR V/W O RIMEGS: B R AT (1,1)T R EERAS CHEGET A
R ELIE IS « 2 T— 80 (0,0)7, HIt V/W n[RAEAME R %[F (4B
MBS o Mirsgs; AT —=rnESR V/W =R) |, 45808 1.

Bl 3.57 (ZWARRE ). FIE V = Rlz]<s (K < 3 2 HX) F1 W = span{1, z } (EL
< 1W2Hi). W V/W i, A28 p(e), q(z) J@ TR EEES ALY ple) —q(z) €
W, BVEATH «* TR «® BUREOH . HAgiEse, 76 V/W pRAT “ 28 TARRI”, H R0
EIR. B V/W ORI {22 + W, 2 + W VEREL, dim V /W = 2.

i 3.31. % R-AM= V ALFZN W, &

dimR V/W = dimR V — dimR Ww.
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LR R we, .., w2 WORS— AR R GAE3.200] DLKF Y SN VORI
Wiye ooy Wy U1y -y Un.
FATUERH
{nn+W,...,v, + W}
FRL V /W ) —2H .
A AT v € V, o v =310 aow + 307 bjvg, MM

Q)+W:ij(Uj+W),

j=1

BEH S, aw; € W, FER AT EJETZT W.

VETICME: A D0 b (v + W) = W(HIT AR R E ), W S50 bju; € W, A
M Y20y bjuy = D00 apwy ML a; JROL. W w, w1, v IPERPETCEPERN by =
R — b" =0.

H dim V/W =n=dimV — dim W. O

H 3.58. BEHAX dmV = dimW + dim V/W 5EMALEH AL dm(V; & V) =
dim Vi + dim Vo XJHG, FTPAKE: 402k Vo @ W 7 V ppgsbasfa) (Bl V = W @ Vy), W
dim V /W = dim V,. 52 BRI RAIER, V/W 5 Vs Z [BfFAEORRE AR OUS s 45T —
BTG, XL V/W =2 Vo, (HXA [FER RO TR H]) Vo BIIEEL, N2 MY (canonical).
3.10 )@
3.10.1 #i>]8
28 3.1 (FAERMAIS ). 7 R ik
U = span{(1,0,1)7,(0,1,1)"}, W = span{(1,1,0)",(0,1,1)7}.

Lo 430k U f1 W By4E45.

2. RUNW —4HE.

3. 3R U+ W 4%k, HEE A

dim(U + W) =dimU + dim W — dim(U N W).

S 3.2 (FZSHREM). % V =R W = span{(0,1)"}.
1 fRREE (a,0)7 + W A8 F16 i LTI AR,
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3. (1,2)7 + W 5 (2,2)7 + W 2 HIF.
4. YA 24 V /W WA E SR A i —4E A3 1H].

2P 3.3, WHHIWICAT MR ALE SR AME oK, IR T i A R AL A s A — AR A
A .

1. ay = (1,2,3),a5 = (3,6,7);

2. ay = (2,-3,1),as = (3,—1,5),as = (1,—4,3);

3. a; = (4,-5,2,6),a3 = (2,-2,1,3),a3 = (6,—3,3,9),as = (4, —1,5,6);

4. ay = (1,0,0,2,5),as = (0,1,0,3,4),a3 = (0,0,1,4,7),as = (2,—3,4,11,12).
28 3.4. 15K spang {vy, va} HBIMHEANEREZ. Hb v = (1,2,3,4)7, vy = (5,6,7,8)".
28 3.5. & S={veR:v=(r—2s3r+s,5)7,rsecR}.

L BEHIE S 42 R® 725 0]

2. {EB] S B 3z —y+ 7z = 0.

28 3.6. FIWT AT HEAGFZ RGN R-2eth 25 1)

Lon By sextfribe A = AT Ak, FEAE MR AR .

2. n BroR ROMFRAERE A = —AT 2k, TERERIEREORT .

3. W p(1) = p(2) WA SERME T, T H 2 WA MEsE T .

4. BUNTEEET 1 =07 e, MR iAMEeRT.

5. TESRN_EE SCRYRA 1 0 i S0 o A S (R S, el o o A A AN BT T

6. R* P e o = y® RUE, 16 R® INERIEERT.

7. Sl EROCIE R, W f1(t) + F(t) = cost, TEIEH BB INEFIEERT.
3058 3.7.

L T28 ) R? Ao R AR, (HRRBORA B R JE s R A0 T

2. A R i R ECRE ], (ERINEA B R AR S GG T
2 3.8. 7E R-ZMEZEH Vo,
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L BIEHMEE veV, —1-v=—v.
2. BHIEAHMER c € R, 0 =0, X H 0 5092 V H gk sAc.
21 3.9, [EEHEAHE we R WTaeR HueR?, EX

a®u=alu—w)+w.

udbv=u+v—w.

AW V = R™ JE80k @ ML & TREMUN R Zbbasm. g, HhEmaE
At (Bl ATHES @ 1 @ KA R™ _ERYEE A NECORMIX 7).

28 3.10. JuiE AR E R AL R AL

1 3 1
21,1 -11, 1
1 2 —1

2 3.11. FEPAT Mayo(R) Hi ) 2 R 7 et o K

11
0 1

2 -1

Ay =
0 1

’ A2: 5 A3:

3 6 ]

0 1

2 3.12. C(R) (R _EAPLIERED) 2 (Jog54E) R-ZrE=s(a). ikl ek gk
sin(t), sin(2t), - , sin(Nt)

(P FI& t = 0 A a8 S8 ) &epkTox.

S8 3.13. WIRHIFE A = AT, R A RMFRAFE. MR A= AT, WFR A 2R
B 23 A X BRI AT SO R R Bl M, (R) (725 18], T FX PN T 25 [ R 4R 4K

28 3.14. L V = C=(R) 2 R _ERPLIT B R-Zetk= 0. Bukm4eR B, C
/& Spang B = Spanp, C = W, H. B,C ¥J58 W §Ek. 55l B, C WMEBEM: Ppoc M

PCeB-
1. B = (1,cosx,cos 2z, cos 3x), C = (1,cosz,cos? x, cos® ).

2. B=(1,z,2%,23), C = (l,z — a, (z — a)?,(x — a)3) (a € R HHEE)

28 3.15. $RF|—A> 4 x 3 FifE A 1T A B9 A R e &

[
i
B}
=i
at
Bt
=i
fain

=~ W N
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28 3.16. i A A 3 x 3 Wik, BRSO THLE 3 4E5 i o, FARAUT « BSEEL
c(z), ﬁﬁr Az = c(z)z. IEIFAE—N5 = TRIFEL c e R, (5 A = cls.

2
28 3.17. WEHH—A 3 x 3 Ml A, #1153 A B2 spang{| 3 |}
4

2l 3.18. W A B moxn HiFE, By v Bk Av = b WAL b BOAE, RS
Tt b HILIT LM

L g A WELEREG UG Er &, HFHHRR.
2. g A B RDe 2 R™, Ui A,
3. RAEAAERAF b {5 Az = b HAG—ME? ItA?
4. s rom Fon Z AR/ DR AR
28 3.19. FWT P A EA RGN R? (1250,
Si={(z,y):z+y=0},  Sp={(z,y):x+y=1}

28 3.20. H ) F
(3,5)

b HBRT, SGHLMEAG.
FEEMETL K .

(1,0,1), (0,1,1), (1,1,2).

a7 span{(1,1), (1,2)
I8 3.21. KT T8 [ AL

28 3.22. REdl
(1,2,0), (2,4,0), (0,1,1)

KR —2 5, HE LR 4EE.
S 3.23. £ R3 i, %

up = (1,0,1),  uy = (0,1,1).
3K span{uy, us} WSS =ANAREET 5 A 1) & .
318 3.24. %

B={(1,1),(1,-1)}

e R? p—24 8. Kt (1,5) 7E5 B Rz,
218 3.25. 4y R® h—AEECH 1 s, —ANMEECh 2 TS0, 0515 B e
() —41 3k,
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3.10.2 HE
Wi UWa U UW, £ V.

28 3.27. # & “Shifted Legendre polynomial”

1 d

ﬁn(x) - n! dzn

(mz . Jj)n
JEW Py, P, - -+ #4 Rz] f9—2415E.
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4 ZePEmgt

LS (A A BLA b, ARFEOFFR IR WG, I UL IUE & SR Ee 5
Ja, AWMU ERE R,

TE MRS, ERE . M. BT DIAC R SN BN A&l
1M AT EL T AL A i AR A . PR Sl IR, A2 T(0) = 0, FrbAET
Py AT AN S A e

,
B EBPR—MRET S RGB SIRE | g |, BIEZSEEGREH 3 x 3 MRS H.
b
oA AT e AR LR M, B AT Jacobian KA — 5 BT ) — BB,

4.1 X 56T

X 4.1, XT REMEEE VLW, WU T2V — W R R-ZePEWed (linear map), #f
(1) SHEE v1,v2 €V A T(vy +v2) = Ty + To,.

(2) MTHFZ ceRveV f T(w) = cTw.

4.1, EIRWIRTT LA A—4 T RZPE Y HAUCYXMER vi,v2 € V fl e1,¢0 € R
H T(crvr + cov2) = erTvr + coTvy. WHELZ UL, LML @ — R ORFRE A TR R I 454
TR ATAEN T, 55N T PR LAl G, SRR, S — M, Zeihmiipt
BTG T(X, cv) = L, aTv;.

4.2 JUMTHESE). etk ORI p somyE gk, AR T I 5 e 4 ) J i
FEB R 2R AR

WATAPA 0, Tw, Tv, T(u + v) = Tu+ To NTFATIUAIE.

(2) PREFLEBI: 2 v Fl co JLERHRKEZ N 11 [cf, W Tov fl T(cv) = Tv Wit HKE
Z AR 1 el

TERRT R? X —H5: ZMEE=EET i w,v SKIEHH TR, A0 4w T
TER R,
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n Tu+ Tv
u+v 1
_ \
- // \\
// T ‘\
() // T
v
7y Tu
Tu ! iTu o
2 2
Jras[E] vV fG=sa W

AIAER], BEACFATIUIERIER (Ff BERILR) W RERCAE, (HAFAT S AR AP L (Rl R
) 1GAMREE. B R, — ORER IS Sl U A SRR DU TR MR P47 DU HLAR
Frla R L], IR A BRI LM — X 12 2B LA E S

i 4.1, E T:V > W & R-Zbkekdt, 0
(1) T(0y) = Ow.
(2) T(—v)=-T), d1EZF veV.

£, (1). T(0y) =T(0-0y)=0-T(0y) =0w. (2). T(—v) =T((-1)-v) =(-1) - Tv =
—Tw. L]

N EFRATZE th S — &R 8 B
Bl 4.3 (FEFERYE). X THFE A € M xn(R), BT
Ty: R" - R™
T — Ax

2 R, BN A(eiz + coxo) = cr Az + oAz, T—TPREN]: JUEHZ S, AR
U LN 23 0] 2 [ R AS SRR 1T DA A B SRR s

Bl 4.4 (FWUF-SIEAEBU). 3T R-ZbzsiE vV, W
(1) HWesgt 0: V — W, 230 0(v) = 0w MFIA v eV, jedbkb.
(2) PAEWLSE Ly V =V, O8N v (v) = v XHTA v eV, AT

Bl 4.5 (BpW). WR =W oW, ¥ o=w+w Bhw (I W m W HE) 2%
PEWLE. BIan, B V =R W S oy SFH (W' 4 2 8, Mg R —» W@ SOk
m(z,y,2)" = (2,9,0)", HHBIE 7 GREFIIEFILOR.

i P EE]
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=
=4
N
N
o
H

R-&be=m V BRIELF20E W, g RIS (canonical projection)

TV V/W

v=o+ W
A ey Rk T, JFH kerm = W.
Bl 4.6 CkFHBY). Bl R-ZepE28E O (R)(Tog5 IR TR B4 14 ).
(1) RFFET D: C*(R) = C*(R), D(f) = [ 2Ltpt, WA (f+9) = f+9 H
(cf) =cf"

(2) BETF I: C(R) — C*(R) fo t) dt L2 L.
SKFFIH f R B TE AR AR B
_t@{%ﬁﬁil_éylﬂ*\

Bl 4.7 (IELRVEMGIRB)). B £ R = R, f(z) = 2® AREEMEBYS B0 f(1+1) =
f@)y=4,1m f(1) + f(1) =1+1=2, [ fAGRFEIE. — ok, Cdk f: R >R 2
R-ZEPEBUR 24 BAY f(z) = cx MRAEHE c € R, B f WEIBE SRR HE.

LRMEBUR I — R DM B A E—4LE B BESE e, B b, fT R R
AR R EL R AN A, RPEBS R R, DRI R B R ) B 1R, s
BT RN

X 4.2, 45 5E R-BIEZN VW, &R V3 W R-ZMEMUH A 4 Aic A Home (V, W).

i 4.3 (LHEB g R ERERE). &V & R-AREM, {v,... v} &V s—mK,
W & R-Zhe ).

T, =1T5.

(2) AFfERE: 3T F W P EEL R 0 AaE w,. . w,, A T € Homg(V, W) i
R T(Ui) = W;.

. (1), R v =211 awi €V, Ti(v) = 300, aiTi(vi) = 300, aiTa(vi) = To(v).

(2). BX T av) = X0 aw. BT {vr,...,v0} 23 B v e V INRY
(a1, ..y a,) ME—HE, I T 02 RE Y. SV EERAE: 45 v = > aivi, u = Y] bivy,
N T(v+u) =S (a; + b)w; = Tv + Tu, T(cv) = caw; = cTv. Ml (1) A9E. O

4.8, XAAE R R SR —— X R BRS ER: PEm T oo A
g Tur, ..., Tv, € W B, MRFX n ANREE W E NS BANR, BFeE—1 mxn
SR
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£ 4.9. Home(V, W) A BHAMMES R-EFRSTHIT:
(1) (Ty + To)v = Tyo + Tyo, Ht v e V.

(2) (cT)v=cTv, HfveV,ceR.

] PAE IR EARE A 1T Home (V, W) W4 R-Zed2s1H]).

T 410 CRIEHIR). DI LA 2 [ DU R LD TR e E LR, PR SCImiA2
V23 RS, LR DAL R AUH S EW s S — R T — MV E it

il 4.4, %F R-ZMukdt Ty Vi — Vo, Ty 0 Vo — Vi, M Ty 0Ty € Homg (V3 Vs).
EM. MEEuwveV MlceR
(To o Ty)(u +v) = Ta(Tyu + Tyv) = ToTiu + ToThv,
PAK
(Ty 0 Ty)(cu) = To(cTiu) = TpTu.

P To o Th AT3SRIELRIER Y. O

4.2 ZePEWC R

MR 4. 3, Ve il HAE— 2R B IUE e e WEAR AL, FATTR] DA LE I
5 (BF Tor,... T, 75 W BIETRYARAR) HEB— AR, AR LR PR B -5 R0 1 2 [ 7 5
X IV KRR 4 AR S ) R AL Ry AR T S AR D
X 4.3, V2 n g R-EMEASE, W g m 4k R-ZMEE, B = {v1,...,v} & V #H—
HE, C={w,...,wyn} & W B—4E. XT T € Homg(V, W), & X T {5 B,C TH#
AR (representation matrix) A
[T]g = ([T’Ul](ﬁ [ [Tvn]C) € men(R)7

BIA Tor, ..., To, FEEE C T HYARAR 5] 1) B HE IR AL

4.5, ZV & n g R-ARZE, W & m 2k RZHZR, B2V a9k BF W gk

C. Mekgt
®: Homg(V, W) = My n(R)

T (TS
= R-Z MR a9 FE .
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JE. ZRPEYE: XHF T, Ty € Homep(V, W) fll c € R, F
(T + Ta)vile = [Tile + [Tavile,  [(cTh)vi]e = c[Tivileo,

it [T+ TolG = (115 + [T2]G, [cT]G = c[Th]G, B @ J2 kMW
YURYE: 35 (T]5 =0, W) [Tvi]e = 0 ST @ BOL, B Tv; = Ow. HAEI4.35] T = 0.
WA XHMERE A = (a1, ., a0) € Mypun(R), e a; € R™, 4 w) = 377 (a;) jw; (R
PAa; S C FARKRIYIEIER). Hin 4.3, fFEFEME—) T € Homg(V, W) WE Tv; = wj, MIfi
[T]% = A. O

Hs 4.6, E T:V > W & R-Zbekdt, B.C 532V f« W t4—2A4, N EZ veV
7l
[T(v)]e = [T]5[v]-

. v = Z?:1 a;v;, B [v]g = (aq,...,a,)", W

Tv = i a,iT’Ui.
i=1

PO C RRYARAR, AR ARG A

[Tole =) alTvle = ([Tvie,.... [Tve) | ¢ | = [T15[0]s-

=1

P AL BUEREZ IR, SRS MATERA R, KT S B B T T A% A
.

Bl 4.12 (bRUEEE AR AL LB, & R® i e rEm st

o()-(7)

B er = (1,007 £F (2,0)7, 48 ex = (0,1)" 3 (1,1)". BMAEHES: B = {e1,e2} T,

s (21
[TJB<0 1>.

TR T(3,2)" s T e e



#:>] 4.13. & S(v,y) = (v —y,2y). K S(e1) Fl S(ez), Fili S TEARUER MR, FF1155
S5(2,3).

TERLE 5 A5 0 I OB TR . — > F AR R s [ — SRR AEAS [F]
THFRHFEZ B2 KR RT

8 4.7, 1Bi% By,B, #A R-ZM=zNE V a3, C,Cy #HE W th&k, NHF T €
Homg (V,W), &

T3 = Pe,co,[T)5: Po, b,
UL XMER v e V, AKRASHL
[v]B, = P, [V]B,-
JeM Ba, Co TS T(v), USSR Co AAFHRE] C1 ARAT, 155
[T(v)le, = Pe, o115 Ppyp, [V]B, -

53—y, ARA 4.6, iy
[T(v)]e, = [T)5, ],

T XX A v € V ERSAE, PSRRI

X 4.4. il A B € M,(R) FOMIL (similar), WERAFAE WA P e M, (R) (615
B=PAP .

P, 3T R-EHEBGE TV — VRV = W BIE), HAEA AR T B8 R AU
LR A R R LA e AR AT, 2 H A BT Il — A e PE S A bl 36 R Y
Fop. X— WA R, WERIEA X TR RE AR (RIMAE §), 84 B 5Lk b
e VEWU B S, AT B A e

X 4.5, WA RYE R-ENMESF Z MMM T2V — W, E LT BBk (rank)

O

rank T := rank[T]%,
Hh B2V —4HE, C 2 W im—4HE.
s 4.8. rank T a9 € ST RATHY, BF R T A B, C oI
IER. 4.7, ekt H R FoR AR

Pe,c,[T)5 Pp,cp,.,

HA 7 PO SRS AR T 3. 7ot A T MR O R, BRI rank[T] G ASHORT 5
% O
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i 4.14 (fPAIXMBHE). MTERES TV =V, REAr0—2m o IEAE L det T,
FHULHIE tr Tt n] DAVE N EEWRST B B AN AR R BEAR. X 2 Y R PR Rk A
NI EIAZS & AR A R BTG, w] ASCIE B AR WA SE5 T (B Pk i

ey
= -

Bl 4.15. FE R? FiEEN e 0 4R, 3 HAC B = {e1, e2} J& R? py—4ltz
HESL, T
cos —sinf
Tolen) = (sin9> - Tolea) = ( cosf ) '

mi= (o )
MRS ERL A LT EDRIATA To, © To, = T, +o,, MIMAWH 25
(cos 0, —sin 91> (cos f, —sin 02> B <COS(91 +605) —sin(f; + 92)>
sinf; cosb, sin@,  cos 6y sin(f; + 65)  cos(6y + 62)
W T A5t

LA 0 = 60° B, JRANHERBHEIE DT I (H1 er, ex 5KIK) HESE N — 18Ik
TG et R E 1) B EEA A ANAE, (R 2 — 20 4 ARG (IR 523 ).

Y

MITTA

~
D
/ 'Tel
/ N

€

Bl 4.16 (Sht). F& R? E Tl S B st (Bifg) Wuih. & 0 5 o BhiEJr
KR o, 1L B = {er, ea} FFRHERE. 3R [Re)F, AFHHE Re(er) Fl Re(es). FIHILAT R
F (B ey MENTATT ¢ MEET ¢ 950, FRFEESRIUL) 115

cos2a  sin 2«
[R5 = < ) :

sin2a  — cos 2«

G g IR 2UE AT P AR ATE 5 R UL, det Ry = —L(SUNEAEE W), (Re)? = LGP
KIEE L), H tr Ry = 0.
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T ALT (RPEW LAY FASHER). B A SO R R A, BT I3 e, — B2k
PEWU T2 R? — R® LA Jr 0] L= AR FIRR LR 4 AR, R vpit S R Bl fEZk
Mgt T B R A — AR, B R AR 2 B R

NEIAERE A = (i 1) AP, R T AL {x € R? - [loof| = 1} 4E Ta fEHT 21

[ . W [ A T A2l e T A A “ 30510 (B AT A AO4RAE ) 1)), 25l
KEE A i85l (singular values).

e oy Aey

/\e N T i
\/ i /A’el

FALE ) =1 el {Az - [lof = 1}

EW/R: YOS 4 A7 e 8 5 v T  avA :191 12097 N T AN TR S 9 i8< o e a9 7 1 P
Sl o1 > 02 > 0 JER T HRMER/NMIMER. X—WERHAER 1 (SVD: Singular
Value Decomposition) HSE| 41 FRIAFIUER]: AL R-ZeMHB#mT AR et —
IABARB LR — JERe” =2, B A = USVT, Hrb U,V RIESCHEME, X XA (i
TR AF ).

Bl 4.18 (CRFMFIRMIE). R 2w
T: R['T]Sn — R[QZ]SH

fa) e 5

R B={1,z,...,2"}, NG

(n+1)x(n+1)
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i 419, FE FEE T, T = O(BIXHREBA T n E2TAK n+ 1 REES),
rank T = n, H T KNEAEBLS. 2 TF = 0 f9& i FR o a2 (nilpotent) (1), FA1HF
RS TR,

4.3 ZetEry

{5 E A RS, SR IR B2 5 T ATV AR . 3Erh Rk b
B XU AR AR BT/ e 25 ] LA 52 4 M 544

EXL 4.6, R-LRPEMLG T2V — W B PER# (linear isomorphism), 415 T 2XUH (B
WEE BRI ) . AR TV — W, WFR V 5 W 2Rk, 10/ vV = w.

SR 4.9, £ T:V - W & R-ZMWG, Wigakdt T-1: W — V 4% R-ZK kit

PEIA. WMEE wi,we €W e ce R, A v, =T tw,. BT LM, T(vi+vs) = Tog+Tvy =
wi 4wy, T T~ Hwy + ws) = vy + vg; [\ T~ (cwy) = cvy. O
Bl 4.20. WEFEEFEATE 0 & R? — R? i R-ZRE A, Holimogh 2 ighs —o.

ﬁ%ﬂ 4.10. %’-\E R-é’i'fiﬁ?l’ﬂ 1% V/L&—;E'\—‘%:’EJEY] ‘/13‘/27"' 7Vk'y '&D% |4 % ‘/1;‘/27"' 7Vk él}

H fL e, 7R 4
T: Vi oV Vit 4V

(vi,---,vp) = v+ o

EEMRM. A%, L@y Vie--- o Vi A7 A

TERA. BRI T WAREWET. 2 T(vr,... o) =T (5, ... vp), Wovg +- - 4o =]+ 40
H PR FREME—PERS v = v, S50 T BRI, AT R 2[R 44).

A BRI S 52 LR [RIA F) AR B 1

s 4.11. 5% n % R-AMRZN V ARKL 0K B={v,...,v,}, LArskdt

[']BZ V - R"
szamp—) [v]p =
i=1
Qn

& R-ZAER A, BPAEST n tE R-ZAEm AL R B 4.

TER . MR (-] PREFIIETNEE (R AR FR 7 52 i IR R st J2 W . 22 B0 s A £
Fe). BAHHE: 25 [v]lp =0, W v = >0 v, = 0. W5EHE: SHMEE (a1,...,a,)T € R, FH
sz?zlaivieV?f%E [vg = (ar,...,a,)T. 0
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i 4.12. R-ZMH 20 V,W ZHE# S ARE dimg V = dimg W. BP 407 A RE R-2%
T R T LT a9 se AV e

EL GV EW, RV BE v, v, HEERM T R Toy, .. To, MR W G5 (B
SHRUELMETC K, WSHPRIEA ), AT dimV = dimW. 2, #& dimV = dim W = n, Jl
V=R"=W. O

i 4.21. BMEMPAS n 4 R-Zepas (a4 2 R, HX AR — B AR LR (canon-
ical): EMITHMER. —AEEMBI TV SHMEZEEMN VY = Home(V,R): 24
dimV = n fif, dm VY = n(BN VY = Mo (R) = R™), Aifit Vo= VY KA R H0ET
VORI FRATRAE RS (AR PE S, A TaNIEH (AR Z )54 fE
ST UL R4

4.4 B, BREGEBAX

LAEWR ST AZ R BN F2 g 1) B AL, el A e LA AEROA S R AT
23[R AERCZ TR] Y 5K 2R

W 4.7 KT R-EEM T:V - W, E X

(1) T W% (kernel)ly
kerT:={veV |Tv=0y}.

(2) T #91% (image)ly
imT:={TveW |veV}.

i 4.13. A F R-Ehkekdt T:V - W, ker T £ V 84F =0, imT %= W #4-F=2IH).

£, ker T k%S (A2 T(0) = 0), HXFIYERMBOERE: 25 Tvr = Tvy = 0, W T'(v1 +vs) =
Tvy +Tvy = 0; %5 Tv =0, M T(cv) = cTv = 0. EHIGUE im T Biw]. O

AR AL 1 T ERAE WIS B AF5 T 1 P AT 355
il 414, % T:V - W & R-Zbeakdt, 0
(1) T 244 < ker T = {0}.
(2) T &i#Hf < imT =W.

B, (2) BBME LWEESS. M1 (1): # T 25849 H Tv=0=T0, ] v =0, Hii
kerT = {0}. [z, # ker T = {0} H. Tv; = Twvy, M T(vy —vy) = 0, MMl v1 — vy € ker T =
{0}, Eﬂ V1 = V2. L]
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L 4.15 (AR, &V RARE R-ZMEN, T:V - W & R-Zbukdt, N
dimg V = dimg ker T' 4+ dimp im T'.

iER. ¥ dimker T =k, B ker T {)—HHEE {v1, ..., v}, RIEATEB. 2008 HY 580 V 11—
H {vr, vk Vg, - v b FRATIERH {Twpgn, ..., Ton} W im T ) —2H 3.

e B w eimT, W w=Tv XENHveV. o= Zle a;v; + Z?:kﬂ a;vi, M
1ii]

w="Tv= Zal Tv; + Z a;Tv; = i a;Tv;.

=1 :0 j=k+1 j=k+1
RMETCME: & D0 Ty =0, W TS0y cjuy) = 0, B 370, 1 cju; € ker T
N1} Zj=k+1 Cjv; = Zz:lbvl XFHELE b; Az, B Zz:l( bi)vi + ijk-u cjv; = 0. H
{vr, o on ) BERPETC KR ey = = ¢, = 0.
H dimimT =n —k, Bl dimV = dimker T 4+ dimim T'. O

i 4.22. 3V =R", W =R",T = T (R, Bil4.3) i, 481N

dimg ker A + dimg im A = n,
B null(A) + rank A = n. KIEZIANE E—5 (EH3.25) PCAUEHM-TEEM. 5
2, FRERAS R 25 B B2 — e R WS AR A X R B.

XY 175/ im T

-

FATHIZ AN = dimker T + dim im T

Bl 13 ZMEMUHEAZTT 15 R )R A RO TR B 2516

U A2 EEREL.

g 4.16. & V,W ZAHRE R-ZMEZE A dimV =dimW, T:V - W & R-Z okt
WA F &5

(1) T &5
(2) T ZiH%t.

(3) T =& trR .
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2. W dimV =dimW = n. H4EEAR, dimker T + dimim T = n.
T 24 < dimkerT =0 < dimim7T =n < imT = W(HK imT CW H dimW =
n) & T 25T O

e 4.17. 3 F A e M, (R)(F %), VAT &5
(1) A Tif,

(2) Az =0 RAEME (77 ker A = {0}).

(3) Az =b 3£ E b R™ AR (77 im A =R").
(4) rank A = n.

iER. (1)=(2): #F AF#H Az =0, lll £ = A7'0 = 0. (2)<(3) ZHEIR4. 161 HEFERAS.
(2)=(4): ker A = {0} 24 HALY null(A) =0, B rank A = n. (2)=(1): & Az =0 HEZE
it W Ta JERUST 5IHRA.9 T 2ebtk, s sia. 50 Ty = T, Il AB = BA=1,,. O

FATTVAZE — [ 2 BN — N 1 SR 5 Ay
R 418 (E—FHER). E T:V - W & R-ZMekdt, M T 5% 7 —A R-ZHERFH
T:V/kerT —5imT, wv+kerT — To.

JER. B PE: #5 vi - ker T = vy +ker T, M| vy — vy € ker T, MM Twy = Ty, FI T A
MO T AR AR TCRY R R

GMEVE: T((01+ker T)+ (v2+ker T)) = T((v1+v2) +ker T) = T(v1+vz) = Tv1 + T =
T(v; +ker T) + T(vy + ker T). %A,

Yl #5 T(v+ker T) = Tv =0, M v € ker T, Bl v+ ker T = ker T(F 25 I ).

Wi SRR w eim T, f51E v € V {§i1% Tv = w, Mifii T(v+kerT) = w. m

T 4.23. 55— [ BT DA VEGERUA TN “ G5 4E0 s s AT dim V / ker T =
dimim T, 17 55— [F A @ B — 220l V/ ker T 5 im T AAU4ELOH [R], T HAE R 2 23]
e[RRI, XA AR 2 S RO T 3 i ).

RN AHVFZ I, FRATFFR AR AL UL SR UERH Lagrange $f B HAAAAEME
I — .
L 4.19 (Lagrange #{H). 42 n+ 1 MNEZRME 89 EH 2o, .., xp ABREZ n+1 A%
ZX%; Yo, -+ Yn, Iﬂ\‘] @Euﬁﬁéﬁ’k&l—i <n é’]% I)ﬁ\i\ f(x) 1%4%'— f(.’I}Z) = Y;, 1= 0, 1, o, n.
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IEA. I8 RGBT (“YE4E mALRIE”)

T: Rlz]<, — R**!

(o)

Fio f(331)

f(zn)
#r fekerT, W f 22U < n MZIX HA n+1 MARRINELR 2o, .., 2, XHATEE f =0
A ker T = {0}. HAEHAF, dimim T = dimR[z]<, —dimkerT = (n+1)—-0=n+1=
dim R M T @55 (i fEie4.16, Tt F). XEWEXER (Yo, ... yn)" € R™H,
FAAEME—HY f € Rlzl<, BfF Tf = (yo,.--,yn)"- O

4.5  ZePEWUH 12 AR 42 ]

b ST AR RN, AR A ST — M E B TR R R S
E-RBmRTEMSRERMTNE, AT UL S 2SR A B 2 SR, AR
HT 2RSS 5 S 0 T 2 TR L. X SR R AR SR SR AN 125 A S5 0 F A BEE P

B VW R IRYE R-ZGIEZSN], TV — W2, |\t Vi cV, Wi C W 271
23, H T8 Vi B W, B (Vi) € Wh.
ey

s 4.20 (R E=AFR). B T:V - W m&budt, VicV, Wy c W iBZ T(Vy) C
Wi, IV, 89— e,...,e, AT AV 89K er,...,e0,6001,...,6,; I W, 89—20
fxfg fla"'>fs ff_;b’}f:%] w él}f& fla"'7fs7fs+la"'>fm- )l—l‘l] T ﬁﬁﬁﬁé’ﬂg—l“éﬁ%ﬁ%-ﬁ-ﬁh\ik

F=AaHX:
7] = <A11 A12> 7
0 Ay
K A€ Moy, (R) ARG Ty Vi - Wy 2R e, ..,e Fo fi,..., fs TH9FETE.

. T 1<j<r e eV FIEKMHT(Vi) C Wy Fl T(e;) € Wy, HIL T(e;) FIPAFR
HWy B fi, . fe IIERMEALE, B T(ej) T8 forrs -, fn T ERARFR 2N, X IE
VIR 2 N M (RIS s + 1 AT73128 m A7, 56 1 20B1%E r SIERIE) AR T An
WA Tler), ..., T(e,) T fi, ..., fs TR, IXIERZ Ty, HIAERE. O

Bl 4.24. % T: R> — R3 l4H[E

b

I
o O =
O B~ N
S Ot W
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i (BF T'(v) = Av). BUyzsa) Vi = Wy = span{es, e p(WRfER I RTPIAN1HE). T

1 2
T(@l) == 0 € Wl, T(@g) == 4 € Wl,
0 0

FMET(Vi) C Wy JROL. FEARTERE €1, e2,e5 TN, A A RIRAA D HL E =55

A A 1 2 3
A= H 2 ) A11 = ) A12 = P A22 = (6)
0 Ay 0 4 5

Hdr Ay 2 PR il e g T|V11 Vi — Wi TEEE eq,eo FHYHERE, T Ao = (6) IR CFRATRHE T
THI P i A P i R

s 4.21 (FASE ERFESR). & TV - W g &Mekdt, Vi CV, Wy C W i#H L
T(Vi) C Wi, N efest

v+ Vi Tw)+ W,
R AR SR R AT, AR T AR 2 LayBRMUH (induced map).

ERA. RN o+ Vi =0 +V, Blo—o € Vi, W T(v—0") = T(v)-T (') € T(Vy) C Wy,
MM T'(v) + Wy =T (') + Wy.

et T((v1 + Vi) + (v2 + V1)) = T((01 + v2) + Vi) = T(v1 +v2) + Wy = (T(v1) +
W) + (T(v2) + Wh) = T(vy + Vi) + T(v2 4+ V). BRMIIESLL. O

it 4.22 (iF PRSI FR). £ 42005305 F, isFukst T: V/Vi — W/W, &
ﬁ'f/{]éjéﬁg ET-‘rl) s ’En(_};‘:’? éj = €j + ‘/1) ﬁg ?s-ﬁ-l? te 7?m(‘:£l\;qj 71(7 = fk? + Wl) —Féﬁ#épi
TR L = A4EE PO E T A A

BT >

T(e;) =Y aifi+ Y, arifr,
i=1 k=s+1
WHERT=S | W/ W o, T fr,. fe €W BB TR, F
T(é]) = T(ej) + Wl = Z A5 7k‘
k=s+1
P T 76 FIREE NI HE R A R AL ans (K > 5,5 > ) 4, XIER Ag. O
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Bl 4.25. FATH KPS REUR FidAg5H. & V = Rlz]<s(R%k < 3 2 UI), HEKR
Wit T:V = V, f(z) = f'(z). BUFEEE Vi = Rlz]<; = span{l, 2} (KEL < 1 2 IRX).
X < 1 M2 0E0CR SRR (RE <0 <1 W2miX), AT T(V) C V.

P VI Bk er = Lea =, PRNV B 61 = 1ep = w63 = 2%, ¢4 = 2°. [T
Wy =V, W

_ A].l A12
0 Ay’
0 1 0 0 0 3
All = ) A12 - ) A22 = .
0 0 2 0 0 0

X Ay IERBRBIML Ty, HREC < 1 2 mizRkS) a4 1,z FaysiRE.
W2SE V/Vi Phes =2 + Vi, &g = 2% + Vi ik, HOuE W DAFEME N “ G 22, 2% &
B (ZWARRIN, 20061 3.57). FSB T: V/Vi — V/Vi FfERR:

=
I
o o o o
c o o
o o v o
o w o o

T*+WV) =20+ =V, (%), T(z* +V1) = 32> + V1.

0 3

HAEFEIEA 2 Ao = (
0 0

>, Bk TS 4.22.

1 4.26. 4kZ: FIRRGT, fERSET T(2? + V1) = Vi(E), W NT T(z?) =22 € V;
X—F WF 2, BAR o ARG RTE ker T, (HAE “Bidi Vi 257 EHE] 7. XA
SR F T (A RES R T A A AR, —t, A

kerT ={v+ Vi |T(v) e Wi} =T'(W)/Vi,  imT = (T(V) + W1) /W,
JE SRR IEANAE T3 [ RIS AL 23 i A28 56 .

THEAM AR E R (EH 4.18) UEMAERERAIRARERY,  EIE i 2 R HUE A
) 2, AT 4R A A fe R K

TP 4.23 (HRAGFRIERL). 3% V,W 2 A% R-Z0m, dimV = n, dimW =m, T: V —
W R & Mekdt, rankT =r. WALV pg—20 i Fe W pg—20 5, 1£/3 T AXHEE TH

45 1% A
I, 0
Mipn (R).
(5 o) ot
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9. MAHAR GEFE 415), dimkerT = n— r. U ker T 25 V fifi— N ELRRNIN U,
BV =Uo®kerT, ) dimU =r.

FANE T BRHAE U L&t T U 3 im T W[k, — 4T, BAERg 7: V = V/ker T
BRHFE U B 7y U = V/kee T(HR V = U @ ker T). J3—J7 1, & [n# @ #H
LRI TV /ker T = im T. 5 —# ARG

Tly=Tox|ly: U = imT.

Ty ZFM, wi,...,w. W i T B—HE. FER kee T B—HEE vi,... 00, T
Wiy, Wy *}Lﬁﬂ‘j W E],(Jgéﬁ% Wiyeo oy Wry, Wr1ye0 0y W ﬁ*‘gﬁ

(1) V E@% UpyeoeyUpyViyen ;Un—r(f'ﬁﬁlf*l‘élmﬂ/ﬂ%, ﬁ:ﬁﬁzﬂ/ﬂ%)
(2) WL wi, oo we, Wy - wi (SEHFBES RIS, F1975E).
TEXPIAEEET, T #IFE A

Tw)=w; i=1,...,7), Twj))=0G=1,...,n—r).

ﬂmTMﬁmﬁ<gg) O

W 4.27. E LRETS  RVEBUE T 40 T4 e AL A — Bt XtFi=1,...,r,
span{u;} C V [AHHbILE] span{w;} C W, X ARFERT AL LAY 15 1 span{v;} C ker T %
WA, XA T8

MR A EER , IR HER I MOE : SR A € My (R), FEAER]HERE P € M, (R)

Ir 0 N > S — M = |
il Q € M,(R) ffifF PAQ = (0 0), XH r = rank A. X 5% P AR IC S —

e WL U, PO AR (Wi el i hk:) FRsE AV ht.
Bl 4.28. &% T: R® = R? @ SH T(x1, 20, 23)" = (21 4 o, 21 — z2)”. FRAVIE IR EH 4.231)
ERF A B A 3 (A A R A i B A .
B REARE. T(z1,20,23)" =0 Bl 21 + 29 =0, 21 — 23 = 0, i1 21 = 20 = 0,
3 1. I ker T = span{(0,0,1)7}, dimkerT =1, r =rankT =3 — 1 = 2.
S5k BUBEbAS]. B U = span{(1,0,0)T, (0,1,0)T}, W R® = U @ ker T
B WM. 4w = (1,0,0)7, up = (0,1,0)", vy = (0,0, 1), W] uy, ug, v
& R pg—4i3t. 315EG:

w, = T(Ul) = (1, 1)T, Wy = T(Ug) = (1, —1)T
T r=2=dimR? w,w, CEMM R B—4E (LHY 7).

121



BEE: 75 R® M wr,ug, 01 Al R? 18R wi,we N, T HREE N

()=o)

T2 2 WA bR

4.6 3]
4.6.1 %5335
2 4.1 (BOZW). E SCRMENL T: R — R? 2h
T(x,y,2) = (x,y,0).
L3R T HsERG.
2. K kerT 5 imT B)—4HE.
3. iR BREAR.
4. MJUAT BRI M WUFHE = 4E 23 (8] “H” 2 7HPHL.
2 4.2 (SRR, % T R® — R? fEARMEE R IR
A= (2 1) |
1 2
4 B = (by,ba), Hh by = (1, D)7, by = (1, -1)7.
L3R T'(by) #1 T'(b2).
2. 45 T(b1), T(be) i B HHIARNE.
3. Gih T 75 B THIFORHRE, HUHE AL A TR,

I8 4.3, FIEANMEWU T R® — R? ({5 (21, 22,23)" = (21 + 220,20 — 20)". WH T %
TPAT R BYEE {an, a0, a3} PASZ R? YR {8y, Bo} XoF BZ ARG

1. ap; = (17070)T7a2 = (07 170)T7a3 = (0707 1)T751 = (170)T752 = (07 l)T
2. = (]-7 17 1)Taa2 = (07 ]-7 1)Taa3 = (0707 1)T“81 == (]-7 1>T752 == (170)T

3. ap; = (17273)T7a2 = (07 17 _1)T7a3 = (_17 _273)T751 = (172)T7/82 = (27 I)T

38 4.4. 5 B =

1 2
1 c M2><2(R)
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LR B i A5G W = {A € Myxo(R)[AB = BA} 2 R-ZfE=3 0]
Mayo(R) HYF251H].

2. B W ny—4 A
218 4.5. X A € M, (R), IER] A- AT {5251 A (50 ZS A TR. (327K )8 T AAT
R RSO M)
218 4.6. & V 2N AB—BA R I M, (C) T2, JEM V = {A | tr(A) = 0}.
(3P 2 SC 5 FEAR R I L > f12.12)

8 4.7 B A= - HIEANEBRYT f: Ma(R) — Ms(R) X B € M3(R) A

S ==
S =
w = O

f(B)=A-B.
L3R AW (17) EEBLL.
2. 3K Ker(f) 1Eh R-Zetkas [m] 215
3. 3K Im(f) 1B R-ZeMEZs[a) i —dl A .

> 4.8, Rix V 2 R-ZMEaSH Rlz], ZEWALMEMS T, To: V =V, i1 To(f) = f
M To(f) =af UWE Ty o Ty — Ty o Ty = L Z5& /82,1255 (2) UL FEA FRYELPE 25 )
I ATAAEW AR B A L X

I8 4.9, i | R Y B RS E L, H SRR 6. 32 T HRA U AXTRR
MR, SREMEA e T FEFRUERE FROMERE. R — 4 4e i b RS B U S5k
IR o, 38 T CRRA U SRR S R AR i S R E R R R, IR T o TV
ST BRI R IR AT e

8 4.10. K T, 2 R = {(z1,20,23)7 | 7, € R} LIERMAE, & CNSE o Wle e
T OWE N EAARAER MR N R RE I UER] Ty o Ts 18K el A8 e

D8 411, JERHE RO IR R SE RO TR IO R Zetkasial, HA R B: 1,1
W ENREE v+ vvV—1, EXL T: C—C HT(z) = (u+vy—1)z. IEH T & C L
R &M SH T R B R,

28 412, FR4EER T, #E184.16 8 Ui PH A8 e i) B AR . 55 vl S . DERH G
FRAENETE R85 AN PO T

62:{(1’1,1’2,...) Z|$l|2<00}
i=1

Eoy Rk A “ERGHERIESS” FI—A> “WBHEARERY” RAMERE T
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2 4.13. X P, WRTARETC v WHUNTEEET n (5 R 8 T i ek =3 1)
JESL Py BRSNS T2 Py — Py 2y T(f) = '+ f W XA e Ao 4 v, JF 5T

28 4.14. Rk A, B #2 n BrscmifE, H A i, B = 0. UEBHDA N BLSS F 2 R0
F: M,(R) — M,(R)
X — AX + XB.

S 4.15. [ VR M, (R) SRR T80, W R R AT FRAEFE LR 725 ).
WV @ W = M, (R).

2l 4.16. B V2SR AR SSAE pR B A e s ], Heh s a) W g dx iR A e
WA NS0, Wo S AR e B B S Ta). Il V = W @ Wa.

I 4.7, R T R MEE VBRI R 77 =1 B V = ker(T - 1) @
ker(T'+1). jXHL T J2 fHAEAEHe. ARBE XS R MR B R 25180 ?

I 4.18. ik T R&ME=R V ERAMAREME T° =T, It V =ker T @ imT.

21 4.19. PAUMEIREAE SRR AR, X720 W C V, @& LARYEEL codim(W) =
dimV —dimW. 1%
Vo v B Iy

e R PERLGT, UED

Z dim ker T; — Z codimImT; = dim Vy — dim V,,.

=1 =1
28 4.20. BRI T R? — R? 275 AERIEWL.

T(x,y) = (z +y,2x —y), S(x,y) = (x + 1,y).
3 4.21. % T:R2 — RS 2

T(x,y) = (v +y,v —y,2y).

. (1 2 o) .
01 1
A E A B R® 3] R? (L rEmst. sREmZ 5% 2304,
8 4.23. % T : R? — R? il E1iess 90° pgerkm . 5 T a9sErE, 158 T(2, 1),

Gl T bR R T AR

38 4.22. %
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SIS 4.24. %
() )
SRR AB 5 BA, FHERFENTRERME AW A A .
SI 4.25. % T R — R® 2
T(2,y,2) = (z + 4,y + 2,0).
K dimker T, dimim T, FHAER-FHE AR,
28 4.26. ¥ T : R* — R® fEARUESRE TG R
A (3 1) |

2 2

H A B ={(1,1),(1,-2)}, K T #e4 B FHHIE,

4.6.2 BHui

2 4.27. & G = (V. E) g MAME, HHEMS s, t: E =V, K s(e), t(e) 53R H
i e BB AR . 30 R{V'} SHIBAN 37, o @0 - v (2, € R) MIZERAHM U etk 25 18); 26
iy R{E}.
TE SRS
d: R{E} — R{V}

e t(e) — s(e),

AB2, dimker d, codimim d 25 H 7 A w446 E? 22 0 HF 67115 dim ker d.

I8 4.28 (RS TR HREE). &V 2EEE C Ery n gEmEsE, AV -V
M B:V =V 2WAN %A, &M

AB = BA, A REEET, A+ B W[,

W B R e Al AR Y AR, WHIER SRR, AR,
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218 4.29 (7 R AL ) B AEED). & G J2 GL,.(C) AR THE. & A EEE
V={veC"|gv=uv, Vg€ G}.

ER .
dimV = @l Z tr(g).

geG
BT BIRAMERT P = & Y, o0, JHEW P RE V _FRORIBET. GEILSIE212; #
52 ANl 0L > R 4.18)

28 4.30 (FHEARFEE M), B G &2 GL,(C) W— AR T, BEHMEE Ac G, %
A# L, W tr(A) =0, &X

T=> A W={zeC'|Av==z VAcG}.

AeG
L
L T2 = |GIT, H im(T)=W.
2. FU EFER |G | n.

8 4.31 (). MEREE A, B € M, (C), &3 [A,B] = AB—BA, #n=2. %}
LR 2 t1(C) =01 C € My(C), BE—EAAE XY € Mo(C) T [X,Y] = C?7 UEMIR
Mghie. (Fom: b FIRaE A M O X AT e (B o Cv 5 v AdEL))

2 4.32 (FEFEZS[H] BRI ). & V@ T SR S Stk s m), A AT, H
tr A # 0. HELMEAH
T(X) = AX + XA.

Filr: TR B eV, BERAEME—HN X 5 T(X) = B? WHiEiEg b el (52
/N UERH kerT = {0}. #7 0 # X € kerT, W X nJifinf rank X = 1. 7 X nJ3h, N
A= -XAX"", HtrA#0 PG # rank X =1, X X FPUE UM AETAREIHEI—H
BJg, Wik X =(50) X =(00) 2 A=(20), 1 AX + XA =0 7p5HfEH A AR
B trA=0, HEERTE.)

2 4.33 (REZMEMDE). B A€ Mp(R). WA TSI FEH:
1. rank(A?) = rank(A);
2. im(A) Nker(A) = {0}.

FEHIEW], iR A JR B AE, WA

R"™ =im(A) & ker(A).
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28 4.34 GEFEMPBIGE L EAY). ) A, B € M,(R). kM
rank(A + B) = rank(A) + rank(B)

MR
im(A4) Nim(B) = {0}, im(A”) Nnim(BT) = {0}.

28 4.35. % A, B & R Y m x n Hif4, rank(A) = r,rank(B) = s, 3f H. rank(A 4+ B) =
r+ s WEH: AR m Bl RE P S o Bl Q S

PAQ =

OO%N
o o O

0
01, PBQ =
0

o o O
o o O

0
Os
21l 4.36 (SXHIMERIBRASENX). B A, B ¥ n Hrociil, H AB = BA. ibH:
rank(A + B) < rank(A) + rank(B) — rank(AB).
218 4.37 (Frobenius B HPEEAM). &
A€ Mpyxn(R), B € M,y,(R), C € My q(R).

L

rank(ABC') > rank(AB) + rank(BC') — rank(B).

2. IR HAY
im(BC') Nker(A) = im(B) Nker(A).

28 4.38 (FBIRIEEZRMF). ] A € Myn(R), B € Myyy(R). UEH]:

1.
rank(AB) =rank(B) <= ker(4)Nim(B) = {0}.
rank(AB) =rank(A) <= im(B)+ ker(4) =R".
3. H5E Sylvester A&
rank(AB) > rank(A) + rank(B) — n

WEE R FE RS
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218 4.39 (W4~ =AHMUANSTERIMECE). & V A R4ESEL M2 .
Loig Vi, Vo F VY, Ve 2 VO sasia], I H
dimV; =dimV/ (i=1,2),  dim(ViNVs) = dim(V{ N V}).
W FEE V. EMEERE T, ffif5S
TWi) =V, T(Vz)=1V,

2.3 Vi, Vo, Vs T VYL VR, Vs 3 Vsl RN RE T4 1 C {1,2,3} AR
dim Vi) =dim V!, dim Vi) =dim v!).
(o) =dim(Zv0). am(Ov) = aim()17)
WERA: A7AE V _ERSERN T, flifS
TWV) =V,  (i=123).

PR EI=EAR VinVen Vs 13, IR SR =AML =4V X Vi+Va+ Vs,
MM B A — e FEAN—dE B, T4 Vi 5RO @ A — 4k s At
BN HAETar2a T Z4iniE R B AT MR iy =41 280 405k
span{e},span{ f},span{e + f}. FRUEBLIGECH
dim((Vi 4 Vo) N V3) — dim(V; N V3) — dim(Va N V3) + dim(Vy N Vo N V3);
Hrp
dim((V; + Vo) NV3) = dim(V; + V) + dim V3 — dim(V; + Va + V3),
Jr A AN B A R e . SRR Vi 4 Ve + Vs B9RNS EME R R, BT (R
.
3. YIS (2) MMZRXUAFEEARRL. Hikd, 75V =R> 4
:(170) s 62:(071) )

FHHL

Vi =V = span{e.}, Vo =V = span{es},

V3 = V3 = span{e; + es},

V, = span{e; + 2es}, V] = span{e; + 3ea}.
Bk XIS T T C {1,2,3, 4}, FHRAHIAS (] 5 A8 28 A 70 2 A A [R]
WG HRATAE V _EIEYERM T (R 2

T(V) =V, (i=1,2,3,4).

MU, XMERE b > 4, QURBEFTA A2 055225 W 4R A R ABVE b A>T
FIRHCE . X k>4, FEMHRCEFSIR b — 4 AR E 2723 8] BT330S0 .
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5 fralk

TELPEZSIA] . BN i A b, ARSIALTI AL TV - V i
AP 2V =R W, XA T HIBERE A SRR BRERFIE rank A = n Sh, 175150
RZ I det A # 0. UM E, det A LR P AR ik £ 2.

AREATIM 2 x 2 R 3 x 3 A T AFUR U B A, PRI L B [A] 9
RPN Ry 52 b 2o B AP R R 23 B IR R IR R RO 2 e S Al e — 4, 3k
ERREI— n Brrsl (e L Z G LR TRk 54T (1) T, 1728 #t
Pe=, PARAERER IG5 e i R ).

TEFIR L, R A2 B RS B T4 2 < 2 478100 fEm e, 17510k
I At A AT ) PRRR I ] RF 4 1 w3

73— J7 i, A2 B AP A IR 05, RO EIRIE R E M S il . SR 2 fRes
AR, AU A TR, HiifrslRh 1. 2080 Hil Jacobian IE g iX—f8
A R A, e A MAFROCHE R &Ml (L SR T 2 /1.

5.1 i SLHHEATE
MM 2 x 2 FERFI TSI A AL EO0E. PIZAEE2. 7o, A1

-1
a b B 1 d -b
c d S ad—bc\—¢c aq

PRI 2 > 2 FERERT 2 HALY ad — be # 0. 5EFR b, ad — be A HMIHILATE L. Z1E R?
Higl v = () Fl w = (§) BREHATINAE. mglsEFrLT (FINE) TRASRIE, 3%
AFATIEAAT IM BUE 4F55 T ad — be: 24 v B w BYERE R iimt B 07 1 A IE, I
PRI ] 1

/w ////// ,
# = ad — b¢

v

TE=Aezs A, [RARRY ARG il = AR v, 02, v SREGFAT/STHA AT T A B
AR = A EAE N 3 x 3 HFEMS, AT AR AN TALS: = HUES . = IR
XIS SSRGS T =B 81 U A 5K
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FNTRFEE SCRATH X, WO A ) T AR [ R AR R 4EHET ™ n By EER A7 515K
ST n G RK BT R A AR

N TR E SCATE A FANTREA T AT R A% O R i —— R TR AT &
PEVEDA B A AL e MR AP E . RN A E SOMME B RAEL =S
] Vg5 i, mART R™.

X 5.1, %V & n g R-ZEZSE. VI n IR H 2 Pk % (alternating multilinear
function) & pR AR
f:Vx---xV->R
A~
AR 4514
(1) (BHELENE) XA o, BEHREITTRE, f XT5H « Mo R, B

for, . cvi+ v o) =cf (V1,00 0n) H (U1, U 0.
(2) (%) AL B2 TT, BREEAE S
for, o050, 0) = —f(V1, 00,0, 0, Uy, U).

FIA VB n A2 AN BB ROINTE AR M A R-Zet 25 10], 2o ALE™ (V).

I 5.1, HEA IR B IR v =v;(0 # ), W f(or,... vn) = 0. 5L, ST
i M G TR REUEA S, (AT, NG f = —f, B f = 0. Bk, W v, .00,
LA, W f o1, o) = OUNZ EAMRFRA v I W HAR R R LML A, AP
SIS ).

N E B LA AS[E] ALY (V) 2 —4ER.
5.1, 2 V & n g R-&2N, N dimg AIt"(V) = 1.

IERA. XPAEEL n #EATIHR.

n =1 W F4EE S, AlL (V) BIRATER V — R MR B R 23 8], BI%HE 231
VY. By dimV =1 %0 dim Alt" (V) = dim VY = 1, £518 87

HALLER. & n > 2, FHRBESMEAT (n — 1) 4ERY 2tk S 458 T

G n QR V, AEREER R v € V, HHIEREE W =V /spang{v}. HRE=
[ 4E$Ch dim V — dimspang {v}, it dim W =n — 1. XMER = € V, A PRFEHAE R 235 8]
HIZEMZRICHE [2] := x + spang{v}.

E S

: AL (V) — A" H(W)
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WR: MTAEE f € Al (V), TATELETE W _ERIBRE O(f) WERH—AIUHI v J5135]
AR BE—Brr e Ee BIXHMERE n — 1 MUERIC 20,20 €V, EX

O(f)([x2], .-, [xn]) == flu, 20, .., 20).

WG, © it RAFE SOMZeEM . FATTHEEAE ©(f) BEBEA I TERIT 20 Bl X
THA @, WARF IR [ — 2N I8 —UERIT 2 + co, hZ LR

flo,..;xi+cv,. oo mn) = flo,.oo miy oo xn) Hef (0,0 0,000 x).

BT EENSEP A o0 T4 1 AEITCRIRSE o WIACE), B f IASETE (35.1)
FIHEAE R 0. SOMARZ TR RO S BREUE. AN, ARG HIE ©(f) 40K T f 2 HL
PERIZZ RV, TITSEA ®(f) € Al"™ (W); @ H SAILIENE B A,

ik, @ G, &% f € ker®, BRI o,...,2, € V EH f(v,20,...,2,) = 0.
FAVEUERT f = 0.

EERE V R M) = 1 IW&MERE A e VY. IV 9] 53§k V = spang{v} & U,
Hrp U =ker A @A~ (n — 1) 472500, SMEE—HAIC v, ..., yn €V, AT
My = v+ ug, Hd w; € U RFEAMUA f(yr, - -5 yn) FRIT, RIGZELIEATAGE] 27
TR, e M {civ, ui} P&IE—NETTK f.

o HTEX n AMEEFEH R AT v T BRI co, WIRTRTSEEER S v
WIR—A2 eI — 2. T f(v,...) =0, ILERN 0.

o AR n DA U i E (B f(u, .. un)), BT BT w BB T (n—1)
% U, IRISAERGX n A m R . FRRFIIEES. 1, f LI {EIRA 0.

LR LIRS TR v, oy, B f(y1s . y0) =0, Bl f =0, @ RISZ .
e, © RS FRATE N @ MG BTEI AR RARIA L Mv) =1 8
PEREL A e VY. EX
U A" (W) — Alt™(V)

W AT g € Al"TH(W) RATE IR 21, 20 €V,

n
—

U(g)(x1,...,x,) = Z(—l)iilx\(xi) g([za], oo [xs], - [za]),

i=1

o~

Horp 2] FORFFHM B TP M. TPARRE U(g) RZEAMR, HARM LA T
Ty, = T, KA PA AT REIETMMEG S & T558 &+ 1 0. BT &g g 2 or
FUSEAAAE, MTHTIHA £ (2) R8BI, ENTRASEHRIEA 0, #oi ¥(g) £&
B AT
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AT W(g) FOA @ B, I U(g) (v, 22, ..y 2n). T [0] = [0, ARLLAZTO?
FI AL [v] AT 2 LA 0. FERFIE n IﬁEP ME— T@’é[ 1] = ol A
i =1 f—Ti. S

(U (9))([@a], - .-, [wn]) = U(g) (v, @2, .., @n) = (—1)°A(0) g([@2], .-, [wn]) = g([w2], - . [20])-

XERE © oW = Tan—1w), HIL @ B2 4T.
P @ R XU, TR ek it 2 a] [ 4. gE il

dim Alt™ (V) = dim Alt"™ ' (W).
MM EEE, (n — 1) ZERg2sE dim AL (W) = 1, dydfiefd dim Al (V) = 1. 0
i 5.2 FRERER]: BUER)S, M2 EA kBl emix 4l i EME—TE.
A dim Alt™ (R™) = 1, FATATDAH R E LA75)K.
e 5.2. R ERIFTHIA (determinant)ig ALL™(R™) HufE— L IH— LA
flen, .. en) =1
AHE Z AR AT A€ Mu(R), ic A = (v1,...,v), WA 575 5E SCH
det A = |A] := f(v1,...,v).

5.3, FrAI KA ME—PE B3t @ BES. AR IE: A dim A" (R™) = 1, BUEEIEEIC
% g € AL"(R"Y), W g(er,...,e,) # O(FHNXTFTAE g =0, 5 g # 0 FJH), MIifi
f=g/gler,... . e,) EME—EIH—LRITCE.

1 5.4 FINZ EAMERAHE, K45 FEERER v = 307 ajie; RIT, WAMEHES
Ao X B R 2 5

det A = Z sgn(o) ﬁaa(i),iy
=1

oSy
Hrpr S, 72 n JUEHRF, sgn(o) B o WS (+1 80 —1). WAXGRAENTT7) X B
FesE ).
Fhse: HEDI LS55

AR EHCRAN AR B T HSINATS sgn(o), FATAEBLZ HH A% E L.
Bo=(0(1),0(2),...,0(n) BEE {1,2,....n} K—THZ, Bl o BIZEGEIH SN
— XU FATROHES FPICRRY M IRALRRE”, 3Bk Bk .
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X 5.3 (W 5. WTHS o, FAAE—XHER (4,7) ¥ 2
1<i<j<n H o(i)>oa(j),
WFE (o (), 0(4)) FB— i) (inversion). HEF o BB PEOE OSSR, 12/
(o) =#{(,j) [1<i<j<n, o(i) >0o(j)}

Wﬂﬁﬂ, ﬂlzﬁlj (3) 1747 2) EPE/‘J:@?.J—%X‘T?‘] (37 1)7 (372)7 (472)7 ﬁ& T=3
WP RS T HEAIARS T H AT (1,2,...,n) B9 “MERERE”. Fenidh, (HSFHES)
(1,2,....n) BEEFHECH 0, MsEa RS (n,n — 1, 1) I FHeRBIR R 2,

3L 5.4 (HPIAHETE S175). & (o) N, WFRHES o MRHES: & ek, WK
JuwrtEsl . HESUHIRE S (sign) &

sgn(o) = (—1)7),
TEATH A BRI A, TS th X HE ) A M e -

LB 5.2 (WHGRIAS ). AHEFHES) o, FATEAET— kR (BP AL E Eag T
%, EATT), F2#FHEL o, N

(o) =7(c)+1 (mod 2),
P Af 42 % A& PR S 09 318
TERR. RIS @ IS j AMOLE, P <. X RHR T PAS R
i+ D)i+1i42)G-1)G—25—1)-(ii+1),

BT 207 —4) — 1 AR, @A let. Blansciss 2 F12 5 M EHRE 5
AR T AR UCRH SRS A e (e B 1, PR A R ORI S A a0 e B 4 18
O

7

B 5.3. EEHF T B EHED) B A RA AT 135, BATE Tk 3y 18— T
PP%F 7(0) mod 2. Bk sgn(o) & R4Fe Lay.

il 5.5. 24 n=1H}, det(a) =a. 24 n =2 H},

a b
det = ad — bc,

X IE SR AT SR MU B SE 52 B A ) TR AR 24 5K
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Bl 5.6 (—FrA7RIT5E). BN

3 1
det =3-5—-1-2=13.
2 5

EFoRdEE (3,2)7 F(1,5)7 SRIEHPAT IR R A A, S g,

1 3
det =1-2-3-5=-13,
5 2

TR/ INANAS  AHSE W SO R T
Bl 5.7. 24 n =3 B, FIHEHRKMAK (Ss H 6 PIoE) Wi
a11 a1z aig

det Q21 Qg2 Qo3 | = G11G22033 1+ A12023031 + Q13021032 — G13022031 — G12021033 — 11023032

a31 az2 Aas3
i 5.8. Lk 3 x 3 477 UAX AN Sarrus FEMC ALEM): =4 “FXAL I
FAPUES, =45 “BIXF Ly m” RIS, FEHERERE, XMNEMMRA n <3 5K
M, R > 4 B A ] HAR .
Bl 5.9 (ZFrtra i), M B AR,

det =1-3-14+2-1-240:-0-0

N O =
S W N
— = O

~0-3-2-2-0-1—-1-1-0
=7.

#:>] 5.10. E T HF15:

2 0 1
4 -1
det( ), det |1 1 0
2 3
0 3 1
Bl 5.11. X T =R, HAT 00050k
(E1) det E[ij] = —1.

(E2) det Eli,c] = c.

(E3) det Eij,c] = 1.

SIHLSE 2.6
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RS, XETHE A DARBISFHERE B, A |AE| = |A||B] (G RePIAFH AT T2 484, hZ
LS SR R L)

s 5.4. 479 XA 4= F AR
(1) 4R A a9 —31 A%, N Al =0.
(2) |A] #0 %HIL% rank A = n.
(3) [I.|=1.
(4) |[AB| = |A]|B|.
(5) |A7H = A7, |[PAP!| = |A].
(6) 14] = |AT].

(7) 1Bk A 23 b= AJETE, 3B A B BIEEAR Ay, .. A, WAl = [A]. .. |A,].
B, B AR L= AEE, FAMAZRAEAR an,... a0, W A =ar...a,.

e, (1). |ATFIAZELd: ( X5.1(1)) BT,

(2). & A WFAER v, ... v, fr rank A < n, W vy, .0 v, A, S 1R
|A] = 0. Jidsk, # rank A = n, W vy, ... v, 2—4E. BT AL"(R") @420, H—
G HAT AN RAEATAT— 205 ERBUERCRNRE R 0, MW EFEIZE BRI ITA n B A _F#H
0, 5 det(eq,...,e,) =1 FJF. HIL |A] #0.

(3). AT B 55 (0 5.2) BT,

(4). [ A, EX

g(x1,...,x,) = det(Azq,. .., Azy,).

g i R ERYAcss 2 mArEmEL. B dim A" (R™) = 1 7
g(x1,...,xy) =gler, ... en)det(xy, ..., z,) = |Aldet(zq, ..., 2,).

W, oo K B RGBT, BIf3 [AB| = |A||B].
(5). 1 AATN =1, Fil (4) WG [A|IATY = 1 MBS

|PAP™!| = |P||A||P~Y| = |A]

FLHEfE.
(6). HhEHRM A,

|AT| = Z sgn(o) Hai,a(i)-
i=1

ocES,

135



A 7 =01 N sgn(r) =sgn(o), H XK

> sen(r) [ arys = 141
j=1

TESK

(7). RFEXPIAR A BEIER, 247> e Hanis2]. &

. (B C) |
0 D
Hrp Bl rxr HilE, D s x s JibE. FEEBKAAK L aow), 1, @ FRFIFEVRT o (i)
FoNATHRRR. A < WE o(d) > v, WX TR T AT E, %k 0. FiIEZEm

HAER BRI REFRT » NEEARUG s MEREGRESR, B2 5% B 1 D #1751
WAl = [B||D]. Ry, E=MERIA X AR 1 x 1 . 0
i 5.12 (FrolXH U ). A9 [ det Al 55T A 8 n DIVEE 01, ... 00 1E
R™ H5RAY-FAT1R (parallelepiped) () n ZE(RRR, 1] det A IYFFS IR T (v, ..., vy) RN
ThRHERE (er,...,en) BYREI (orientation): IESFIRIF R, MSFRH. #F52, LB
St T RGN | det T A, HFH24 det T < O I E ).

g
]

U1

L 5.5, LiE R-EMEASA V PAK R-ZPEBT T2V — V, U T 19475 (determinant)
Sy det A, Hodr A 2 T FEAT 3 —4LE T (AR,

1 5.13. MBS 0 R4 Y, PR ] — S SR EAS [R5 AR R 2 1) 2
HRBAE, AR A5 A rh ) (5) IR (Bh i R R AR [ R 1781 2K
Fh3E: BRAR - S 2l i

FRATSIE, FATRT AL HAEFERR 75— RS E L A A € Moyyn(R) HALHL £ 17
kB, EASCAFR—A b x b THF; EDTHRENFTECE A —4 & Br X
(minor). [EMZHIEE A € My (R) BB rank(A) A T 8 i 5 AT 9B 3L o0 H0ok
SE . BUERI AT 00 TR, JATA 40 S5 4 %] -

M8 5.5. 4E/% A€ M,,.,(R) 8% rank(A) FFHIERTF XRS5, 7,
rank(A) = max{k | A H&k N FXRAE}

& A =0, N rank(A) = 0.
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IEM. ) rank(A) = r. SEIEMIEAE r BrARE T SRy v, AR A SSRGS
AAMETC KA, AU m < r JiFE B. W B (5N v, R E T2 4e8et T2 nlHE
B AT R EUE v AT RAT. XEATRIRSERE I 8 SIS R A oo TR, HAT
(HF) LettTe ok, HATaIEZ.

F—J5L A A AR (r+ 1) Br R, e + 1 AMrrEE A PR VATIE T iES
R A AT ELAEECN v, HOX r + L ATI AR LA R R EIT R 4K, 1% T,
1| =N R Wi DR e R Y SN O

5.2 4TINSk
TR B A5 2w 7 ik

HHEIF

e AN 2 A I (cofactor expansion along a column). FA1 S HES 4456 — %)
%ﬂ:E’J/\T FEHE) BT 25 AT 24T
/ XE A= (az])nxn S Mn( )a ;}{Zﬂ_‘ha A= (Ul’ ce ’U”) jg A E‘Jﬁum%ﬁj\ﬁg Xﬁgﬁ#ﬁu vl
FIH 2 ELPE T
det A = f(v1,v2,...,0,)

(allel +an16n7023"-)vn)

n

= Za“ f(€1'7’l}2, . ,’Un).
i=1

MAEFRATRATE fes,va, .o v0). KT E=2,...,n, FF v, H e; LMD E, L v, =
vp — age;. Wy JEF W= SpanR{el,...,a,...,en} =~ R BRCEE, fles,va, ., 0,) =
f(e'hrUIQ)-"aU;z)' %%@ﬁ

g: Wx..-xW =R,
—_——

n—14~

(U}l, Ce ,U}nfl) — f(ez-,wl, e ,’U}nfl).

APAEAZEE g & W = R A 2 B ME kgL B W MARER 73 (er, ..., 6, .oy en),
TATH

gler, ..., €. en) = fle, €1, ,€0...,6,) = (—1)1'*1 det I,, = (—1)1'*1,

HA G4 e WS 1 AMLERBFILE | MIE, FE 0 — 1 g d dim AL (W) =
L(EHS.1), g i HAERE EREME—#E, Bl g = (—1)" " det,—1, HIL

fles vy, yv,) = (=) det(Miy) = (=1) M,
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Horb My RHAERE A K455 0 A7A050 10351 (n— 1) X (n — 1) HFE. TR —
HIEIF 2 X

Al = Z(—l)iﬂaﬂ’]\/fu\-
i=1

I 5.14. [ BEEN] dim Al (V) = 1GERE5.1) I, MFRAT8 1 AL (V) 5] A" (W)
HO TSRS BT A1 AT W, FUSEE RATIU AT () FRF 2 A — Ml etk 2 1 i)
flrgeeks: BRI — AP IR — S 2 TR PR TR, SRS BER TS 2
A2 2 BRI RU P BB

SEAZAUHL, X5 J FVRIFRIAR Al = Y0 (1) ay | M|, Hb M;; & A F4m5E
FIRES j SVERYAERE. 5 —JrT, AU Al = [AT], xF AT #2501 IF R A BEAT I A X
MMER i =1,...,n, [A] =200 (1) ai | My|.

FATHRF bk e v SO LR B e LA

E)‘( 5.6. g/ﬁx\/%é A= (aij)nxn € MH(R)

LGERE A K355 0 AR5 ISR (n — 1) x (n — 1) FEFRCH My, HATH) (M)
RN AW (i,5) AT (minor).

2. AWy (i,5) IREA TR (cofactor)E SUH Oy == (—1)77| My,
FIH _EiRE S, &7 A 20T AR A

il 5.6 (RTHEIT). 8 A= (a;)axn € Ma(R), MAET j=1,....n0% j 51k
) H

n

Al = ay Cyy =Y (=1)ay [ Myl;
i=1

=1
MIEZ i=1,...,n(3% i ITRF)H

n

Al = ay Cy =Y (=1)ay Myl
j=1 j=1
i 5.15. R FURIFNE n MATHIR T EIAMIAL R n A (n — 1) AT H. 5
PRUTFE, G I iR 2 BICRIATES AT I DA T

Bl 5.16. &7

IO I )
w
—
|
)
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R =47 (8 —1FuR) TR
|A| 20'031+3'032+1'C33+(—2)‘Cg4.

B =Hr a7

2 0 3
Cso=(—1)*21 2 0/=-(2-21+0-0-4+3-1-(-1)—4-2-3—(~1)-0-2—1-1-0)
4 -1 1

= —(440-3-24—0—0) = —(—23) = 23,

2 1 3
Css= (1)1 -1 0/=2(-1-0)—1(1—-0)+3(0+4)=—-2-1+12=09,
4 0 1
2 1 0
Cas= (11 -1 2|=—-201-0)—1(-1-8)+0)=—(2+9) = —11.
4 0 -1

B (Al =3 x 23 +1x 9+ (—2) x (=11) = 69 + 9 + 22 = 100.

EFRIATPS
75— i BT B AT O ST AT A4 R AT 0. AT o (Anidis.4),
Fro AR AT LA I AT SR 2 A 7

L it Ao 5,
2. FATHRUAREL e F7HIRAEN ¢ 1
3. FATIN LA —A7H ¢ £ A5 04,

A Gauss JHICIERFHFEAL N E =AM, BTSSR TR AR Z R GRASZHA T K1Y
5T,

Bl 5.17. AT RRAE TR _ BB AT

2 1 0 3 1 -1 2 0

1 =1 2 0|pem 2 1 0 3
e

0 3 1 =2 0 3 1 =2

4 0 -1 1 4 0 -1 1
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1 -1 2 0 1 -1 2 0
0 3 —4 3|, [0 3 -4 3
—) —
:Z:ig 0 3 1 =2 0 O 5 =5
0 4 -9 1 0 -9 1
1 -1 2 0 1 -1 2
7‘4—%’[‘2 0 3 —4 3 7‘4-%%7“3 0 —4
— 2y _
0 0 5 =95 0 -5
0o o i -3 0 0o -2

3

:—1><3><5><(—%):100.

# 5.18 (Vandermonde 1751z0). X+ z1,...,2, € R, Vandermonde 174X E N

1 1 1
X To Tn
2 2 2
Vo =1 21 T2 Tn | = H (zj — ;)
1<i<j<n
—1 n—1 n—1
€Ty Lo L

ER. X n FATHN. 0= 1 B Vi = 1, G587, no= 2 B Vo = 2 — 21, Z5IRNOL. K
n >3, &% n — 1 BEHERLE. Xt Vi, WG —41F 06, ISR kA7 o FELASE k — 1
Tk=nn—-1,...,2), 153

1 1
0 To — X1 T, — 1
V,=10 aa(za—x1) -+ xp(m,— 1)
0 a8 2 (xg—x1) - a2 (xn — 1)

HE I, M § IGRIAN T (2 —21)( =2,...,n), 1§

Vn:H(xj—xl)-Vn_l(xg,...,xn):H(xj—xl)' H (l']—l'z): H ("Ej—fl?i).
ji=2 j=2 2<i<j<n 1<i<j<n

O

#: 5.19. Vandermonde f74z0M— A E MR V, # 0 24 HAY 24, .., 2z, PIFGAHE.
X — 25 AE 2 WA E e A Y.
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3 R R
X BRAERE, A5 SR S AN A 4R

8 5.7, 3% 2n x 2n M4EME
A B
M = ,

std A, B,C,D ¥ nxn WiElE. % AC = CA, W) |M| = |AD — CB.

ER. ESERAMRSBL A AT, W

A B
|M| = | n]l
0 D-CA'B

= |A||D - CA7'B|
= |A(D - CA™'B)|
= |AD — CB|

MY A ANAE, FAIALZ R Ay = A+ M. 775 6 > 0 ffi—4] 0 < [\ < § B} Ay 7]5,
MRS A R AT

Ay, B

|< >|=|AAD—CB|.

C D
PR A 2 (TELE) |, 2 A — 0 BIFAK. O
i 5.20. ETHACIERIEN TR, A8 §6.7H0, FRATIRFAE B A B eR By todE TR
(L3t ) Ay AREAS.
5.3 PEREBE

FHAECR 15X, FATRT AR s — -5 300 4 IR % R

S 5.7 X T A= (aij)nxn € Mn(R), A BFIPEREHIFE (adjugate matrix)adj(A) & SCH AR
bGP USSR &

adj(A)i; = Cji = (1) | Mj,.

BEZ, adj(A) W5 0 AT J HCERE A K (4, 6) RECR 30 &85 adj(A) Rt
BEAIRE, AN A* XRS5 A SIRE LS.

W 5.21. YEEPEREA MG LR E: adj(A)y = Cpi, MRE Gy A E R
Aadj(A) = (det A)I,, BT,

I 5.22 (KiK. A “PEEE” ML MRESTE 2R
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(1) PEREHFE adj(A): BARBER TSR (adjugate), WA E X
(2) kM C(f): hE 20X B2 EH R (companion matrix), L X8.15;

(3) PEBETET-/PERGESR o*: N (SRR ML) 55300 REEE (adjoint). FESENAHSS
IR IE IR HE T, HAFRTR AR AT FEA NS IR R IE SR T, HRR A 3t
Pk E AM, DUEPRL0.31. SE—fieHl, F MR TR R AR LA I G, WIAERE
AN GTTATG.

1 2 3
#5.23. % A=[0 1 4|, W detA=1(0—-24) —2(0—20)+3(0—-5)=1. I}1ELKEL
5 6 0
%
Cii=-24, C;2=20, Ciz3=-5,
021 = 183 022 = _157 023 = 47
C31=5, Cs=-4, Cs3=1.
TRAEREH RN (BRI &)

Cll 021 031 —24 18 5
adj (A) =|Cia Co Cs| = 20 —-15 —4
Ciz Oy Css -5 4 1

i 5.8. 7 F A€ My (R), A
Aadj(A) = adj(A) A = (det A) I,,.

(Aadj(A))y; =) aw(adj(A)r; = ainCii.

M= j W), XEEFE det A $E5R i ATRURETT; 24 0 # J I, XA TR A 5958 @ AT
TTIGHRES § ATIedT, TR WIATAE, 1750200 0. Bk (Aadj(A));; = 0i; det A, R
Aadj(A) = (det A)I,,. UFHIE adj(A) A = (det A)I,. O

HEE 5.9. 40 A € M, (R) Ti#, 0|

_ 1 .
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i 5.10 (CGEfiERyEN (Cramer’s rule)). % A € M, (R) *Ti#, W& 54240 Az = b a9k
— A

1
= A7'b = ——adj(A)b.
* detAa i(4)
SRS EHX: A j=1,...n,
detAj
€T, =
I det A’

Hd A ¥ A ey RRA b BIFEIMSETE.
L i o= 2gadj(A)b, HEE AR

I &, 1 &
Tj = dot A ;(adJ(A))jkbk = det A ;ijbk-

HUIA I A B 5 PN b SRS § SRITITERATHI det A, I z; =
det A;/ det A. O

5.4 Laplace AR5 Cauchy-Binet 2R,

FRURIE R AT (881) FATHIAR AT (n — 1) BrArsIUZ . Laplace 24(
LSRR I S B AT AT T

AT HARARX, FAVEIFIALS. XT A e M, (R) Kigtask M,L C {1,2,...,n}, it
Anrp HPA M ONATHERRSE . L ONBIEFF AL A PTHERE, Anre e AR THERE,
He Me={1,2,...,n}\ M.

e 5.11 (Laplace A30). % A € M,(R), Bl 7454 % M C{1,...,n}, M| =7, N

det A= > (=1)7MF ) det(Ay 1) det(Ape L),

HP o(S) =2t

TERA. FATAT AR AT AN R 22 2 LM R B TR IEIA AT, BV =R, e1,..., 6,
BV RIAREEL, 172 REIC R det(vy, ... vn).

B EITIEHE M = {ih < -+ < i), HfMER M = {i < - < i/} EXHA
T2S[E] Wy = span(e;)iens Fl Wa = span(e;)ieme. IRV = Wy @ Wy, H dimW; = 7,
dimWy =n —r.

FHHRE A WSS 5 AP EICHE vy, BRIPAME—2 N v; = o +y;, Hb o, € Wh,y; €
Wo. YR oy WAER - EETRR M b, M T B TATESG M W15 v Wl T B T17
65 Me T3

P Z PR T8 U

det A =det(z1 + Y1, s Tn + Yn) = Zdet(zl,...,zn),
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H A 2, B4R o) B4R y;. BT det B, WRTE (21, 20) PEETES » A
Wiy g, BT dim Wy = r, BATLIRZMAE 5, AN B A E R A 78 ok 2. ]
B, ARBE T n—r A W R, GUETEMINITARIEoNE. B, JEEH G
WA r ATEEE Wi, B n—r ABEE Wa. XU TRV — AN R r [§)
FHEL={h< ---<lL}C{l,...,n}, ¥ jeLifz=u;,2j¢ LNz =y;. icHR
fetnhy Le={l} <--- <l }. T5x

det A = z det(Zp),

|L|=r

Hop Zp Fors BIEAD FHS RS <, 8 L) F gy (KHRF LO) f i,

AV Zo P r Az, RTGE A SRS B w1 - NOLE, BRI gy PR
AT HEAE G T X — EHERR Z AU 8T L PTEEms) S TR AE T L 5752
e L BIHEA L — 14 L ), 1 BIEA 1o — 2 A, KIS, SO B 454
(—1)Shartsk) = (Z1)o(B)=r(+1/2

det(ZL) = (—].)U<L)7T(T+l)/2 det(l’ll, s Tl Yty 7yl;1,r)'

Xﬂ%ﬁﬁﬂ@ﬁ?ﬁ”ﬁ det(xllv e )xlr7 yl'la e 7yl;L7,,,)' 4%@%5”@?%&%@@; ;H\:Eﬁ r ﬁlj
SEAT M EAER, J5 n —r SUUEAT M© FAER. RHZMEFMERATIE &S, 817G M 1y r
AR AR e LT r A7, 48 Me ROATHE) NI S AT A R B, X T AL e B KL

HORF R (—1)7 O =r e 2, G T, RS LT 4 Ok AR (Aﬂg ) " )
Me,Le
FATIURM 4T TAHATI TR det (Aas o) det(Ane z0). T2

det(‘rlu e XY Y ) = (71)U(M)_T(T+1)/2 det(AM,L) det(AMC,LC)-

n—r

FEXWE A, det(Z1) HIBEATSH
o _r(r+1) o _r(r+1) o o —r(r
(—1) 0= (L) D=5 _ (oD to(L)—r(r+1)
B r(r + 1) AL (—1)770F) =1, S5 apAZIE. FATRNER T Laplace RIFAR:

det A=Y " (=1)7MH") det(Ay 1) det(Apse,Le).

|L]=r

O

I 5.24. 4 (M| =1, {] M = {i} i}, Laplace 2ARRMAHE i 17 RIFHIA 2RI At

(3555.6).
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Bil 5.25. F|f Laplace AUHHE 4 x 4 155K, &%

S = O
_ o = O
oS O O N
S O Ww O

PEEL M = {3,4}(45 3. 447), W o(M) =3+4="7. 55 3. 4 F710% () =6 4~ 2 x 2 T4

s, (LA L = (1,2} 1 det(Ay 1) = (1) (1) B g o(L) = 1423, H

2 0

5 det(AM(:’Lc) — 6.
0 3

Anre.pe = Af12y, 3.4y = (

I det A = (—1)™+3 1.6 = 6.

Laplace A1 —ANEEHES J2 Cauchy-Binet A=, ERIFFIXFM AR |AB| =
Al B #E) FI T .

B 5.12 (Cauchy-Binet AR). % A € Myxn(R), B € M, ym(R), W

Z det(A[m],S) det(BS’[m]), m < n,

0, m > n,

Jb [m] = {1,...,m}, Apys & A BFIEAFE S Ty mxm TR, By & B BAT
IATE S oy m x m FHEME.

B AC A BFIEEHN a0 € R™ A = (an,. . 00). 38 B = (big)nxm, WA
AB W5 5 ¢; s A RS G

blj

J=Al | =D bion
bnj k=1

RYEATH AN NS 2 AR B 2 EERIENE, FANTA
det(AB) = det(cy, ¢, .., Cm)

n n
= det E bkllakl, ey E bkmmakm
k1=1

km=1

=" bigr e biym det(ag, - an,).
=

ki1=1 km=1
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TR, 2R Ky, .. Ry A EEBFERR, W det(ag,, ..., ax,,) = 0.

WA m > n, BLLEALM—HIEFRER ke, ..ok € {1, n} oy, DMRB/DHBAE
PR R (e ). BROOR A g — 35 0, KA det(AB) = 0.

W m < n, KA PGS B BEE m AR EIFE R R IR XA FE IR
ki, ooy ko WoEX T — ARG IR G m TCFEE S = {51 <s2 < --- <sm} C{L,...,n} A
BB 0 € So, H1F k) = 50¢). TRBATATLARF EXALU#F4E S A 4ERFIMTE
=

det(AB) = > > b1 be,ymdet(aa, o)

Sc{1,...n} 0€Sm

FERLIIAT IS S, ST SR, 7 det(an, -0, ,) = sg(0) det(aa,, - 0.
E%ﬁ@” det(asla cee 7O[sm> ‘rﬁﬁ}%ﬂ:ffﬂ:—ﬁt det(A[m],S) /‘}\ﬁﬁ

det(AB) = Z det(Apn,s) (Z sgn(o)bs, .1 - ..bsﬂ(m),m>

oESm

= Z det(A[mLS) det(BS,[m])-

SRS T Bs oy WEHORRIAR, SEHE. 0

7 5.26. Y m=n i, HE—PTHE S ={1,...,n}, KRB N det(AB) = det A - det B,
X IERATHN AR e (Ardi5.4(4)).

1 2 3

Bl 5.27. & A —
> 15 6

) € My 3(R), B =

— o =

0
1| € M3 o(R). HIEIIE AB =
1

10 11
i Cauchy-Binet 2A3(HE: S #H {1,2,3} B=A—"Jo 1%

1 2 10

S ={1,2}: det <4 5) det (O 1) =(=3)(1) = =3,
1 3 1 0

S={1,3}: det (4 6) det (1 1) = (-6)(1) = —6,

2 3 01
S=1{2,3}: det <5 6) det (1 1):(—3)(—1):3.

KNG —3 4 (—6) +3 = —6, HFHEEIF 2

(4 5>,Eszdet(AB)—44—50——6.
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5.5 2]
5.5.1 #i2>]8
218 5.1 (B ST80). BF 2 2 TR G i 5 MR

Pz:(xzvyz)v i:l,...,n,

HLE Poyr = Pr. B2 B4 MRS A SR 2 SR TS A ) = AT, UERH A )T
B

1 Ti Xiq1

— det .

2 ; (yz yi+1>

HZ AR (0,0),(3,0),(2,2), (0, 1) HE U2 TR THAR.
2@ 5.2, A IS

1.
-2 0 5
3 2 =2
-2 1 3 -1
2 3 -6 -3
2.
T z 1
Y 1
z T y 1
zta %ﬂ/ y;rz 1
3.
3 20
1 3 2
01 3
0 0 0 3an
4. WA
0 a b ¢
—a 0 d e
-b —d 0
—c —e —f 0

5. det(adj(A)).
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6. (n+1) x (n+2) HHFE

) — 1

A g A BB kSRR, 115 det(Ax).

28 5.3. IHETHIITAK
2 3
1 4

-1 5

S8 5.4, 118

o O =
(@20 V)
=

) 5.5, &
e (1 2) .
3 6

FATH) R A AR, FFU6BHXT B B 2ty R 2H mT fig th BA T2 K5 O
8 5.6. Kimi v =(2,1) 5 v =(1,3) 5K EmHA.
218 5.7, i BRYE R AR

2z +y =5,

r—y=1.

28 5.8, R A 2 3 x 3 MM, H detA=4, 5K det(24) 5 det(A™Y),

2 5.9. B AR noxn HiFE. A BPTHE, W4 det A= 0.

5.5.2 %
2@ 5.10. M, (R) R2sLfusk b n B %G, @ M, (R) — R 2B, 2 AT

SpF
(1) ®(AB) = B(A)®(B),VA, B € M, (R);

(2) XMER L= A € M, (R),®(A) 5T A WENHLITRIP;
(3) MMER N =M A c M,(R), ®(A) T A MENALITRZA

1. {iEH]: ®(A) = |A|,VA € M, (R).
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2.

AR @ F AR (1) A (2), S8 20T k.

2 5.11 (Hopf A3X). 18— &)

dn dnf 1 dn —2

dn+1
o Vn — Vn—1 Vn—2

Horr Vi #RA FRYE R-[) 25 18], HHXHEAT & € Z, dy—y o dy, = 0.

e Zy, = kerdy, B, = imdy1, UEBH By J& Zx BYF4500), e Lig2Sa) Hy = Zy, ) By.

-‘L& {fn ‘/n — Vn}nEZ ZEI%—%gi‘I‘i%ETL ﬁ/@xrj"ﬁ‘:'fﬂ n, dnofn = fn—lodna )r\”J fn(Zn) C

ARG SRR, fo P55 TREEBU £, Hn — H,, (EFRATT BIH A0S
z, I
J/ ’ fn*

H, ——

Zn
|
H

n

3

n

;H;E'j T Zn — Hn = Zn/Bn %ﬁéfﬂé@*&%ﬁy&gj—

(Hopf #/A5) AHA N € Zy, 24 |n] > N #f, V,, = 0. iFW]

S D) (o Vo o Vo) = > (=1)" tr(fn. : Hy — H,y).

neZ nez
TR BRI 52 e B A RN, AN B PR s .
B BTA Y f HEATSE, HXHRA N € Zy, 24 n| > N i, V, = 0. 35k

ez (det(fo: Vi — Vi)Y = Men(det(fo. : H, — H,)) V"

TEROX LA [ 2SR 2R AR Y det %€ SON 1, PAEBAERSEFs 2 RRIERL, A
W RS L

28 5.12 (FEEEREMERIRR). BB n BT FE A MIBCA 7, adj(A) 2R A BIFERERLRE. SR
adj(A) HRk, FHUER:

1.

2.

3.

#r rank(A) = n, N rank(adj(A)) = n;
# rank(A) =n — 1, W rank(adj(A)) = 1;

# rank(A4) <n —2, N adj(A) = O,
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28 5.13 (FAF75):5 Vandermonde Z5{A). % s, = AW+ X5+ + A Bk =1,2,...,
KAk

n S1 S92 cee Sn—1
S1 So S3 cee Sn
= JI i—-x)~
1<j<i<n
Sn—1 Sn Sn-i—l e Son—2
2] 5.14 (Cauchy 1751505 Hilbert Jif). B 21,20 F Y1, yn HEEL Hooity; #
00 /j\ Mij = ﬁo

1. jIFBH Cauchy 1751 A= :

H1§i<j§n(xj —3)(y; — i)

det M = =
Hi,j:l(xi +v5)

2. n Wy Hilbert &i¥E H, & H (Hp)ij = 7=z A (1) KK det H,,.

2]l 5.15 (Sylvester fHEX SHMFATHIAT ). & A € RV W[5, u,v € R" JyF )kt
L %t U eR™", Ve R™™, B det(I, + UV) = det(I, + VU).
2. UEBAE AT A1) 20 | 2

det(A 4+ uv™) = det(A)(1 + v A7 ).

3. M A+ wol FIHYTERAAAE, HFULIAMT R (A + wo”) 7

I8 5.16 (=4HfA Toeplitz 17413, %

a b 0 0
b «a b
D,(a,b)=det | o p a 0
b
0 0 b a

K Dy(a,b) KT a F1 b R
218 5.17 (AR G FERA TSR RBEETTEE A = (ai;) WANEA 1 <i <n #A

Q;; > Z |aij|.

J#i
JEBH: det A > 0,
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28 5.18 (FEMEATH ARG, 5 X (1) 2 n x n FEHEEE, BN ITREXT ¢ .
1. UEH:

d
— det (I, +tA
7 det(ln +¢4)

=tr(A).

=0
2. 4 X(to) Wi, UERH Jacobi 2A3:

a

o det X (t)

= det X(to) tr (X(to)_le(tQ)) .

t=to

28 5.19 (FXHA FMEAEFERIF TS AT A RE). B0 n B S

a b b - b
b a b -+ b
A=|b b a b
bbb - a

Hoft 0, b BRI Hoa£b, at (n—1)b#£0.
1. 315 det(A),
2. 3k A7L,

2@ 5.20 (7B E =AM S1TAK). 4 A, B,C, D, E,F 2=k ik, H

-1

s A C Is D F
0 Iy B =10 Iz FE
0 0 I3 0 0 I
CLAl
2 00 1 0 2
A=10 3 0], B=|0 2 0],
0 0 4 5 0 1

HC=A+B-1, 3k detF,
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6 ki gtk A

W]

AEATHITAAE R _E# S AR B — . 0b AR ASE R R A 4K
B C RS T A RIS S SKAIA B ek S0 RT LAYE g 4 e B 152, )27l
FEFERGI TG EE X

HIC. BESARHUE . BB RE A RATAIKM 2 L, ARAEH T Rz
. wk. . BRPUNGZ A, AT A R _EB SRR RE5E W] AHES 3] — il AR
P A e T RS R R R RS

WHERL, FIELRMT R4 Az = b, WERARLONF: A Mfkm b RYICEAES e A PIAL,
Wil e s — P —— M 4TI — AT SUH e BRI —f—# ™
AR IATERETE ref(A, b) BITCRMIEA AL, M (WIRAFAERTE) tnl ABCA BE
B WE 2, RINHICA T EIT RS . HOR FR A DY Wz S A4 A

RAMEGBATNE R REA ARG F, AR os nl MR, H Hix L
BRI EIRATI DO AR (g, S5 aH. ArHOHE), 84w o etk i FRdl .
ekl LeVEWes AT IR B RAE R T DR S F 1ok, XA F ARy (field).

WAL R DASMAYIER? 2 AN AR

-1
0
V1T ATE R . #35) C LJE, ZIACRRAIRAEE FEURA TR 45E.

o MR Fy: EELEHHHA LM AR (0 F = {0,1}) ERZLIEZSE; AR
W T AN R TR AR AT A A 5 3

o SRR C: SLARKOE R 2 90 2] RESCA SERR, B e e A e <(1) ) HUESEARIE]

6.1 h§

S 6.1, —MEG F RHh— MR (field), AR AU PiFhzs-
(1) s +:F xF =T, (a,b) — a+b;

(2) Feyk: x:FxF — T, (a,b) — ab.

LI A

o f7HE Op, 1y € F(Op # 1), (A ER m e FH Op +m =m, 1l - m =m;
o fEML m € F, f#7E —m € F {fifF m + (—m) = O;

o fFL 0x #m € F, {74 m™' € F ffi1§ mm™"' = 1g;
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o {EHL a,b,c € F, HUTF LA, MM A
(i) a+b=b+a, (a+b)+c=a+ (b+c);
(i) ab = ba, (ab)c = a(be);
(131) (a+ b)c = ac+ be, c(a+ b) = ca + cb.
B S KB, I 2 IS S AT A T A OGE 2R B D3 SR I G ) AR

J. AT 9T Sk s (A M PR SR P B —ANUERH, & n] ARSI DMEREI F o9 R Bn e (r
FNAKAERFAL 2 I B A2 50 WS SO — T BRI

Bl 6.1. L8 R, A% Q, 24k C ZREI. BE Z N2, BFIMAEZREL (B +1 41) WA
R E T, BN 2 FE Z A .
Bl 6.2 (] R* Wi $h). 7 R? L X
(a,b) + (¢,d) = (a+¢,b+d),
(a,b) x (¢,d) = (ac — bd, ad + bc).

FLRIUE ] A E RS S R R 2 A B Kb O = (0,0), 1p = (1,0). fEHL (a,d) € R?,
%‘ (CL, b) - ( a, _b) XT{F‘ (a b) (0)0)

a —b
N tl=(— — .
(a’ ) (a2+b2’a2+b2)

SRR B R Wi TR C: (a,0) XRT o+ V=10, FIEMWIER (a + bi)(c + di) =
(ac — bd) + (ad + be)i.

Bl 6.3 (KR Fp). A RRIGE R STHREANTORII. HHEAA k2 2805 A RIS F,.
TR p, HIEEE F, ={0,1,2,...,p— LH(RIEEEEL p mRIRE), IIERMTRIEE SO
p Wz s. il

% p =2, Fo = {0, 1}, Hiz BN

+]o 1 x |0 1
00 1 0l0 o
111 o 110 1

XHE 1+1=0(H% 2=0 (mod 2)). Fy /NI, 2 =3l et nt i) F A,

Wop =3 Fy ={0,1,2}, B 2+1 =0 3=0 (mod 3)),2-2=1H 4=1
(mod 3), ATPA 271 = 2).

— i, B, 2 FTRARI, KEAET p R FE: XWT 0 # a € Fy, 1 ged(a,p) = 1 HIFFFEEE
B s, t 115 sa+tp =1, M sa = 1 (mod p), B a 7£ F,, A FEBIC s mod p. W p K@
R BN Z/4Z = {0,1,2,3}, W) 2 A F/PFEIC (R 2-0=0,2-1=2,2.2=10,2-3 =2,
BT 1), A Z/AZ A2
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1 6.4 (RS 208D, A FREECN TRCTEE. —H 0-1 FRrT AR I Fy i,
TS AR Fo ERYZIE S FE4. Hamming 9 52— R MERD AT 378 MK M H 1)
£ 0H]; Reed-Solomon Ahid (i i1 AAT FRI_E#Y 2 1 2 Hi (.

G 6.1 (A B T). R F b, % ab=0, W a=0 % b=0.

B A a # 0, W o FIEDIC o, WAL o 150 =0a"1-0=0. MAEHIT
a”'-0=0, XHAEAEMHEDS: o' -0=a"(0+0)=a""-0+a"" -0, FIHIH L. [

i 6.5. WUPECA T X R, IR AR 2RI USRI SR BN, eIk
ST RN, FANTEFTEM ¢ v =0(c BEPAREILR) HE v = 0, RAEA TN TR
& (W Z/AZ) HRRAFSLH).

X 6.2 (). W F 2l K CF 214 R K7 F ihnsfmsszsa s e Sl
PR, (BPEL 5 0,1, HATIUERERE ), WFR K J& F (1) (subfield), W% F & K 19"
I (extension field), idff K C .

Bl 6.6. FATHBARMTIHEE QCRCC. 1S QV-1] ={a+b/~1|a,becQ} HEC
(¥, (333 Rl AE R IR IE).

Bl 6.7 (WUICAH BRI Fy A9F3E). FEGI6.207, FATHE R* Fog ST —Fhaeyk i nhig C,
KR — BB A CBBERL R ° = -1, B0 220K 22 + 1 R FRA]
APAXS Fo MRS, HFEEER: £ F h -1 = 1(FEAH 1+1 = 0), FriA
PHl=2?+r+z+1=(x+1)? CEHEM 2z =1, FEARMWEY . EfEES A
AL 2 +o+1: RA2=01#£0,RAzc=11H1+1+1=1+#0, fFrlA 2> +z+1
1 Fy S A R

WAERA; C Mtis: TE8EA F3 = {(a,b) [ a,b € Fo} b, k23T (B T3 AbRE
i), FekE LHh

(a,b) - (¢,d) = (ac+ bd, ad + bc + bd),
HAzH e Fy thikfT. i w = (0,1),
w?=(0,1)-(0,1)=(0-04+1-1,0-14+1-04+1-1) = (1,1),

(L) ST 14w FRVE=w+1, flw+w+1=0, EWFFHEK.

HAEEIR Fy = {0, 1, w,?}(HHF w? =1+ w) B8 22 =4 A~ oE. HeBnng
FANFTEFRN:
+10 1 w w? x |0 1 w w?
0 0 1 w W 0110 O 0 0
11 0 w w 110 1 w w?
wlw w0 1 w0 w w1
Wwrlw? w 1 0 w0 w1 w
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HREMNERMWFES: 72 Fo b 141 =0, frAgAIcEHE B & (A —a = a). P
HEANXEER w W =1 w ! =0?, (W) =w.

Fo it a — (a,0) BRIRA Fu, WL Fy 0738 WNEPESRIW AR, Fy 2 Fo LW
2 AEtEssn), {1, wh —2H A

Ik 6.8, FARHII AT DM B F_EAE(E A n KR ETIR f(2), STAH
A AT Flal/(f). BB, 3 F = By RAR, W st ¢ Ae%. x—H
i IR TR AZ TG (§7.5) BYIHIE. ARGy AR 4T
FAFHE = o, WIFEE— (R CF)q Tk Fy; 22, 4 R0 7T %50
SHHE.

6.2 IR Lyt o m

FEA3TE R, JATE LT R-ERPEZE RIS, Pl A R Tyl Bk, AESom e
ISR IRE. BUETRATR “RY Bty — s “F:

S 6.3 (F-LHEasl). 3 F R—/M. — ety V ERIBHSER — Ik +: V<V >V
RIS -« F % V =V 4ih B _E9Zebtsil (vector space), M DA T A4 AT
I

(11) () AHMEE u,v €V, u+v =v+ u;

(22) (Z5&HE) AHMEZ w,o,w eV, (u+v) +w =u+ (v + w);
(33) (Z[E) FHEO0eV, HfFHTE veV, v+0=1;

(44) (¥oT) WERE v € V, fH1E —v € V flif§ v + (—v) = 0.

e AL

(M1) (BAfiI0) WHTLE v eV, 1-v=1;

(M2) (456 WTZ abeFveV, (ab)-v=a-(b-v);

(M3) (WD) SMEZE a e Fu,v eV, a- (u+v) =a-u+a-v;
(M4) (S ) SMEE a,beFveV, (a+b)-v=a-v+b-v.

1 6.9. BEE R LART A 3T R-ZePEas ] Ay S /SR A BISE At ), ME— 28 A 58
B By “WCF rRgocER”™ T, B oAb asia) . Zermap AT o1 e B, HEEW]
HA AU PO G2 SRR A B, TR -2 s () b FRAT TR i 5¢ SRR DA S 45

o F-TAS: W C VRV A PR (5 0555);
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o F-2eME R v,...,o €V, FH v+ 4+cu, =0 €F) e = =c¢, =0(=
DL 3%
o POt F-Hek: F-HRZ&METL AN F-5, HhoE MO dime V(S LHE3E).

Bl 6.10. F" = {(a1,...,a,) | a; € F} H[FEZ 580 IEFESRM I F-2e k250, dimg F* =
n. 2 F =R EREARITAERN R Y4 F =Fy, i, Fy G4 E 20 s Egmiied,
Fy 23 (B PR Ze ki (linear code): Bl4n F7 e —A 4 4 FasmEsh—>—
TG [7,4] LR, S 20 = 16 MBE. A Y TR EA SRS I R R AR S5 1 BN
FEESR 3 I, AFRKH I (7,4, 3] iXWIFY (Hamming code).

Bl 6.11 (& LM ME). i F C K 2y, AT
K-2ik=m) V Eﬁkf@ﬂimz FF- %’2 k2T, b ?%Hf&ilﬁﬂﬂf FCK k. A F48ulHE kT
K-4E50. il

(1) C & C-Ztkz=Mn], dimc C = 1(&N {1}). H C B R-ZMEzE0], dime C = 2(HH
{1,4}).

(2) C" fEoh C-=E 402 n, (BAEN RZSRINLERCR 2n.
(3) Fa = Falw] 1FHh Fo- M= RIMLERCE 2(854 {1, w}), (H dimp, Fy = 1.

AR ]S, ANFR, AR B, BB B 5 A R BRI, B2
S K BRI Y Y A A
Bl 6.12 (ZTAX=EM). W F ik, Flz] 8 F_EMZIR4ER. 5 Rlz] 5842640, Flz] 2L

Gy F-Zebezsi), Hoh {1, 2,27, ) B REON I n 2R Flo] #9 (0 + 1) 4
% IE—IJ ]F<n[ ]

NEi

6.3 Iy Ik SRR Rk A X

A/NTHE IR AR, Gtk R geRcnf s e, X2 BN Q CR C C X
R EHER R T H.

X 6.4, B K CE ISP ik (field extension), { K & E #Fi. # V 24 BE-Zikas
], WRFRRFR IS K C E HRyocsa, VIR BSOS —A K-Sk asa). o0 e 7R n s i

brif (restriction of scalars).
T2 4ERRVE A~ M EATE L

L 6.2 (AEBIMIREAR). & K CE AAREY K, BF dimg E < co. 4V AR RER
E-#5 M0, MALA K- et A
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L B {er, ... en} N VAN E-AEESIAIR—4LEE, I {on, ... an} 9 E AR K26
PeasE) g —4EE (A dimg E = n). FAIWEES

{O‘peq|1§p§n’ 1§Q§m}
= VBN K-ZWammsE. gamEmi v eV, i {e}  E-H, f£7F B, € E iff v =
221:1 Bqeq- A By XA AGH B, = ZZ:l CpgQip(Cpg € K), I

v= Z Z Cpq(Qp€q);

g=1 p=1

BT R RS {ape t A HUCHALIMER R

deq(apeq) =0 (dp € K),
P.q

FATRI AR S

Z <Z dpqap) eq = 0.

q P

WR {eg 7 B EAAETER, MR ¢ H 2, dpgoyy, = 0 4E E HPURGL. X {op} £ K _E2K
PETCR, MIIEEAS dpg = 0. IHIE {opegt RMETCSR, MRS, FAEY nm. U, O
ik 6.13. FAIEMsE a8 fl: MR B Eh K- a2 A R4 75 61T
BBl Q C R C C), TV RAHRRY 3K (1 Q(v2)) B TR e .
6.4 SIRHT G IR AL

Yy R C E 2 dimgE = 2 i, afRAM ARSI A7
—1 BYLIEAE . X —WRRFRHORIR S e i PR I R .

W% 6.3. £ EDR Ay KA dimgE =2 WAE acE1#4/% {1,a} # E a5 R-%&, 5
Ha?2=-1. Asm ExC.

e

e BUTRE B e E\R, W {1,8} H R-H. N 1,8,6% ZATCHRFE 2 LS b
MR K, BOFAESEER s, ¢ (15

B2 +sB+t=0.
XANTREZAAE R AR, B0 8 K5 TEALE, 5 8 ¢ R FE. FeErH 5=
A=s>—4t<0, {4t —s*>>0. &
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H A2 +sf+t =001 (28+5)% = s> —4¢t, Wi o = —1. T& {1, o} 54 E [)—4 R-3&,
- LI 5
C—E, a+bi — a4+ ba

PREFIERISReE, i R ek ] 4. O

ATl BV O E-rEssE) (b E = C). o VAN R =], W] “FkA o
FESLT A RAEMASH To(v) = a v, W T3 = — L AR TV _ERSIBEH.

Bl 6.14 (SLETRIEMMIESTR). ]V = C, o =i, RJE {1,i}. 4 2 = a+bi € C, “Febd =
HOWS M. : C — C e JLE R ORI Sy

R, [M;] = <(1) _01> W [M]? = — 1o, XIE @ T B4 HER: 90° fiFE.
Ik 6.15. ok, & T:V — V @A MRYE R-[o) 525 1] RS 2 7° = -1, Wy pA
E X C-HTE (a+bi) v =av+bT(v) il V ik C-rapiasia). PR LGS S5 0 T3 2

T2 = 1 SRR T A, XK dime VB (EEC (3156.10).

6.5 i VBB AR AR -

AN RN P ST R SIS SR, 2 I IR R
R AR R,C LRIRRAIN, #E R B ST MRAR T 42T, )
JEBKEI T A A

AN R AR, SR 22 I A Ry s (A R R R

EX 6.5. % K M, ED> K AP, 7tE a e E R K ERACEOLE (algebraic over K),
HAAEIEFZWA f(r) € K(z] 15 f(a) =0. HWFK o 2 K LiyEBEIE (transcendental
over K).

Bl 6.16. V2 & Q MBI (2% — 2 IR); i & R EAREOT (22 +1 1) 7 Fil e 2 Q
BT,

oo K ERREoC, WERA#Z f(o) = 0 ®WE—23Xd, RE8E/NERN
I/ 235 (minimal polynomial), itk ma x (). B0 E A 0] 245 (75 W BT DAl R IR B

O RF AR AL I A X2 W 7.5,
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R AE T, R BER TR T E). 2 K(o) 8 E s K Al o W5, 1
N o ERYE; S, B E RIraEBEE K Ml a W22 24 o B0,
K(a) ={g(a) | g € K[z]}. & n = degma,r, W:

o {1,a,a?,...,a" '} B K(a) fEh K-laE2Sapg i, dimg K(a) = n.
o K(a) = Klz]/(ma,x (x)) GRISTREIST g(2) — g(a) TSR E ).

XEPEHE A T 20 HESTEHES; BTEEREN AR 2T
TEE {La,...,a" '} R, “F.Ph o« BHFEFR N AR (companion matrix):

0 0 —ao
1 0 --- 0 —aq
00 -+ 1 —a,

H m(x) = 2™ + ap12™t + - + ap. KEEWEAEZ 05 m(x).
Bl 6.17. o = V2, m(z) = 2% — 2, K% C = <(1) 3), BAF L2 TR 22 — 2.

7 6.18. iX—FiEG— 7 Hi 1 A 1k
o 6.2 ] R? #y3k C: 42 Rz]/(2® + 1), Hrp i XHR 2.

o BI6.7H By BRI BOR Folol/(a2 + 2+ 1), 30 w M 7.

6.6 kix: AR Y Grassmannian % *

AT

X AR R 1A (RS ok, RALG B FIREULATIHRA L. B AHE
BYREfE AT 2l IR B A SR B, (AR AR T I B m)” B k.

T2 1 RN A, BATE s T ALE RO 2 RE Gk, n) 2R EFATE
R, HAUERA 7 RIS Z 0 ¢ — I AR (EBL.22):

Pyn(t) = (Z)t

PAEA TA BRI TH, FoATT AL X — AR o —FhERfR: o ¢ BichEE p, Pon(p)
AP Fy o b a8 X fh <G REGHEC B e RBU LT h 3Rk Weil (1)
“EIHL” (motives) BARFI4ETE.
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Bp NEE B, N p CARER. 2 Gk, nsFy) 9 Fy 1T k 4e7slmlides (AR
o RS RITERTE ). FATRITEE #G (k, ny F).

S 6.4. F) o m ANERMAXEZARNA A (v, ..., vm) 89N

m—1

[[e" .

k=0
IER. A

o vt ALRAEF M, A p" — 1 Fhik#E.

o vy: ANREVETE span(vi) H. BT span(vi) & 1 4EF25[0], & p A&, 8CF p™ — p ikt

o v;: ANEEVEFE span(vy,...,v;—1) H. XE—A (j — 1) 750, & o AmE, 8E
p" — pI Tt RPiERE.

BB AN TE R, AR RIS O
i 6.5. — L&A GL(m,F,) 895 A

m—1

#GL(m,F,) = [[ @™ - ")
k=0

e Al A € GL(m, Fy) W EE (vi,. .., ) TEEFELEF) o m AT &
WA 4, BEFR6.4(HL n = m) B, O
TP 6.6 (PRI 1Y Grassmannian 31%§).

k—1 ‘

1" -»)

j= n

#G(k,n;F,) = k_?i - k)p.
[T -7
j=0

M. FIER k YET A W R NN k8 ko< on JEIE B TR . WORBHE AR
B (w, .o we) MAEEET # GL(K, Fp), [ [A]3H o ]300 A T A
k—1

516 4, By d kb AT A R4 [[@" - ) 4 8 #GLKE,TF,) 4
j=0
5 AR — A & 4 T20, P ]



RGHIEX T ¢- " IXAEAE ¢ = p ALHIE:

I -1

<”) _ (]! _ i=1
k)g  [Kln—klg! ko nk '
[[«-1-T]@ -1

1]
T ) o o T & -1
H P A = A ) _k7 ptl -1 i—v]:[k-i-lp _(n
H H (ph—3 — 1 _H E—j — 1 k “\r/)
w Lo (p ) P
H(p _py F =0 =0 [T - ’

Bl 6.19. It p =2, W F3 o 1 Ae 725 p9AE (B Fo B2V Y s n 1450

23 —1
21 -1

#G(1,3;F,) = =7

X7 VA 1T 2 = 2 AR BRI ER ) R 3 R
T A AR .
PEMZEZ AL ¢ =2 AbAE: Prs(2) =22 +2+1 =7, 5ITHER 3

1 6.20. SEHL6.624 1 T FE1. 229 ¢- TR K — AR AL A ke ASRITE IR G(k, n)
P EFAO R IR R RN e N 3 2 =, 1A Ir gt T4 BRI E TSR EE B BRI S, 1
PEMBEZ T Pro(t) 75 ¢ = p ABUE, fREIMIEZ Fr ok 4725 R 1T p TRABRL
TLF5 2AFE, WA E BRAOR 1) 2 5020 T6 55 2 AN R B E BUE A S5 S50 FaX w4~
ZWAAE, PP MRELA T L2200 — B UERA.

XXM I AEAR. FERBULA P, P2 RE Gk,n) 2— IR HERE, HE
BRI F, LAE S R EMSRE LT Pya(q) 4l Weil 54 (2 H Dwork,
Grothendieck Fl Deligne HEH]) #§H, X—RIEREGE, HHEAMNM SIS (40 Betti
) Z A TR R,
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6.7 ik PAYLILAIREI: AT R BRIk

X A B R BRI B MRS R K T i ARREE A ARGIE
. EEGHEIE Ot 2 5SROI B e BRI A s T e
B ANEALBEA R R R — Rl R S

TESSEEH, FATUEW] 73 BT 9 A (Ars.7) IR T “RIdiis™ Sext A W]
WA, B A+ M B A, 5% A — 0. XARERISUERO8 T S8 i 24,
HEAEARC LR, 1790002 SCREEAYE T (ZEANE. M) X _E AR
AT, FEEER: FERFIE 2 B9l b, SRSELA XA TR S RE S SRR AR S T
ARTCMAE IR ) B — el B PAJG 3 (BB SRR A 30) WA781) 308 X, ARF IS PA
SR . (AR A XUEIUTE G S Rk A, A ZKAEI.) —A~ H A e

£ Fy R Fp, FAMIME, A= 07 HAEL,
P S A SR E WA W A R

AT DA AT BB BB AU AR BRI IE. BUARTIT &, AE X UaET 0 msedl, Mt eErEmE
A hr (indeterminate), 7E A H R AU, F(\) FizHA.

ATTEERI T 2 WA FIN] PEEAPERT A8 R IR BB SR 45 R I
EETER
X 6.6. % F M. F EAAABEREY (field of rational functions) & Sk

[ fN)
FA) = {gw

HAWAAR L LSS HACY figs = fo01(TEA FIN £ ). F() fEil
H A 2E R T R R, H F C F[A] C F(A).

BT AHEREOR, MBI T ARIR T,
fnd 6.7 (ZIAEEXFN). & F Ak, p(A),q(\) € F[A] AAANZAX. FHELY
A Xo € F 445 p(Ao) = q(Xo), M p=q(TEH FIA] Fay%aX).

A, ZF ZARTH (40 Q, R, C X F(N\) A& ), MaFFiAH A\ € F A p(Ao) = q(No)
‘e p=q.
B h=p—q N2, BTG Z MR, HAEZ 2 00 AR B0 H R AL
(1 7.11). FH h = 0. .

i 6.21. XTHRR F,, 2T N - AFEF, 4 p MR (B F, KA ILR), HEARE
Z I G Ry X Ao € F” 764 RISCEHFAERGE . HIATRTAGEIFX A

ﬁgEFMLg¢0}
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XE: 75 FIA] b, 2R 200 B R 2 BANAE (BN R B S5), IR EAHEAE
P AEART f EIBUEER AR S K 1E 2 I T LI I 174 % B

PAEFRATES 73 ot A5 302 SR 20 L.
EPE 6.8 (— M B BATHIAAR). & F AERR, A, B,C, D € M,(F), A AC = CA.
Il

det (A B) = det(AD — CB).
C D

EA. GIAESAASER A, HIEA BB F() LRHEEE Ay = A+ M, € M, (F(N)).

H—L: Ay A8 F(N) k. det Ay = det(A + ML) 2 A 1Y n RE—2 0 (REHE
F o), ¥ FIA] FRICREARZ LI (RS IRITE A™), I det Ay # 0, B Ay 7E

F(A) R gh—2, AV = 5 adj(Ay), HOGEHERE F(A) .
F A F(O\) BT, di Ay wlt, afDABERT 2> B I

I 0\ (A B (A B
—cA;t 1)\ ¢ pb) \o D-cA'B)’

A, B
det =det(A,) - det(D — CAT'B).
( ; D) (43) - det(D — C45'B)

X AT K

MT AC = CA, i Ay = A+ M 85 C 2t (FH A R T #5 C ), Mili
A\C = CAy, il CAY = A C(FihZede ALY i ALY, TR

det(Ay) - det(D — Ay 'CB) = det(Ax(D — Ay 'CB)) = det(A\D — CB).

PAL it
det (12 g) = det(A\D — CB). (8)
S N F(N) WIZ F. R Ay = A+ M AR (8) B, JeITE# G FIN Ry 23
X (PR M LR 2 HiZKAR). it (8) 2 F[\] FiHHER, KRR
SEAAE. 4 A= O(RIFE F[A] AP ACA, mAEBARER), 152

A B
det = det(AD — CB).
C D

1 6.22. N B SEAOE BRI BEE S5 BT A I R
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o UL (F=R): ] A+ Bl A 45 R _EXDRIB/ A # 0 BiEF, #1549 A — 0
I R 5 2 2 SR MERR (GEZeE), Wil ZEHNE det(A + M) # 0 EZ I UHHIR
IS

o BT (L F): ££ F(N) LIk, FREEsImidg FIA iy ui(iasg, &
A= 0 MARA. BRI Bk ARA LT, Ao B Pl R

MO ATF G B FP SIS, S 0TI RIS AT,
BBV FON) AFIRE. P 0 TR S PP BT ORI AT I 2 3
TP B SR

RX—ITEAEZ S . AR, AT BRI R FERA i 781 A K

Bl 6.23 (FrHafeiE AR T —FUER). & F TR, A, B € M, (F). F&07H176HE R4
)7 EHHIFP det(AB) = det A - det B.

1EF(N) b, A Ay = A+ AL S H8IE, Ay 78 F(N) B0, 20 40 4540
Z B AG det(A\B) = det(A)y) det(B); WillERZE A 2T, £ A = 0 W15 det(AB) =
det(A) det(B).

1 6.24. e, BT VERIE 20T DUXFERSE: & f(ar, ..., an) Bl g(a1,... an) 2
HREICE an, ..., ay BIPIDNZIIREEN, BITEX T FY 3 F i 0. iy A
T (e R 8¢ C) EC&HLE f = g, B2afERZ e 2 WX e 2. BT
Z I REC SRR (ERR:), It f = g TEARMIR E#PAT. Xl 4
E5E T X TATH 2 A3 (Laplace 2JF. Cauchy-Binet A3, det(AB) = det Adet B
%) H MR RIS
6.8 >l
6.8.1 %25
> 6.1 (fii Ry AT RIRn). 7 Fo EHEES
C = {($1,$2,$3,$4) c Fg | T1+To+ 23+ x4 = 0}

1. JE#H C J& F3 WI1%50H).

2. 3K C WYEEom—4 A

3. FEREAT 4 C v ) AT AR — A& dr i, (BN B2 2 IR A iR
218 6.2 (S EEAME). FIH F iz E AHIER: SHMEZ aeF,0-a=0.
21588 6.3. A AR EEE: # a # 0 H ab = ac, W) b = c. i IERE PN IES
JCR ML TR ME—1Y.
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218 6.4. Bk Q[V—1] = {a+bv—1|a,b € Q} M2 C I T4, 15 C MFIEFIINTE T HIAL

318 6.5. Wil Qv2) = {a+bv2 | a,b € Q) A, 5 (1+v2)~". 3k dimgQ[v2).

28 6.6 (Iyi Fy). £ Fo b, 2K 2 + o+ 1 WHR (BIEZ). 7 F3 1@ UMk K%
TR, LN
(a,b) - (¢,d) = (ac+ bd, ad + bc+ bd),

HAzBAE Fy b7 4 w=(0,1).
L Bk EaAm a6l B3 80 (IKoh Fa), 5 s BaRIEE.
2. BiF w? =w+ 1(Bf w? +w+1=0).
3. W] Fy =2 Fyfz]/ (2% + 2 + 1).

2 6.7 (F, h 2® + 1 fA[AAR). X T3RE p, IR 2° +1 =0 7E F, A2 HALY p =2
B p=1 (mod 4). (J&m: HIE Fy HBrAICERIIHT)

Ja. /\V—F[ ]/(f( ))-

L3RV ig—4 F-A, 18R dimg V.

2. ENLMAM TV >V, g(2) = T g(o). K T AEFTEE T IHFERR, FRIEER
f(z) AN (ZEAH—)5).

I8 6.9 (REUWIRESHERORIR). B F C K sy ik,
L EW] K FE F i8R M A F-Zetkas ).

2. WV O IRYE K-Zetkasia). bl V ARG REE F R0y F-2ett=si), H dimes V =
dimp K - dimg V. (§JL,KEIE62)

3. W F =R, dime K = 2. JFWIFLE o € K {13 (1,0} 0 K ) R-EH o = —1. (B
fli6.3.)

4. (3) BicS. bl Ta(v) = v BTV ERY R-AMAH. SR—4TE 240 R
il T, B, FUEWZR R -FIh —1.

>1 6.10 ( — T SRR BV WAL RGBS, T: V o V ok RS
T =

L AEW] dimg V HEC (BUR: 158 det(T7).)
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2 SEMIAFLE V 4] R T fAEHEY n A (i’ _01> BB (U dimg V = 2n).

(Berm: IHMER v # 0, UE {v, Tv} £ R F&kPETE%, H W = span{v, Tv} & T-RA
T2 & T FEm S V/W _EiflFSE A, X dm(V /W) 1394, &5
—HERTE| V)

28 6.11 (REBSHBIED. & o e R, K R W Q-ZE25[H.
1. jER] o 2 TCPRECY HAY 1, o 7 Q E&MTE 4.

2. X Qla] = {g(a) | g(z) € Qlz]}. WM o 2 Q EMHEEL (IAFAEARE f € Qlz]
fla) =0) HHME Qo] & Q LA RAELAN ).

3. & o /2T m(z) € Q] MIIRECH n, 3K dimg Q[al.

2l 6.12 (YR febit). W F C K C E ShliigsE, B (K F] f [E: K] 23R FE
FH6.21E W]
[E:F]=[E: K] [K:F].

A Q C Q(V2) C Q(V2) HBIRIE.

28 6.13. EE 23 HIL R _ER " dEm . BB, HAHE (2-30) 4+ (1+14)
5 (1+)(2 - 30).

S 6.14. FER K C 1, JWr a4l
(L,4), (i,—1)
AR .

2@ 6.15. {8 C /L R _EymEasal. il {1,i} 2 —415, H5H 3 - 20 fEXAE TR
AT

28 6.16. TEHAMATCRMIK Fo = {0, 1} 1, BE 1+1=0. S F3 HHEmimi.
28 6.17. 12 F3 w, Kl R (1,0) 5 (1,1) BEHLMIET XK.

6.8.2 &
2 6.18 (MR L5 mitE). 1 1R #G(1, 4 F) (B Fy 1 4125 (8] A4

2. W #G(2,4F2), W5 §1 HBIL. 230 EFAARFRL I 7 AR UEA T L (BEINSRZ I Pa,a (2)
1E t =2 AEHUE).

3. UIEHH] # GL(n,F,) Hp—l
k=1
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28 6.19 (7 HRBUR S L), B F oI

BH

i

UEHT F(A) ek (Fos: Bk s IR TR R Sk 22 B )

2. %} A € M, (F), iEB] det(A + M) € FI\] 2 X i n WE—Z Uik, i A+ M, 16

F(\) _|-f3i.

- A BRI VEIER] Sylvester 178X EFK: XMER A € Myx(F), B €

det(I,, + AB) = det(I,, + BA).

(7R JetE F(N) _FiF det(M,, + AB) = A™ " det(\,, + BA) %4 m > n 7, F
M, + AB = X(I,,, + A"V AB) DA KA B

A, A
B I,

PRI 5)

X A e M, (F), FIHABLRBOS T VIR det(adj(A)) = (det A)"~ 1, Hirr adj(A4) /2 A

FOREBEAERE. (JR: Jo A+ AL, ATGRIE R A - adj(A) = (det A)T, PIAETA
2, TR P 0k A Ak S0

6.20 (fPFREAFERYFRILAN). B F OMAEEIR, A, B € M, (F). FHA B R By Ak

adj(AB) = adj(B)adj(A).

@ GIAERAR A\ p, & Ay = A+ A, By = B+ pl,. Jokf F(A, p) Ryl
Ax, B, FIH adj(Ay) = (det Ay) ALY B R adj(AxB,) = adj(B,)adj(Ay), FEREIML
HIREFETCR AR A, p 2T, MIOR FA, p] R Z IS, @ A = p =0 BfF.)

21 6.21 (WA FRISEABANRT). B A € Moy (Z) RBEEABOLRE, be Z™ AL
I & AR IG5 2B H p, MR Az = b (mod p) (BIHLK F, FAYHFEA Az = b)
A LA Az =b 1 Q LAE.

2 6.22 (AREITCS ¢l EG1ESN). WV 2 F, B n de2itEzsi), Kb g MR

o

EWL VAT kST AR R
#et i) = (1)
W V. SBFAT T 25T

s.0=3(3) -

k=0
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2. W EHEV <V AR (vw) € W x W RN ((v,w), W), H W ilhy vV
1) e Rl TR TR

n

> g <Z> = Su(q) +(¢* = 1) G) Sn-1(q) + (¢* = 1)(¢* — @) (Z) Sn-2(a),

k=0 q q q
HAZ)5E S, (q) =024 m < 04278 1 ¥ dim span{v, w} = 0, 1,2 425 77 dim span{v, w} =
r, WAL span{v, w} BT EDNEEET Snr(q).

3.4 n > 1. EHE P s A
0=V CViC-—-CV,=F,  dimV, =4,

A%, e

P > - qk -1
#{seaiy =[] 1 [n],!.
k=1

4. X EAEE P KT ¢ E2IECEHEEE, WIHENIERN Q EifE S
S, HRRRE [n])! = n! FE ¢ — 1 INE L.

S 6.23 (KL p T 78 WHR). 18Ik p A EM, abeeZ, Hab#0 (modp).
e APFE @,y € Z {fif5
ar® +by* =c¢ (mod p).

28 6.24 (E[FERFHEFHRARMIT). it GL,(Z) = {A € M, (Z) | det(A) = £1}. & p H
D(p) = {A € GL,(Z) | A=1, (mod p)}.

& AeTl(p), HH ARAMKIC. IEH:
Lo # A# L, PR r > 1 JBBOERE B, 15

A=1,+p B, B#0 (mod p).

2. HREBAWR A =1, He#p, MA=I,.
3. 4 p>3 8, T(p) PRARETCHAFILICE.
4. L p=20, 4l TQ2) P MEESERARM K.

2 6.25 (A IRIFFR PN T ANER). B G 2A RN, p 2R &V NARYE
Fp-2ifEzsif), H G il S E e V b Bk |Gl 5 p BER. ¥ W CV 2
G-AAT=E0], WEFET — G-AE TR U, i1

V=WwWaeU.
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7 ZUA

RENGHRF _E—Io 2 R ERA . SR A AL fENIME— . FrikZ
i, /N2 0 Cayley-Hamilton & B E MK L TR A HARHERILTH LA 2
M. AEARGRITIG AL, RE IR — 2 TEE.

TELA LR R A IR, ACATECR Rt & E 2 05 #8; CRC M
Reed-Solomon 5 W i1 A7 BRI _EAYHFRERIE S (. XERARET RN, A2 HAb
B AT

7.1 ZHGUA
W FR— M F ER— o2 W AR A
f(iU) = anzn =+ anflxnil + -+ a1 + agp,

Hra; € F, H o 2—PMERER. & a, # 0, AR n HiZZTXAKE (degree), L1
deg f = n. WH} a, A EIMERE (leading coefficient). 4 EHIREEL a, = 1 B, FF f(x) K
H—2 A (monic polynomial).

MTAEFEUZ A f(r) = c # 0, HIKECH 0. FA1HFREZ 2T f(r) = 0 BJIK
0k deg0 = —oo. FEX—ZYE N, XM THAEBM N2 f(2), g(x), #A

deg(f + g) < max(deg f,degg), deg(fg)=deg f + degg.
JT A R2Eeds, F 20 WA i — NG, 104E Flo). 788 X153 10 2 iAo
g, Flo] B —D3, Fomi F B2 (polynomial ring). T4 F %A = H 1,
I HRER M, Fla] 2PN EER TR CHIR (RIHR).
7.2 WIRBRIE SRR
HEHIR Z 25, 2R i Rt T2 R RTE.

B 7.1 (FARERIR). & f(2),9(z) € Flz], FH g(x) # 0. NAEE—ZRAX q(2)(7)
5 or(x) (R40) iH R

f(x) = g(x)q(x) +r(x), H+ degr <degy.

. AFEYE. X deg f UEATRAIAANE. ¥ deg f < degg, B ¢ = 0,7 = f HJIn].
B deg f =m > degg = n, HXPIrARBUNT m HZHAEHEEL. & f IE TR
N oa, g EBARECH b, &

@) = fl@) = 32" g(a).
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W f1 AR R I 25, W deg L < m. AR, 74 ¢ 6153 fL =g + 7, A
degr < degg. T2
f=ga" g+ hi=g(Fa" " )+
Wog=¢am™ " +q HWREZR.
M—PE. B f = gq1+71 = ggo+ra, HoH degry, degry < degg. W g(q1—q2) = ra—11.
H o F g, WADNPRE > degg, MANMIKE < degg, FJE. KWL o1 = g2, AT

T =To. O]

w371 (BERR). B f(2), 9(2) € Fla]. 3&AHAE h(z) € Fa] flifF f(z) = g(2)h(x), FATHFR
g9(x) KRR (divides) f(z), iLH g(z) | f(2), 7 g(z) 2 f(2) FHRX (factor). & g(z) FHE
B f(x), iH g(x) 1 f(2).

7.1 HIE S AT Z TR HRE LI (R A =0), FZHARERA S, FEEK
c € F* BEATMZ I (W f = c- (7 f)), EAERAFFILE R

ATDABSIE, PR KRB 5 f g, 91 h, W f | b WO f g B f | by WXHE
BuveF, f f|(ug+vh). % flg B gl f, W fg WERMFEIFBAZE AR H L
(FRENTEE). AL 2 miCEE T E 2T

7.3 RKRAWX G RIBRL
R MIBRIL AT 2 %

HOBOR 22 T X PRI AH BRI 2 U T B o s BRI RO A~ PR TR 7 4 B 8
MEIET, FRAE S RDRITESEA N2 TR0, HEHZ AR LRSS
W T SCRIIR N T SRR E 2L 22 1 2 2 D) 3 g 1 45 X

w72 (BRAEK). & f(2),9(x) € Fla], AFRRNZE. #2050 d(z) € Fla] 2
(1) d(=z) Btse f(=) WK, de g(z) B (BRI d | f,d | g);
(2) XMTALREMS A | f B h|g ZT h(z), &4 b | d;
(3) d(x) 2EH 2.

WFR d(x) h f(x) F g(z) BIeRAPIA (greatest common divisor), id4E d(x) = ged(f, g)
BWEACH (f, 9)-

SRR B R A ZIERA, B R R O A AE T ELME—, A7 VT 38 o 0 % MR 74
(Euclidean algorithm)jiERH. H 87T DA & B 2%

5180 7.2. & f=gq+r, N ged(f,g) = ged(g,r).
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EH. KR f.g WARKESS gr WARKEGHF. = d| f Hd|g Wd]
(f—g9q) =7, bk d 52 g,r AR KZ, % d|g B d|r, W d|(gg+r)=f, Fihd
W f, g War O

SEBL 7.3 (YRELHIBRIE). X f,9 €Flz], g #0. RERLAF RiRik:

f = qg+mr (degrs <degg)
g = @ri+ry (degry <degry)
ri = qsra+r3 (degrs < degrs)
Th—2 = QrTr—1 T Tk
Th—1 = Qr+17k + 0.

W T AR KRBT ARE R, FiE L REARY Bk, B —ANEREE ri(x) RALE IR
ABITIFHE — S AXE A ged(f,g).

SERA. HB|BRT.2R5 8 N A AT
ged(f, 9) = ng(gaﬁ) =ged(ry,ry) =+ = ng(Tkﬂ,?“k)-

e -1 = Qeyarr YEH i | re—1, BB ged(ri—1, ) g re BOE 4L (BDERAHE B I
250). ]

Bl 7.2. 7F Q[z] HoR ged(2® — 1, 22 —1).
B
P —1=@*-1) -2+ (z-1).

BAHh2?—1—z@* )= -1-2*+oz=2—1.
oAt —1=@—-1)-(z+1)+0.
I ged(a® — 1,22 = 1) =2 — 1.

7.4 WEEPY HE

PRFANRIEA ST DA R F R A P, FATTRE A Bk R S RS th X T ek
RS SIS e

TR 7.4 (GEEEM, Bézout’s Identity). 2 F RA AR S AKX f(x),g(x) € Flz|, H£ %
M u(z),v(z) € Flz], 147

u(@)f(z) +v(z)g(z) = ged(f (), g(x))-
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B TERRFEMIRIE (GEHT.3) H, BH—H8 M = f —qg, BB =9 —q@rn =
—qf + (1 + q1q2)g. WPLRIZAN, B—DRE vy FRIAZIR N f H g 19 Flo]-Zetedl
B A, RE—NIEFERE v B0 ged(f,9) (RZME—DELR) KN ged(f, 9) =
uf + vg. O

Bil 7.3 GEEESERNGITE). S617.2. PEEMBREAE e - 1= (23— 1) — (2 - 1) -2, HIlk
Hu=1v=—z B

L-(2® =1+ (—2) (2> - 1) =2 —1=ged(2® — 1, 2% - 1).
X —fH A 0 2 A BE R 6 R A T BT R S, R a2 A

7.3 (HFK). # ged(f.g) = 1, TAFE f(2) 5 g(x) WHK (coprime). HIFTFAEZ I
u, v i uf +vg=1.

HARMEPUEA IR HER
S 7.5. % h| fg, B ged(h, f) =1, M h|g.

PERR. BESR gcd(h, f) = 1, RIEEHTAFLE v 15 vh +of = 1. WiAFR g 153
uhg +vfg=g. EE| h g vhg, WHEFEA b | fg, h WEEER v(fg). FrA b BEx ERP
HZH, L | (uhg +vfg) = g. N

51 7.6 (HLERBUERR). % f.9 2%, B flh, gl[h N fg|h.

.l f [ hE h= fh, W g | fhe. BN ged(f,g) = 1, HFIFRT.5H g | by, AT
fglh. O

ARG AT DA B 2 A 2 A
w74 (BAZHRAMRKAEK). XMT fr,. .. fs € Fla](ARE), dH#E X
ged(fi, .-, fs) = ged(ged(fr, -5 fam1), fo)-
AT PAS IR — & KA T Z2 3 HES T
HEl 7.7 (ZCEBEEER). & ged(fir,..., f) =1, WHEE u,...,u, € Flz] 1243
urfi+ -t ugfy = 1.

PER. X s HATIHYN. s =2 B R (ERET4). W s >3, & d=ged(f1,..., fom1), W
ged(d, fo) = 1, f£7E a, b i1 ad+bf, = 1. 5 f; = dg; (1 <i < s—1), M ged(g1,. .., 95-1) =
1. HIEBISE, FAE v, .o vsmr 55 vigi+ - 4vs-19s-1 = 1, NITiT o1 fit - +vs_1 foor = d.
AR 3202 (avi) fi + bfs = 1. O

172



7.5 A2y A S ME— 5 id e PR
w75 (RTAZIN). WEZHK p(r) € Fla] WL degp > 1. 3 pla) AREFR AW
MREBGAE/INT degp M2 AR, WFR p(x) KK F ERATZZHK (irreducible
polynomial). 27, MFRAW 21K
Bl 7.4 (AT TR, 20 2 + 1 ZEAR R A B AR [F) 1 2R 8L

(1) 7& Rlz] PARTTLY: EEA SLEAR, T 2 IR WA 29840 TH .

(2) 7£ Clz] Al 2): 22 +1 = (z +14)(z — 7).

(3) F& Folz] a#y: 2?2 + 1= (z+ 1)* (R Fy f —1=1).

ANAT ) 22 1 XA 2 W ER I TR B T R B, XA A Z I p(a), ME—
A A AR RS B 2 T

8 7.8 (NTAZWAXAFEN). F pe) RATHZAX, Bpl|fg, MplfHplyg.

LR Fpt f, BT p AW, p G IEFHEEAE RS p A5, i ged(p, f) = 1.
57580 p | g. O

EPL 7.9 (ZTAME—MREM). M F begE—FRAkHE > 1 895 R X f(z) Tk
5 R

f(z) = epi()™ pa(2)™ -+ pr()™,
Ld ceF* REMAH, pi(z) RETHRANE—TRTAHASAX, m; > 1 ZEKEH. “k
—7 Fek AR T BXHIDIR T RE L, %0 XE Flo) & 28 2a.

BB AEERE. A deg £ IEFTHAN. 5 deg f = 1, f AR (BEMEAHE) HAE—
RALHZIA. B deg f = 2: 35 f AL, W f = c- f(f BB E—RAAZIRX), 456
JBALs A f W2, W f =g h, Jif 1 < degg,degh < deg f. AR, g M h HFEHAR
LR, HE TTRTE— RIS £ R T2,

WPk, BB £ AR R

My me __ N1 ny
CPp1 P —Cq g

B EWRITH ¢ = ¢ BN po | ¢ - q", RAIBAETS(REZIVH), BARA j 115
pil g R py F g BRE—ATHAZIK, # p1 = q;. EE— po(FIH Flz] B
), XH 22 Wk B T4, B RT kR B A g AN o] 2R -5 A0 A (HEE
£0). O
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7.6 ZHNALS B S8

X 7.6 (FEAGH). ¥ f(z) = ana” + -+ arx +ag € Flz], N € F. ¥ XA R f(z) 155
HotE
f()\):an)\"+"~+a1)\+a0€]F.

WLdt evy: Flz] = F, f(z) — f(A) FRHEE XN ALRYIRAEWESE (evaluation map), AHERIEE 2
HREZS. A& V) =0, WHK A A f(z) B—4H (root).

AR ERE GERLT.L), &% f(2) = (z — A)g(z) + 7, BT degr <deg(z —A) =1, r &b
H—EH A = 015 r=f(\). TREEITA:

P 710 (RBER SR ER). & f(o) €Flz], AeF. W:
(1) (h#E32) f(x) TRvh (z—N) s95%H F(N).
(2) (AXZF) (x—N)| f(z) HTEE N2 f(x) 894k,

A EHEME, A My e 8 f BEAMHEFEMAR, BT (z—X) PFIREZE, WA
AR TSI LTSI [T, (v — N) B0 f(x). HOARUCERENE:
i 711, R F EEZ—AERY n KEAKX f(z) £F %% 2H n Ak
T 7.5, §6.7 v E A5 R R A — S

HEIR7 1125 H TR B — D HAKMEZ: 26— EF7E? XTI
FPERR. BN, o + 1 € Rla] B EH0R. SR, & HOREA — MRAER) 52 4 e
P 7.12 (RREEA E R, Fundamental Theorem of Algebra). Clz] P/ET—A~ k4 > 1
0y %MK E Y H /MR

REEE A PRI A T3 2 2 2 (03422502 0 A) 19 TH, B T A mERET.
{EFRATTAT DA Fh ot o 22 30 X o i 1) Tl B 451
g 7.13 (B 20X A AZ ). Cla] Fa9RT L % 4T 2 —R M. Bk,
TR n R % AKX f(x) € Cla] AT VAT A5 A — Kk B Xay i

f(@) =clz = )(z—A2) -+ (= A\n),

—EEP cE (CX7 )‘13 ey )‘n S C(fﬁfi#‘?;az, HFi‘l_)\ﬁ‘i’l’i)
e, & p(z) € Clo] AAWAZIA. % degp > 2, HIAUEAEH, p H—R A € C,
W R EHE GEFET.10(2)) (2 — ) | p(z), AT p(z) = (z — N)g(z), Hi degg > 1, X5 p
AVLF . i Cla] FHIARTT A Z TN A —IR 2T, LG ME— e P (EHT.9) /)
(CS oy i O

AR AR AT 2 PR R RS TRERA: 0 PR S AW PR AR S B, R R o AT, S P S5 40T v £ i B
AREOBIES. B A SR — A AT h A Ty
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g 7.14 (B R2FEWAMR). Cla] PHE—n kK $AKX (n > 1) 164FFH n MR (EANE
).

B A E BN S R B A A RIS, TSR T A BOR— & Bk 3t
BB (A5 X € C 2 f(z) € Rlz] WIAR, W XN 2, B0 J7.17), X441 Rlz]) PR
AWM T ENE (B HTET.19).

7.7 B FEEER). XMT f(2) = 2o e, 8 LHIBERFHL (formal derivative)y
fl(@) =00 kaga® . XHEB LW f, AR A 2 f(x) 1 m B (root of multiplicity
m), TH (= N)™ | f(z) 5 (z — N f(x). 24 m > 2 KR A HEHE (multiple root).

TR LB HSRATE HER IR (fg) = [+ fo' MBAERERT (W AE M E X
Bik). MBS FATATAZ 2 02 75 A 5 A = Ao sk

g 7.15 (EFEXHIHNE). & F ayFieh 0(Bl4» Q,R,C). $ AKX f(x) € Flz](deg f>1)
BAERKX (FEFRTHSMP A m; =1) % BALY ged(f, f/) = 1.

B SRRl f AEE, W ged(f, f) # 1. BAFFEARTAZHN p(o) 5 p* | f, 5
f=p*h. W f'=2pp'h+ p*h' = p(2p'h+ph/), FTA p | f. L p | f, 8 ged(f, f') # 1.

FGS K, #oged(f, f) # 1, WHFEARTAZTX p 5 p | f Hpl| f. 5 f=pg, N
f'=vg+pg. Bap|f Fp|lpg Hpl|pg FEFEO T, degp’ =degp—1>0 H p' # 0(H
HEMEREL degp - adegp 7 0), FTPA ged(p,p') = WHAN p AATZYH. degp’ < degp). HFI
PHT5H p | g, Al p? | f, BP f AEFE. O
7.7 28
771 28
28 7.1 (HFEEEEARZH AR A). £ Rlz]/(2® +1) 1, 3K =+ 1 [I_EDIT.

1. HEEEMBRER I 2T u(x), v(z), Hf5

u(z)(x+1) +v(z)(@* +1) = 1.

2. HH @+ 1 {ER Rle]/(2? + 1) P,
3. A HRERIEAE.

8 7.2 (UG RERE). TR Qlx] Har BT AR
1. 2 =3z + 1 LA 22 + 1,

2. 223 + 2% — 1 BPh o —2.
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8 7.3 (B RAHR). AR BRI AHEKRAH 97 Qa] H): ged(2® —z, 22 —1)
M oged(zt — 1, 2% + 2).

31 7.4, SRAE Qz] F1 Folz] Wit ot — 1 (R AT 2540k

28 7.5, FREEAHRREOR ged(zt + 2% 4+ 22 + o+ 1, 2% + 2® + 1) 7 Folo] PME, HEH
LEIVAOE Sl R

I8 7.6. FHLI f(x) M g(2) WEKRAFFA 1, IEH f(2) # g% () BER AR BN
1.

@ 7.7 B frs. . fs € Fla] PIEZR, HXEAS @ &34 fi | h. UEH]
f1 f6 | h.
28 7.8. B F NI, f,9 € Fla] A%AZF, 4 d = ged(f, ). WEW] ged(f/d, g/d) = 1.

S 7.9, 8 p NREC W] Fylo] PR TREI f(2) = 2° + b + ¢ AL HEALY f
1E By PECAMR. 2R BN T PUR B PA B Z T, “BeA R ARG T A4

28 7.10. B FOMFHES 0 il {IE] A € F o2 T f(2) #9 m BARY HACY
JO) = 1) =+ = fD() =0 B f() £0.

28 711, % FORRHE 0 #93, f(2) € Flo] HIEZRZHK, E f(x) = f(x)/ged(f, ).
WY F 5 f ARIER (RFER), B f A ER.

2 7.12. fZ AR

z? —1
BRA 2 — 1 AYRTRIA AL
28 7.18. SRETAX 22 — 5z + 6 WAEMK, HILE A —KE M.
I8 7.14. 3K ged(xt + 22, 2° +2) (7E Q[z] ).
28 7.15. FW @ =2 BENZIRX p(a) = 2° — 42 + 5z — 2 BHEIR.

28 7.16. RHHRE
A= <1 1) .
0 2

W A2 - 3A 420, HMEESETR (2 - 1) - 2) MEE,
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7.7.2 RUCEE
S8 7T (JHEHRER). ¥ f(2) € Rlo] ALRRETR, A=a+bi € Cb#0) K f H—
AR, AEW:

(1) HAHE A =a—bi 2 f IR, B5 X AHIFKHELL

(2) (z=N(z = A) =2? - 2az + (a® + %) € Rlz], BI W HKI BB HIHL

G T (1), BRSPS fO) = f(V).)

28 718 (TR LR IAMAIAM). ¥ f(2) € Rlz] Rk S, FHALEA
ER (GEBRT.12) MS@ET1THENE, WEW] f 20— S, (Wn] A SE A b i A EE
P FUEH].)

2l 7.19 (Rlz] AR ZIA2K). MIACREAS & A R E B () RE7.17), kR
Rlz] AT A Z T 12 AR

(1) —kRZHWiz ax + b(a # 0);
(2) BT IR Z T ax? 4 br + c(a # 0, b? — 4ac < 0).

HTBEHE: Rz] AFAE—RE > 1 12 0T A3 o — R R 2 By — R R X
A,

8 7.20 (LR T ). KA ZITE Rla] M Cla] w23 550l A il 29 1 X
R

(1) z* + 1;

(2) z* +2? +1;

(3) 2% — 1.

i@ 7.21 (RZW_ERFSETT). & f(2),9(x) € Cla] HE—ZWA, H degf =n >

l,degg=m>1, &.H
l

f(z) = H(m =)™,

i=1
Hop Ny BAMIE. € XRasE
V =Clzl/(f)

R

1. 3KV HI4E%L,
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2. JIEW] l
det(S) = H g™,

2l 7.22 (HREZHASH0E). & FOSLEI, V @A RYE F-Ztk=sh). i
Endg(V) := Homg(V, V).

s T € Bnds(V) DI f(2) = Y’ € Flal, 52 % f(T) i= Yo aiT, 3ot 1° = 1.
¥ f,g € Flz] TR
f(T)g(T) =0,
UEH]
V =ker f(T) & ker g(T).
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8 el HURIFFIE AL

AT ELEE A RS ZS AN LS . 47505, DA — o2 R R S 0. 38
IWFTEANTR MR RPERAs e T2V — V., AT, (R R R T BE e 2

HAH RS I 2 4R 8] — 4L, (4T T A9 PR O A A M —— Xl et f Al . %
FAR MR SR B AEREMRRR A, 17550 det A, R (A — Az = 0 WA, #RAETRH
BLOBRI, FFARFTA SR B AT AR A, DR FRATT 55 B K e — 2 AR G Y BEAE SR W ] o
ATRART AL, PAR S ANRERT A AL IR ey RS n] e ] AL R .

AT EE T RANT : FRAEM AR AL I 45 0 A A A A 0E B ) s RPAIE 2 R A 78
KL F AL 2 HCRIR; Cayley-Hamilton i PP REMEFERR “BEL” H O
FAIEZ 0 B2 BRI 4 AT X AL — D se 5 . Horp, e T B 1781
i, Cayley-Hamilton &EBEAIN/ N WA E M 2 NER, AL T2 A B A 20 B
Spiy

FHAEE A KI5

HRGHE v = Az BT, RHEERRHE [ T RE RN AR
ZIMBER T, BRMEESS RN DA R R AR, ERHE A R4S e I H
Bl MAHMERGET, FRLmES H EF IR, R e AR, 256 1 &K
PageRank F73 WT-$R BEHLAE FERFALSE 1 X 204807 1wl

FLRTS, AR HLEHUT:

o TE §8.170, FRATE SCRHEAE . FHE I RARFAEZ K, il 2 x 2 FEFERDR G371 HL
BIFHSLESE, IR B ARITA LA B T AR i

o TE §8.27F, WATGIAAZ T2 AR, B R At At <7 DR BEAE S . fEIE
it b, FATIERA S e b i LA e ST DA = A4k, FR S A AR AL 15 [ .

o 1§83, FRAE AN T AR MM AL, 24 HACY BRI A )
AR, — st eaA ) Markov SRR SERA Q0] FH OGS A A S0 e RS

o TE §8.57, FWATFIAABEBALATELAHES, K570 AL S B AL AR (E
HOPIRGIE b Cnsiie S R AW G

o 1t §8.671, FATIER] Cayley-Hamilton 5B, & /& HEHRHAE 2 I 305 LM AL e i AR5
.

o TE §8. 7, AWM/ NZ I, 25 T AR FE B /N IAE FIA] Al 7
A EAR A — A AR

o T §8.87, FATFIAKKE, FHUEMIAL MR AT AR 24 HAL 4 FoAf/ N2 T 85 AR AE 2 K
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8.1 HFAEML S eI

FATMTTXT AR R R B AR ERIRRAE . PR TV — V FEBUE 5 1T
FORNHE FAES AR N MO AR, TR T M. 1780 ER & ik, R
FHE R )

WFF F-ZREMUF T2V — V, BEERE] V25 {v, ..o EMMEREM 1 <i<n
H Tv; = Nvg, ot A € F, BB vt b (diagonalizable) [\ #2733k 1) A7
1, WFR T nIxdfafe. AMEERET R, BEME A € M, (F), &7 ] 05 [
P € My, (F) #ifg P~*AP 25X 5.

2 dimp V = 1 B2 RIR, BT 1 x 1 By RERS X A . (R Xt — R g g5k
b, HAE A WA 2 rT X bRy, %8 dime V = 2 fETR: e V i—41& B
T B

A= (“ b) :
c d

ML 0#veV L Tv= >, B A€ F, FHT (A2 —A)v =0 HIEZME, MR4EER2.80
Feaniis AR (2) AR AT A R (AL —A] =0, Bl

N —(a+d)A+ad—bc=0
AT IEATT B L

(1) a2 N> = (a+ d)A + ad —be = 0 NAFTEMR, IBA—ENFAE V I—HLE {v1, o} 15
T’Ui = )\i’Ui, /ﬂ\:':':‘ 1= 1,2

(2) TR N2 — (a + d)XA + ad — be = 0 HFHDAFER A, Ao, AT TH—4 N HIE
(NI —A)w = 0 WAEZMR v, AOWIT {vi,v2} AT —4LEE, B CHE E FR AT 2K
ikt {vr, va} LNEM I, AR vi = pva, M

/\11)1 = T’Ul = T(/ﬂ)z) = ,LL)\Q’UQ.

XERE M()\1 - )\2) =0, \NIA p = 0. Ho = pvo2 25t v =0, 5 vy @R
G H v, vy &KETCK.

(3) W N2 — (a+ d)A+ ad —be = 0 FER N, TATZHE N\, —A [Fk:

(a) rank(A\Iy —A) = 0, BEEMARIEHES 3. 24fF 25 A G 4E% 2 2, PRI IbmT DAFR B A~ ek
TR {v1, v} WE Tv; = A, Hri=1,2.

(0) rank(A 1o —A) = 1, BERARPEIEIE3 24 SR AERE 1, WL HRAS B P~ 2
Jo R 1] £
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T 8.1, NF F-Lefhmhit T:V — V, X € F #fxh T WA (eigenvalue), QR LR
0#veV fliff
Tv = Av.

DU} v FROMEFIEE X XF M FFFAEIR 4 (eigenvector).

X 8.2, X F-ZebEt T2V — V, Hp dimg V = n. g V i—4&, 5 T 35 05
M A€ M,xn(F), EXXT NI n REIIZL det(A ], —A) A T WIFFFZL I A, (characteristic

polynomial).
i 8.1, A CRFUE AU A A W] AR AE 22 305X, DR o g S B iU . F-4&
PEWL T RIS TR AHE 2 AR F A pgmR (S 00E X 7.6). mffEe 7.11, n IRE I

KEF R RZH n AR, FHt n 4EL P25 0 ERZIEB 224 n A R RFRHIE(E.
Xk F, AR TEEAE F A scA R, Wt T 308 F AR aLfe.

Bl 8.2 (“HrankER e XA, HIE

iR 2 N
A—-2 -1

xA(A)zdet< 2) = (A—3)A—1).

XA =3, ff (A—3Nv =0 BFEEMAE (1,1)7 X A =1, fif (A—Dv =0 B4EmE

(17_1)T- EX
()
P= ,
1 -1

P AP = 50 .
0 1

AT RN T AL EAR R : SRAFAE(E, SRAFAL o, R AR AR P s
N HEFATE L R A BRI 8 A ABIT R EHT]: B F SR e 2 T A 2238
RATE UL, S AS A IR AT REAN Al X A AL

Bl 8.3 CRFHT). BV =TFfz] = {f(z) € Flz] | deg f < n} BIE < n HWZ T
1 F-Ze 251, /HJP F E’JfFﬂEjﬂ o(fflan F = Q,R,C). Huthrifidk B = {1,z,2*, ..., 2"}, W
dimV = n + 1. % gk St

)

D: V=V, flx)— f(2).
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T D(z*) = ka*~', D 155 B TIIFRHERA

n
0

A E =AM, L HEHEZ TN xp(A) = A", ME—IIRHE(EN A = 0, fQ
WHEBN n+ 1.

NI, KA Df = O(R f'(z) = 0) WM Vo = ker D = span{1}, JLATEHLCN 1. T
L<n+1(24 n>1H), FRET2500 Vo A2 ATKISEEA V, AL D Asnlxffaft.

D TR N E 2 B, RIS O REN fafl, thnl REAFTE— LR RIEER
AR E= AT I SRR (PEA D) 3t XAk b, R R, 175150
AR S IR, T —/DPRE]: FEC8PE (I C) b, AR ST A E=
fatk.

8.2 AETZMA L=t

N TR E=A e, RNFTETIAANE FRERRE. B g <o b
FEREARTE S, MR EEa R A ERIE Y A
X 8.3 (NETZNR). I T:V = Vg F-LEmdt, WV hysE. &% T(W) W,
WFR Wk T #— A F430] (invariant subspace).

o W g T-ABFam, W T REHE W FARRIZEW Thw: W — W, B T 7ER
) EFE R T V/W — V/W(S WA 4.21). W {—HEHEHY R V i
B, W T AT A RAT B E =g (2 A 4.20):

Tlw] =
Tl = .
s ( 0 m)
VERFEIEE T2 ) ker(N —T) B — B T8 725 ). i (1R /R A8 725 ]
WL AR SR 1, A2 S R R AL = F 1L
i 8.1, BIZV & n 4 C-RHTN, 6% C-AMHuit T:V -V, 2V 8y—44 B

143 (T3 = L=fa4El%.

SEO. FATRHAEH n WOTAIE. % 0 = 1 AR RARKY. IS ABIRTAEE < n ABALL 1
T C R, T WEEL T C Ul A (3 7.12), B T fArERHE A MR
HARBRHE R 0.
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4 W =span{v, }, W W & T-AZ773[0] (€ X 8.3). il 4.21, T {Epg=sE V/W
LFFESH CEMEMS T: V/W - V/W. BT dim(V/W) = n — 1 < n, IRI\ENEER, 7
eV /W B—H3HE {vs, ..., 0, ) 15 T FEX 43T AR FE R b = A A .

TEV Fik v ARERIC v e V(2 <i<n), W B={vi,vs,...,0,} WKV B—LRE.
H A 4.20, T FEEE N R FERA 3 =M

)\1 *
7% =
Hip [T] 4R =A%, B (T35 W L =A% O
il 8.2, A F C-&bnkdy T:V — V, L fefilsh T3 ALK Lok, £F B 2t

1% (T8 A E=AsEEa X

X 8.4, X F-ZRPEBRIS TV — V, FRALAE A I 4 ACRRAIE 1 F e (7] =5 ] S f) Jl— A
F-2RPE 2510, FROMRHIEE A AOFFAET-45 0] (eigenspace), iCfE Vi,

s 8.3, 3 F F-Bbokdt T:V -V AR ILBIEE N, A
V)\ = ker()\I—T)
TEAA. ARYEE SCHPT]. O
T A5 | BREE W AN [4SRG AR AR i) o 22 8] ) e 1 T 5 1k

I 8.4. X T:V =V & F-Zbbakdt, Ai,.... N\ & T 89 P RE&9F A, v; & N\ #T
TEA. Xk AUENYE. 24 k=1 B, v # 0 SRPETE K. R B — 1 DNARIFHE(ESS 1 )
S, Bk

a1v1 + agUg + -+ - + QU = 0.
X ERXPIEH T — M L HER (T — M Dvi = (A — Ap)vi, AT

a3 (A — Ag)vr + ags(Ag — Ag)va + -+ ap_1(Ag—1 — Ag)vk—1 = 0.

IR v1, .. vpmr T, BIIE ai(N — A) = O XA 1 <i<k—1 W7, XHN
Xi # Mg, FTPA aq = -+ = ag—1 = 0, REIEHTE apvr =0, H vg # 0 Fl ap = 0. O
TP 8.5, F-Zbtukdt T:V —V T A AE V ABETZR M, PV =V, ®
@V, AP A, A R T AR TR R AF AR

B RZEV =Vy, @O Vi, WHER Vi, ..., Vi, WE, RRHEOIFRRIGE V Bg—24H3, W)
TEXHELT T KRR X A RE. o —Jm, &k T vl xkfadk, WnTpA$RE] V 1—4H
FHRFAE ) E A A L 5 8.4, ANEEHE 250 2 MU EAL FmX L T V AEHE
238 i O
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8.3  JHFEAIAHL LM Mt

B /NTT A, AT PR A T8 5 AL TR IS, FESCPR T R o, AR
TR, AN FIA SRR TS S, T T WAL e Al
IV 0 ) A S R R PR (A S5 9 2 P @ A B 3 — X R R
X 8.5 (FHEEMHIEL). HilE A, B € Myxn(F) BRI (similar), QIRA7HE ] 90
P € GL,(F) {{if§ B = P'AP.

HARFRZ—DEM KR, B Muxn(F) 200G T AR MPER . F— 50
b ) T RPN I ] — AR B R AL R IR A = [T]3, P RME B’
B\ B AR, W PTIAP = [TV, Hik, SEMEHC AR (s, Fk.
W FREZ ASE) LA DR 2 [ PR R A
i 8.6. AMUEIFAABR 09 F4E S AKX, Adm A AR a9 4RI (S REES). MR 69477
K AR B3
iEM. W B = P71AP, N

det(\I, —B) = det(\1,, =P~ 'AP) = det(P~'(\I, —A)P) = det(\1,, —A).

MK
det(A — A) = A" —tr(A)A" ' + - + (—=1)" det A.
PR AT 5 SRR f R 22 TR s, ORI A8 A7 41 X5 2 T O

T BT R, FHIE 2 AR ] AR CRAERE FEAR (L. BN Lo 1 (6 1) AAHIR R RAAIE 22 1
A (A =12, BN, 5EERARRIN S FH 2 M R /RS ER (S0 §13).
AFIAIEZR, FATRTPARF LA R 36 A I B R N A 5
X 8.6 (RHFERYRIXTFIL). HiFE A € My (F) Byt ffLid (diagonalizable), #If A
FARLF— XS F R, R R HE PifS PYAP @A MMRE. S, A /5 B 1
IERIEAE L @ — Az SRR ALY

P 8.7, 4EE A € My (F) T A i BAX S F» AHFETZR M, FF =V, &
V/\Sa ’;Et‘q) )‘17"-7/\5 7% A é’:’_/‘f_\/fi_\z:m#%'fi'Tﬁ

IR RF AP Fr RS, B A E B 8.501m]. O

1 8.4. ff A MXMAER A= PAP™! BB (b A @A), W P A& S 2
A BYFFAERIE, A BRI TT R X B AR (.
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XA — A Z Y R SO BRI RIR. & A = PAP™Y, JHop A = diag(A, ..., \),
|
AF = PAFPT = Pdiag(\}, ..., \b) P (9)
Xt AR I A U L, R Rl — o kR A% it R RBGEE. X AEEhES
4. M (Markov #8) FUBHEBIIHSREHA ) Z A, TN — Mg e b
Markov AR H 7.

Bl 8.5 (EENAURIEHAL). HI& MR L P FIRSZHR (selfing) B4, LR [H A
AWAEAEER A Foa, RSN AA. Aa. aa =Fh, W5 b REOFRERN x, =
(Ta4, Taas Taa)" - TEAMRZHGH, MG B SR LGN, FRIEEELE Mendel j5
e RHLE:

o BN AA WMEAR, A A4
o BAM Ao AMERARK, FHRE AA: Aataa= g
o BN aa MEBZR, FREN aa.

B, TR AA BIEN 2aa - 1+ 2a0 - § + Taa - 0, HARZHE. B R EL RIS AL
WS A 1y B, AU IR MR IRIR xp1 = Mxy,, HAP RS HIFE N

Saiih

Do
=

=

|
o O =
= o O

N e N e N

23t k RIEIHER x = Mrxo. FATHX AR M".
(1) $¥AEZ B SHRAEG. M 2o E b= MR, TR

ar(A) = det(ATs — M) = (A — 1)2 <)\ _ ;) .

RN M= LB 2) 1 Ne = 5 (B 1).
(2) FAE T2 Sx . XF A =1, f# (I, —M)v=0 1%

1 0
Vl = Span 0 9 0 )
0 1
0

JURTER = 2 = RECERL X Ao =5, R G -—M)v=014
1
V1/2 = Span -2
1
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B P B

W P~*MP = diag (1,1, 3).

s Ly g

(3) W5 M*F. ARHE(9),
MF = P diag (1, 1, 21k> Pt

& k= oo, INF & =0, 3]

1 20
Jim M"* = Pdiag(1,1,0)0P~' =10 0 0
—00
0 5 1
N(]
TAA T %an P
Xoo = lim MFx, = 0 =101,
k—o0
Taa + %an q

Hfrp = 2aa+ 5000 Fl ¢ = Taa + 3000 IESRVIEREAPEEAEE A Rl o I, X R
& adun TRAKZRG, RET Ao WILBIETE, A RA S, 2161 AA M
aa [ EEBIIE G5 TR F AL R p Al g.

(4) PR PRI A = 1 X HERRAE 1508 Vi SBAE LS p A g AE
HACH R IRIFAE s FFAEE Ao = 5 XTVAORHERE (1, -2,1)7 #iide A T Hardy-
Weinberg V{77 16], HAREE (5)" 2 I PASRRAE (B 43 6 RS 4 -5 2 000

=

H.

8.4 ki%: PageRank, Markov $&5FH e 1

AN 1 5 I SCHR P A AL R [ SR e A So A 23 1) B (B
AEGUEAY 1), ATREUERE (BRI 1) SSIBEHURRE (B50RY 1) BRE]. %54
Hil H b2 SRR AL EA Ak, T RASE B 7 i BB, 2 ikt FEL e PR 1 f) A

it

% 13T, ATE A PageRank 51 HZ&M 4l M RATIC BRI

Pr==x



MR IAEL. RS AN MR 1Y T 5 8, PageRank 27ET 48—~ Markov Ef)-FFi7
1fi.
B n AW MRS 5 AW CA BERAR 1 T R, B PHER T 5 AR
A — M, WL
pij = MM BTG B2 M 5T AOHESR.
é,\
BT PR RITT AR, SRR TL, A —F AR 1

Y pj=1 j=1....n
i=1

TXRE A S FE AR A BB HLHE R (column-stochastic matrix). #IS z, € R™ FREE k A0
B4 W BT A1, 0
Tpy1 = Pry.
i5jiid
x = PFr,.
I EH A Markov #.
W 8.7 (RSN, & P ORSIRENUAERE. FaE T e R e

n

7T,‘20, Zﬂ'i:l,

i—1
I H
Pr=m,
WFR = A% Markov #5019 FEasr A (stationary distribution).
MFHEE A R, PR IE 2R 1 X AR R e ) &, FE— 0 AR AR FI 46T
1. PageRank [ & 3fA& M U1 FEHLIEE R RR AT m BOR, R K IBEALN Y 2 i
FRAEMI T & b i e e my, PRI 9% I 0 el e L
G AL P — 2 5 A2
1"p=1",

Hop 1= (L,..., D)7 XU o 250, 0
17 (Pz) =1"2 =1,

P DARE R Sk PRk B, [N, P ATRRAESE 10 17 P =17 B, 153 PT1=1. At 1
& PTBORHIERE:; SRSy P AL PT AARRIBRFEZ I, BreA 1 @2 P AYSRIE(E.
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BERRTIEN S, B OLN, A 1A EXME R0 20 HA
PFzy — 7.
AR P AT RAK Fa Ak, EARAEAE PTHES A
AL =1, [Aal, oy | An] < 1,
B2 G& A r] PAE R R . %
P = Sdiag(1, Ay, ..., \,)S 7L

|
P* = Sdiag(1,)},..., \F)s—1

Mk — oo B, A5, AR EREET 0, HEITRARE(E 1 XERZAG 1) X EtE Markov 5K HE
TE LR MEAEA T

SR, LS L PRI BB AN I S ik LU PR 5 0. i, RS o T A AT AT s 4, B0 ot
B BUCE AN TR A4y, SBEATLIEETE ) LA 0 2 0] SR Rk gl . 3 28 il & 3R
RAME—BE ORI, 23 W T3t BE, 385 S I 06 B 91 4k 35 21 43 A1 )
L1, NS REALAERE S. 2 )5 ABLE P F-(damping factor): Bl 0 < oo < 1, &L

G=aS+(1- a)%uT.
HiFE G FRMIFIIEAY Google HHFE. X R AN BEHLIN Yo Fi 2.
o DMIRRE o i B T 000 U B R AR it
o DMIEE 1 — o BENLBKEREE — DR

55 FHEENLBEFE thFR N teleportation. i 1117 (EAICEELN 1/n, Ml G HRIC
ARSI AT AT I SO AR R BT 0T, X 1 AN JE A o S0 i )
PRI AfE.

HiFE G 32 RENLARRE. 25 I,

1
1'G=al"s+ (1-a)-1"11" =a1" + (1 —a)1" = 1"
n

Wit G FFEARRAIAR
BELJE RT3 45 th—Fh B SORE. W MR 2y, B 1T =17y = 1, FiTbA

1
1Tz —y)=0.
- (x—y)=0

Gz — Gy = aS(z —vy).

188



M T AIREHUAE T ¢ RO R SOER 2252, 153
|Gz — Gylly < allz -y

XU G BT MRR AT Z [B AR B4/ N FORM 22 o 1. I AEERI IR 701
FAEEAC

Tpr1 = Gy,

AR ME— (PR AT, B

Gm =, Z m; = 1.
i=1
X2 PageRank Bk fHJE R I S PE R S B DATREAERE . A ME—RRHE )
S, G A A AR R P R A R

i 8.6. {ESLPriTF Y, PageRank M H AN EHKM (G — Dz = 0, @ MHEAVIHAARA 1
zo Wk, BEIE 21 = Gop. XFRNAEEIC (power iteration). 24 GFay WeEnt, A bR )&
WURFFIEAE 1 4T PageRank [ .

#i>] 8.7. W P REAIRHUERE. IR o 2R, W P 2R

45>] 8.8. B S RIIBEHILIE, G = aS + (1 — o) 117 G G ZIIBEHUERE, B G i
TCRWKTHET (1-a)/n.

#:>] 8.9. i S RIIFHUERE. UEHIXHMER v € R™,

1Sully < flull,

Hor fJully o= 32, Jui| FoRa o BARHAZ M GEEEIRGIHE I 10 ). R [ =
AR LA S HCEAET. SRR 1.

#i>] 8.10. F£ b—RURLA b, UERIXHEE R 2, y,
Gz — Gyl < allz —ylh-

XU LS PR T, W SoBeR; (5 o R/ 2 W55 ELSR AR SRS HEA 14 52 .

8.5 fUBHE S ILM HEL

W 8.8 WTHEME A € Myyn(F), FHEME Xo ENFHEZ T xa(N) B (E X 7.6) BYE
FOFRh Ao H9FCBTBL (algebraic multiplicity), B (A—Xo)™ | xa(A) F. (A— o)™+ § ya(\)
i, o A RHEH
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X 8.9 XTHE A € My (F), FHAEME N FFFE T2 00 Vi BILERFR A A 1)L %

(geometric multiplicity).

il 8.11. B A € Moy (F) BAFFEZ I (A — A" (G40 FACEPH. A A
AEEIRF SR AL ) . AR E RS 127 (A — A L))" = 0, I F™ = ker(A — A1 L,)". Feil,
A BFFAEME N RO

n =dim{v € F* | (A I, —A)"v = 0}
i 8.8, 3 TFAEHE A € M,y (F), BAEfE N a9 R EHH dim VY,
Vi={velF"| Ak keNxs 143 (AL, —A)*v =0}
A N 2T ag) SRR T 42 (generalized eigenspace).
I 8.12. RS SERGIFI S H ] Cayley-Hamilton FH (FHH8.12) DA £ Wi,
WEZREHE TR, S0 §8.6. X B HEEHR: WAMEZIECN xa(\) = [T (A — )™,
M Cayley-Hamilton EH x4(A) = 0, AN ERZ WX Z S H (AR L ok & E5%
3, IR T.7) WIS B = @, Vi, AT dim VY| = ny. 7 SURFE 55 IR 1 56 S AUAFIIE
W LE B3 15 AR B, BATRAEICS VA o= ker(T — N I)™ FR)" SCRHIE 123 1].
eI 8.9. xF THEME A € Mo (F) 89554218 N, HIUTEH0NTHF T REEH.
1EA. B THRHMEE A FATH Vi C V). 0
SEE 8.10. 4[4 A€ M, ,(F) £ F ETxrfafe s BALY :
(1) #5422 X xa(A) & FA] ¥ T A A —k B XA AR
(2) 2 A 09dF— AR N, U EREF TR EH.
TEA. SBSAIE (1) A (2) BOT, FPREAEZ TS
Xa(A) = (A= A)™ . (A= A)™.

H Cayley-Hamilton EF (FEHES.12), xa(A) = 0. FEEH] (A — A)™, ..., (A — A)™ B
%, s 2 e EESR (ERT.7) MR, TR SURRE 25 8] i H A 43

"=V, @--- @V,
H dim VY = n; (BMEELD). B&AM (2), MHMER 1 <i < s #f VY, =V, B

F"=Vy, @& D V..

FRdiE e BES. 7R AT A WX k.

Rz, % ATEF st fafh, MEHPIT— XA B xa(X) 22X S0 o0 Y
) — W XA, 550F (1) SO FE T = @, Va,, BARHET25 [ 1 4ERCE UF 45 TR Y.
FRIEEAER 2 B BTk, RIJUA 50 T ARBE R, &40 (2) Wior. O
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8.6 Cayley-Hamilton B

S 8.10. Xf T F-kMEhift 70V — V, ZIi f(N) € FA] Fh HEAZ WX (annihila-
tion polynomial), f f(T) = 0.

1E 8.13. Uy, FATAI AR E SCHFBAR 2 I, BRI RO E PR, A 2 5 B
A AR DA S SRR AT DA BB TE 5 A0, A FEGA.

IRl 8.11. ¥ THEST F-Z %3 T:V -V, KL S AXE X G,

IERR. ARV A, FE T EXAHE IR A RV MAEECh n, IBA4s
RS FELH R M 25 R BIOR n%, T Lo, A, A%, A™ — R 2, I EAR 2 S
W) ag,ay,. .., an> #i15

agl, +a A+ -+ a2 A™ =0,

M f(x) = ap + arz + -+ + apea” BBHETR. 0

Y -2 4 T: V — V, Cayley-Hamilton EFREHE FiRZER, IFI M 2 EAE—1
n W Z 02 T ZAZ T, Koo 2 V I4esL

EPE 8.12 (Cayley-Hamilton). *FF F-ZZidknkd T:V — V, LS XL LR S @
X..

NIRRT R, F1eE X2 FIA] A= 0w Vo _EEok: X () €
FIA flveV, EX
h(N) v = h(T)o.

AMESIE FIABORA AT P

(1) XMER fi. o € FNLv eV, (fife) v =fi- (f2-v);

(2) XML fi, o €F v eV, (it fo) v=Ffi-v+ f2rv;
(3) AMTEEW) f €FN,ceF,veV, (cf)-v=c(f v)

(4) MEEH feFALv,w eV, f-(v+w)=f-v+f w
(5) XMEEH f €FN,c€FoeV, f-(cw) =c(f - v).
R, A AR FIA BCREGE V R s, A v =Twv.

Cayley-Hamilton € 328493280, LRV B)—4HE B = (v1,...,v,), X T £ B FHZFRH 4
jﬂ A= (aij)y iy
A (Vg ey 0n) =T (v, 0,) = (V1,00 0,) Al
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bk U, 1558

(%1 U1
\ V2 AT V2 7
UTL UTL
RfI
(%1
(%) 0
AL=AD) | =] (10)
Up, 0

TR B0, AL, —AT IR CRAE FA] APERERE, 7 vy, v, 52 VAR 45
KW FA] 72 V- ERBERG . X FIA] RE0 5, A5 m] AE SOLAT 81 AR
BERRE (R s A I A P RIA- S HE), HAn FE ARG

adj( AL, —AT) - (A1, —AT) = |\ 1, —AT| - 1,,.
FE(L0) B 26 Fe PERERE I adj( AT, —AT), 155
U1
AL AT | | =
v.n 0

MIIAHERR) 1 < i <n, f AL, —AT|-v; = 0. T [(AL, —AT)[ = xr(N), T FIA] B9%0fk
o T 52 X, XEWE xr(T)v = 0 MR & v WGL, i xr(T) = 0. -

8.7 BuhEHIA

e/ T2 P Al X F AL e s DR, (B R AR = T B AR AL 125 1A). )
IR PASEEEAR . AR A AL (R RR AL ) o, -] 2 A/ N B T AR
g —&Kik.

e 811, X F-Zettmgy 70V — V, HIREURIEAEZ i — A2 T 0F vl %
Y, (minimal polynomial).
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Bl 8.14 (RN IR, B/ IR F 2 IR R 2 Sk e A

2 2 1 2
A1: 0 5 AQI 5 A3: O .
0 3 0 2 0 2

(A; — 21)(A, — 3) =0,

XF Ay K,

HA1*2I#07A173I#07F)?[)J\

ma(A) = (A =2)(A = 3).
X Ay Kl & N = Ay —2I = (8 (1)>,m'JN2:O1EN7éO. AT

mAz()\) = ()\ — 2)2.
Xt Az =21 Ki, ~RZMAE L LB
ma, ()\) =A—2.

HER A 5 Ay FFHEZIA#Z (A - 2)?, HRUNZ AR, X IE RN TR
Al AL A B AN X A AR T

Ml 8.13. *F F F-Kbknkdt T:V =V, EAR % i X & 1p AET— AN B4 % AKX,
e, R m(N) 2 T M2, f(A) 2 T HEDSZAZ T T RRENE
FA) =mN)g(A) +r(\)

Hepr(A) BRER T BT AR r(N) ANE, BRI RIRE (EH7.1) AR
fiTA degr(A) < degm(N), XGW/NZ T E T JE- O

il 8.14. 3 F F-&beedt T:V =V, AR 2 AKX ZvE—04.

E. BB ma(A), ma(N) R T I/ NZ T, ATA ma(A) [ ma(X) PAK ma(A) | ma(N),

PIIE mai(A), ma(N) ZIEAHZE N AEZHE o, FAHE TR ma(A) = ma(N). 0
R 8.15. 2 T F-Zbkukedf T:V — V, LA 5 X IR A4 S K.
IR AR E S L2 I E 2 U T 2 1K [

Al 8.16. AT F F-ZMukft T:V =V, 90 f(\) AT S AKX, MBI N b Z %
% MRk, F 3, & LAR % Xagik.
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EAL B A G2 T MHFALME, v # 0 X RIFHEA &, W To = . IHEEZ T f(A) =
Zi ai)‘i» ﬁ
f(Tv = ZaiTiv = Zai/\iv = f(\)v.

o [ REBAZTE, W F(T) =0, AT f(A)v=0. g1 v#0H f(A) =0. -

T 8.15. MRAEIMEILS. 15D a8 160 A1, AR F-ZePEmiit T: V. — V B9%pE 2 i X 20
AR A A e

FO) = =A™ (A= A",
A2 HAR N2 B AR

mA) = (A= X)) . (A= Ak,

H ki <ni,1<i<s.
SEBE 8.17. aFF F-bnkdt T:V -V, £EF LT ALY LIRS 2 RX m(\) £
FA] 5T 545 —k A Xag iz, BiEA E4%.

EA. QR T alxt A, RUHAER 4L N A XA, HA R RHEE D e
ALy Ay BEIE A BB/ Z I m(A) = (A — A1) .o (A= Ay)s 57, Bk T it
TR m(A) = (A= Ar) oo (A= Ay), Herfr A A BT, %8

m(A)
A=N)’

hi()‘) =

W ged(hn, .. h) = 1, WITHRIEZ TERBIESR (IBT.7) 41E k(M) ., k() € F[A] 4
"
B )R () 4+ ke (Vha()) = L.

]

IR v e V, JRATH DURHAMER v = v1 + - + v, HoH
v = ki(T)ha(T)w.
itV = ker(A\ 1=T).
(1) v; € Vi, IBRFER (T — X Iv)v; = ky(T)m(T)v = 0.

(2) MER 1 <i<sPAveViny, Vi, Hv=0 FHELLE, hi(X)=[1,.,(A=N), B
J# 14 hi(T)ly, = 0; NIl hi(T)v = 0. 5571, ¥ Vi b hi(T) = [],.(T — A\ Iy)
SRR (BEAHTAE Ve EETAEZRE (A — M) D), Wikh h(T)v =015 v=0.
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M TR il 3. 2047
V="\& -0V,

MR EFE8. 50 T nf %k, O
B 8.18. n 4k F-Z M= V oy F-ZbokdtdoBH n AN RE 6G4F 448, N T2 A1k,

. REFHEZ T f(N) = (A= A) .o (A = A, Hdr AN BEAMIE. AR
816, fEREFHEME M/ D2 m(N) B, B m(A) PL A, A AR X
m(A) | fF(N)(HE1R8.15) H degm < n, il m(A\) BZH n ASARPR (HTH degm > n), A
M mA) = f(A) = A=X)...(A=X\,) %A EREY—RETRM, haEE8. 178 T alxf
fatk. O
e 8.19. F-Zbukdt T:V -V Taf Aate, Bz W 2 T-FREF=@, W Tlw: W - W
AT 2T A AL

B R my(N) 2 T:V =V (N2, IB2AHME Tw: W — W Eh 20,
M my (A) BEBR my (X). AITAIER my (X) W RASM R A AR — IR B 2R A, mu ()
WA DA A AR A — R R e, AT T'|w W F k. O

EX 8.12. FEE A € M,y (F) N a%MiF: (idempotent matrix), fIF: A% = A.
HE 8.20. RE4EME A FEIEFTIR F AT 2% A L.

L. HEREE N - A= A1) & A B2, M H /N2 TiE R A(A—1). T
0 # 1 FEARATIE AP RS, AN — 1) @3 TR — R B SR, RPEE P8 1714 A XA
k. O

X 8.13. HilE A € M,y (F) R AXMEHPE (involution), UIHE A% =1,.
A 8.21. i F ey /e h 2, Mata4E%E A £ F LTt AfL.

JER]. HEE N -1 2 A B2, M HM N TR A2 — 10 DR F AR
K2, N =14 F afRAAMREN (A= 1)(A+ 1), Hr 1 —1, AifiARYa e B8 . 17n] A1 A nf %}
k. O

X 8.14. HiFE A € My, (F) BFhaF % HiFE (nilpotent matrix), WIRAFAEIEREAL & (47
Ak = 0.

AE 8.22. FR4EMEny S AEE AT A K.

IERA. WISR A RRBHEE, MEA A N2 A BAZ T, R, AR Es. 166 7
TR A . O
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iR 8.23. RAJEMET AT AL S BAL S A TAEFE.

SEO. 7T, WRICTTAMAAIL, th T SR E B T S B 53— T, S
4 R R O T A . m

i 8.16. i tn] DAl /N2 AL G e AR A RAREAREZ AR, A8
WNZIRAN N (k > 2), NI A FARRY— R R,

8.8 Kk

KRR “Z I EARMUS MR 2l i R AR BRI BEARHE R R . A
NIRRT YRRAE RS 5 EL B AR SRR A Ak, T Jeng e SCRIpBIF

BN N AR TR A AN SRR, 2R N 2 S
FAEZ T KR, H AR R SR fE R 4

S 8.15 (RFE). H5EH—ZIR FO) = X+ an X+ ad+ao € F, Hh
(companion matrix) 5 A

0 0 0 —ao
1 0 - 0 —aq
C(fy=101 -+ 0 —az [ €My, (F)

o0 --- 1 —Ap—-1

TR KB (companion) H55F IR adj(A)(adjugate) 25N FINR; 3R
THARATRERRAR “PERE”, AR AR E SR PRI adj(A)”, LA E SCRTX S
iR A C(f)"

KEERU ksl 1, f)a—dh 2 TR B, HARAE N 0. N
B HIRHIE 2 TR 2 K
Bl 8.17 (“Br A MR FE). B

is‘(_i aq :*37 a0:2) ﬁﬁ
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HPE
A2

) ;o detOM I —C(f) =AA—3)+2=2=3A+2= f()\).
[7] Inf
C(f)? =30(f)+2I=0.
i C(f) =21 #0, C(f) — I #0, FrbABcH —RZIXFEHE C(f). HIEX A1
Xe(n(A) =me(A) = f(A).
MEERBAEE, C(fler = e, 1M
C(f)ea = —2e1 + 3e,.

WYL, BI— AW e RIS —REAE, K52 A RZI [ RGO
#.

s 8.24. A% C(f) 9B ESAXET f(N).

AL FATX n MOHGNE. 4 0= 18, O(f) = (—ao), FHEZIATN A+ ag = f(N), 45k
JEAE.
WA n— 1 BB, X n A O(f), ZIEA75)5:

A o --- 0 ao

—1 A 0 a
detA L, —C(f)) =det| 0 —1 -~ 0 a

0 0 o =1 A4 an_

R ATRIT. BT R TN AL —C(g), Hrf
g(>‘) = )‘nil + an—1>\n72 + -+ a;.
E A TURXATTe R —1 B B =AM, BTy (1) Bk

det(AL, —C(f)) = A -det(\L,,_; —C(g)) + (=1)"""ag(—1)"""
= A-det(AL,—1 —C(g)) + ao.

HAAN R det(AL—1 —C(g)) = g(A), Aifi

det(A\L, —C(f)) = A-g(A) + ao = XA+ ap i A" 2+ +a1) +ag = f(N).
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firdi 8.25. A% C(f) a94h s 5 AXLFT f(N).
B WA= C(f), IChER: e1, ... e i T (5[5 RS A 454 H
Aei = ey, Aey=e3, ..., Ae,_1=e,,

B Ak =le; = e XPRFA 1 <k <n oz, % m(A) = X4+ bg A+ + by 2 A I/
Z I, W m(A) = 0. K,

m(A)e; = Aey + b1 A" ey + - + boer = eqy1 +by1€a+ - + boer = 0.

#rd<n, Wey,. .. e #RENE, MEXT ear MABRBCH 1#0, SLMITLXTE, i
d > n. XPRAPNZ BB RRFEZ 0 f(N) (HEES.15), H deg f = n, # d < n, Aifi
d=mn, Bl m(\) = f(\). O

1k 8.18. NEMATHIN AR, KFFMA TS AR : BB F" EREREEIR T: « — C(f),
Wi ey A6 T W RSZAE R AR 1B~

2 n—1
e, Tey =ey, Ty =e€3, ..., T" "e; = e,.

XA & er BN T B— 68 m i (cyclic vector). A2 FEHE 2 4 AR e A5 30 i) B Ir
R PR R R

I THI P 0 22 o R R AR A

EB 8.26. 4E[F A € M, (F) A8 FEA nxn AMEY%HILE A 89480 $ AXEF T HE/E
% M.

EM. (=) 7 A MR AR C(f), WA F1 C(f) AMERFAEZ TR N2 5. diar
8 24 8. 25, C(f) WIFRHE Z WA A/ N2 TAHESET f(N). I ma(A) = xa(A).

(<) Bk ma(N) = xa(\). BH xa 2 n WE—ZWX, Pk degma = n. FAEIE
HIEAE v € B, i v X T A BN Z T ma.

MEAEZ MR v € F*, 30 pa(A) HHE p.(A)z =0 E —HBRIRZ T % q(A)r =0,
XF g BRVA o YRR, WA 1 | g.

BF™ —2H58E b1, 0 — 2T g R q(A) = 0 B HAY q(A)b; = 0 XA
BAL, P

ma = lem(wp, ...\ o, )-

K ma T8 FA] AW PAN ] 87— A il 29 22 T e i

ma(\) = TN - (V)
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BT ma 2 Bk e, M/ NAREL, XA J, FEENENE u; = b §i115 p, SHHET
7. 5
Hou ()‘) = 7rj()‘>6j Sj()‘)a ng(ﬂ'j’ Sj) =L
B wj = s;(A)u;. BT m;(A)9w; =0, HFF h(A)w; =0 M p, | hsj, AT 7['? | h, A5
Hw; = ﬂ—;j-

FHEVCHER A AP A. ZIETME v, w W ged (i, o) = 1, W flyq =
Joy ooy - *ﬁﬁ, Hu(A):U’w(A)(u + w) =0, ilrPA Houtw | Hoag oo - %—_‘ﬁﬁ]‘7 # h(A)(u + w) =0,
|

h(A)u = —h(A)w.

ZENETH v AW A-TEFR 250, HE T H w £ RE A-TFI 230, 255 m & [F
TR EIR T2 0], BRI pa(A) B pw(A) 65 B oged(pu, pw) = 1 FIZEETESE,
XA I HEE N 0. HE h(A)u=0 H h(A)w =0, T2 pu | h H po | he BT fo, fw
HE, A tuptw | he BXUE oyt = fufbo-

KON B E5 e, X

V=w; + -+ W,

My = Moy =" o, = 77? "'Wir =ma.

TR degp, = degma = n. QR v, Av,..., A" 1o REEMX, WAEREUNT n #Y3E

FZ ¢ #1115 ¢(A)v =0, X5 p, WRECH n FIE. Hik
B = (v,Av,..., A" ')

2 B —2H A

w

ma(A) = X'+ ap A" 4+ arh + ao.

1Ed: BT, Hi ono— 1 ASER ]S 2R

vis Av, Ave A%u, ..., A"V 20— A"l

M ma(A)v =0 4iih

A = —agv — a1 Av — -+ — a, 1 A" L.
Hit A 7ER B FRYMEREN
00 0 —ag
1 0 0 —Qa
01 0 —as |,
0 0 1 Ap—1
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i ma(X) BOARE. A FRIT AR O

1 8.19. BiERIR “=" Iy [ Y KR PR PR ) B A AEAERE. UER] P AN EEBOAN ] ) B Y
T2 T UBL, e e — AR m R T 2 TR VARG E] ma, BRI 2y
WA R R R E A, PR — B U TGN ma 11 &

il 8.20. HIELZ T f(A) =N’ =602 + 11X =6 = (A — (A = 2)(A = 3), HAKEN

00 6
cfy=|(1 0 -11
01 6

C(f) MFHEZ TN f(N), B2t f(A). BT fA=DARBR, C(f) Tt
e, I HART diag(1,2,3).

Bl 8.21. HIEHIKE A = diag(1,1,2) € Maxs(R). HAFEEIR K xa(V) = (A — 1)2(A - 2),
BRI ma(\) = (A = )= 2) (B4 (A = To)(A — 215) = 0). [T ma # xa, H
W 8.26, A RHILTAL {0 A .

8.9 IRRHI

Bl 8.22. % K

4 -1 1
A= 2 1 1| € Mss(R).
—2 1 1

(1) FAELHA. 15
xa(\) = det(A\ 3 —A4) = (A —2)%.

(2) AN SHRHAE T2 ). ME—PORAIE(EN A = 2, HARRGERC 3. HE

2 -1 1
A-2I;=|2 -1 1|, (A-2L)%=0.
-2 1 -1
fRFF I R W A
1 —1
Vo = ker(213 —A) = span 21,1 0
0

Pt A =2 I LRERCH 2, /NP 3.
(3) mrxffafbrily. e P8.10, A AnfXFfafe. MNZ AR, o A-21; #
01 (A —213)% =0, BrPA ma(A) = (A = 2)%, EEAEMR, R A R,
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Bl 8.23. % EHRE
B=(? ') em (R)
- 0 2 2x2 .
HRFEZ TN xp(N) = (A = 2), ME—RRRIE(E A = 2 SRECEERCK 2. 1

Vi = ker(21, —B) = ker (8 _01> = span { <(1)> } ,

HIUEEC 1 <2 = AR HIE B Anxfafk.
M NZ IR, mp(A) = (A= 2)*(IF B — 21 # 0 H (B - 215)* = 0), /)
Z I A EAR, MO P 8. 17 RIS A 3.

y y 7 IRt

/‘x
/%ﬁﬁ@

JE R YA

=
~—

Bl 14: BERUIREORERKF I AL, (HA A% 22 BT 1, PRI mE X A4k

8.10 2]
8.10.1 #2)8

I 8.1 (T HE NI, SR A AERUSAFE PR, B4R, AR ME A R
N, ARSI =4 2 AR, HEE A — A8 4. 2

. Sk AELNAERR
Sk ARSI )

L B A 15 v = Ay

2. 3K A BYFHESE.

3. BIRANRRAE fEL R RIS S WAFAE i) 2 i A A B AR L)
2 8.2 (AR LI M R ).

11 0 1
A= =I+N, N= .
0 1 00
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L. Bk N* = 0.
2. P Z oAt A
3. WHIAA A A" LT n X — AT, AR R RS BB A
28 8.3. KA
1 2 3
A=10 4 5
0 0 6
WAL I Al (A AR RO LA S, I A R n XAk,

2 8.4. B A € My, (F) W3, FHEZ TN xa(A) = X" + et X1+ +¢o. FIH]
Cayley-Hamilton E# (GE#FES8.12) UEHH:

Al = _cl (A" e AP+t L)
0

H UL A~ WIASR A A 12 5.

218 8.5. W F NFFIE 0 I, A € My (F) HHEHE (A% = A). GIEW]
tr(A) = rank(A) - 1y,

Ho oA i R EL rank(A) T HAAKA Z — F AR RITER.

218 8.6. GEW]: AU A AR IR N2 K. Rud sk, 4B T N2 A
A A —E R .

I 8.7, W TV = Vg F-Ebmgt, T wixtfatk, W T-RAsr23m. FIHRZSE L
WG (fArilid.21), IER] T2 V/W — V /W darstffk.

2 8.8. ¥ A, B € M,xn(F), H AB = BA. QiR A, B Flx e, iEWAFAE S 14 P

fif3 P~YAP Il P~'BP [m]i Jyxt H
(s X A BRAMRHAEF2508) Va, Bl B(VA) € Vi, A% IE B 784~ Vi LRYBRA.)

2 8.9 (WHAZR>]). FIKTRAIRE A R ER LU EXS ffl. ZEnT b i e, 4
AR P, 15 PTYAP 2 XA

13 -1
1LA=|-3 5 -1
3 3 1
(4 7 5]
2. A=|—4 5 0
1 9 —4
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11 -1 -1
1 -1 1 -1
1 -1 -1 1

)8 8.10. KA

FRRFAE A 5 X B ARFAE 1) o
28 8.11. SRAEFE

WRFAE(E, AW E R A PIAA R R 5 7l -
28 8.12. KA

ARFAEZ I AP AL (EAIARFAE 1)
2] 8.13. HIMTAE

el at. e, Hh— k.
I8 8.14. BARMA T : R? — R? & FARER ARG N

0 1
1 0/
MU R & B AN T 177

2 8.15. BAIH L
Ap41 N 2 1 (07%
bn,+1 a 1 2 bn .

KRR, U AT A=A By T IR 8 i KA1 .
2l 8.16. Zyih—A> 2 x 2 SUARE, MERA SAHEE. MRHLTR L.
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8.10.2 %&b

2 8.17. Bl A € M, (C) M FRAVEEEOT) 2 A Aoy - A (e ] EA M)
D). WZITX f = anX™ + - a0 € CX], EX f(A) = anA™ + -+ +aol,. W f(A) HY
FHEEAE S (AU RDT) 2 fha?

28 8.18. EELKL b,c € C. BBALI (an) WRBIHERK any1 = bay + can—1. PATIR
SR IDIEPEL S0 Bo L S ) O ST R

L AW 2, = (an, an1)". B z, WBHEARK 2, = Az, 1. Kb A BT ITIE.

2. SRIERE A YRR M, Ao FFHAIBTTE SR B0 B2 75 il AR AL

3. AR A WTRAXSFafk, FIRIXF AR AT

4. 2R A RREXS AL, GERD A AU HERE N Lo + N, b N2 = 0. FiJT 3Rk A
218 8.19. UEHAE MG FRAE 4

aq Gz az - Gp

Qn ay G2 -+ Qp-1
p—1 Gnp a1 - Ap—2

a2 as Qa4 - ar |

(TSRO L) WX, FHORZ PR EA AT (B BB AR

0 1 0 --.
A= 0
1.0 0 0
1> 5i8.17.)
28 8.20. % A€ M, (C) Wi tr(A*) = 0, XHEAT 0 <k <n. UEH] A" =0. ($R: HE

>)H58.17.)

28 8.21. ¥ A, B € M,(C) /& AB = BA, UEW] A f5NRFAERDN Y A RAAE 525 6]
& B AR 1A

St 8.22. % T C M, (C) J&—2exz i et U 86y, BIXHEAT Th, Ty € T, ThTs = ToTh.
WERR 7w DA = a1k, BIFEAE P € GL,(C), (3XHEM T € T, P~'TP 2 L =A%k,
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28 8.23. 5 [T SE IR A AR ] I AR I, SROHRHIE (R, I I BT e A ek L2
AT AR AL

28 8.24. Xk F T FE A, il BEATEIRUE Cayley-Hamilton @ #: A 1FF
IEZTAN fa(z) = 2% — tr(A)z + det(A), W AW fa(A) = 0. A 5w B b8 E
()7 PR A B0 b A AR BT

2)i8 8.25. Fi|ff] Cayley-Hamilton EH, IEHHEEL F FRT AT A BORERERERE adj(A)
HAPAE R A 2. HEEXTIH R _ B — BB ACRESR AT X ASE58 2 KR
AT

21 8.26. Xk F _ERTTHE A, UEEH A (i NE WA MRES S A BRHE(E.

218 8.27. R ITIE A Wik A" = I, kW] A ] A X k.

21 8.28. (RIZ NSy FEFESE 0 EARMRL, Tk B Se e o Ar Bl

I8 8.29. Bt n YR A W A2 = —1, EW] A BIEEC n o gL, B A 7ES80E
TR AL, RO BT RAXT A AL SRR ERL n g5 SRR R 1T

218 8.30. K ARHIFE A iyt 1.

b

Il
(e
S =
[ =)

2 8.31. W A, B € M,(C) i AB — BA= A, UEW] A, B A~ LARHIE ) 5.

2] 8.32 (Gershgorin [A#EP). iK% A = (aiy) @B . X D, ={2z€C||z—ay| <
S i resen ass ) SV FROBELE. T A ROREGE AR AT L D, (RN
Gershgorin circle theorem, A SR F) Al THZEMRLE [ £ HLG 2 DRAE(E R BUA. FEALTHRFIE
(TS A AT A F AR A SEHIER T A, RIZB IR A~ AN SEECE B £ 07 B, 175 85
el A SRAF R TR A AT )

>Jid 8.33 (PageRank SHIBEHLAEE). 7 Google PageRank Hykt, HAIEF T T—1 n
e o = (v, @2, -, 20)", FR—DMITHIANEE . FRAVBEEA W TTHA — D PIIGIE
x;, WHEE 7AW ITTEAE AR A T ¢ B9MER piy. FATATPAH—A n x n BRI
P = (pij) RFRIZAMERIN; $LMLE P 2 HIBEARE, R4 —y oA HAACA 1.
KIAE R EE, RAE TR Pr = 2. #§UEW P GFHEE 1, F HITA AR 40}
HNTHT 1

2 8.34. HH— MMM TAFEE F_ER n Bk A @] L=y s i
Pk, FFUEM.
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21 8.35. RStk I B/ n YR A RAIX AR, IER] AT 2 nI AR iR Y
A=A, AT 2EEET A =k

2 8.36. R I _Lry n By e A RN, m i B R AR, Gk
W F Sz 0] Moo (F) LSRR T, T(X) = AXB W@ nDMmehy. ik T
A M-S A M B xRAR. % A B A E=/Akn, T eGhnll E=Mm.

218 8.37. Rtk F_ERVEIRGFEL MG LMASR T, M T MAZ T2 W, W T %
STRZER V/W ERREAS T, GEW T WEHEZ TS T Tlw f T REZ T
T

13 8.38 (AB 5 BA WARBISEE). % A, B € M, (C),
L iEW] AB fil BA HAMBIMAEBRAEE (5 HEE).
2. JFW] rank(AB — I,,) = rank(BA — I,,), H#Eh# AB=1,, W BA=1,.
3.4 AR moxn JiFE, B nxm A, m#£n, iEW
A" det(M,, — AB) = A" det(\],, — BA).
>IE 8.39. W F _Ff) n By I A, FREZIR det(M — A) = N+ 50"+ 5, 1

JRITEREL s LT REL Si: My (F) = FL A = s IEMIXEEREIN L Sk(AB) = Si(BA).
TR P UL AR R, XAEE R G

218 8.40. Bk AZHE T Al B, Wi/t B = 0. Ikl A Rl A + B HHFIMFHEL
=, SR 2 RO AT R F, XA 2 T
218 8.41. FEEHIS C L n By BRI ZME2SE] V = M, (C), ALK V' _ERgZitAs
il

T:V >V, X— ATXA.

LR WO ARA RS VT2, U R RO AR LS V2], ki
V=WeoU, HW fl U #& T WAL %0

2. R Tlw: W = W R Tly: U — U 750 ARIE, M A 4750 A SG
PR

218 8.42. IR A X R

01
1 0

A1 1

A = .
' 1 _Anfl

7An:

R A, BFFEZ K.
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2 8.43. B FONFHIE 0 B HEXTLAT f, g € F[I] fEHFRERE, S f = gq + .
1. f=t3+22+3t+4,g=1>+t+ 1.
2. f=tP+ '+ P+ Ht+ L g=" + 17+t 4+ 1.

2l 8.44. BB F' B n By A BFHEZ I fa(N) SFTHRNZ T, U A A
LT fa BIAHE

28 8.45. 3§ I BT AT A T AR A KRR AE 2 T 5K
]38 8.46.
LRk I 2% R A, ERE R/1 B ORIk, 5 R/1 BoA—A4 ¥

2. RS F &= VB EMAR R T A2 BIE0E m(N), IR VA
FIA/ (m(N))- B

3. MR n-ZESCAMEEE N VA AR TR 17 = - Iv. A0 T 450 V i—
AN R 514

4 A BRI, Bk AV EMPTANN T <28 SE 4k 28 e 4 iy 55 e 2 ).
R dime A. (750 i A Al EndcV Z [A)H R4S )

8 8.47. X R 2R, m < n BIEEBEL B A € My (R) B—PICRPUELE R
ERmoon HEFE. BB T 02 A B moxom FRAERE R AR XMER f € I, I
B € Myym(R) #if3 AB = fL,. XH mxm 7R A TEZBUHAEZR m 17 m
LG ElERR Tl

2 8.48 (FFMEMER)—I IR A). W n sl A FXEARHEES Ao € R, HA%L
RO 1. WA AAFHERE v, AT AL R R u.

L. GEH oo RATRE A

2. 4 A(l) = A+1C. 7 t =0 HHEBE A(t) BX T REHEREER, HAO0) = Moo 3k
N(0),

28 8.49 (SRIEN R LBREME). i G 2imIENIE, SO srg(n, d, A\, 1), BEHFEN A,
J A 1R,

1. JEBA
A2 =dT + M+ pu(J — T — A),

HAEH A B2 EA N REEE.
2. Xf Petersen ISR A 14 A AE(E S H H 4.
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>)i8 8.50 (Walsh-Hadamard FEF4)5%). X n >0, #IHE X

H,_ H,_
Hy = (1), H, = (H ! ! ) (n>1).
n—1 —{4In-1

R Hy (n>1) BYAARRFAEE S HOM I RHIE 123 (] O 45K .

>]8 8.51 (Perron-Frobenius W H). ¥ A 24> n xn 4G IEH I, Fra &K a;; >0, I
HEIICRZ AN 1. WEH] X =12 A WFHHE, I B TEEEITE M & v > 0, JF
5| AFv R BRAFAE o

2 8.52 (MK BNIARK R GRE). B¢ A 24 n Braedrk, ik
At =1,

2 HALY
rank(A? + I,) + rank(A + I,,) + rank(A4 — I,,) = 2n.

258 8.53 (AEAMAR A EER). W R? RS T, H (7)) 5 w(T?) Fow
tr(T2).,

218 8.54 (AT TS EBMME). WAFE A, B € M, (C), % X%ZH#T [A, B] = AB — BA.
1. # AB—BA=A, W] A ERTHE.
2. # [A,[A,B]] =0, kW] [A, B] 2B E/H.

>]i8 8.55 (Sylvester Jif#). TRl A € M, (C) M B € M, (C) BAT A AFALE UERA: 3T
L7 C € Myxn(C), HFEITHE
AX-XB=C

ﬁﬂﬁ—ﬁi}:’ X e men((c)f’

2 8.56 (PEBEAEFEARFENE). & A 2 n AR, A, ..o\, 2 A BERBRHEE (9
H). 4 adj(A) TR A RHERIRERE, W2

Aadj(A) = adj(A) A = (det A)I,,.
K adj(A) MaEBRHLE, LB,
I 8.57 (= BIIAS TRIAIX fAL). B f(2), g(2) € Cla] HE—2 T, H

l l

f@) =TJ@=2" 9@ =[J@-rm,

i=1 =1
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Hob Ny HAM . AE
V = Clzl/(f)

b A

S(p) = p(x)g(x).
G S XA TR A
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9 XZRPERL L kA

KUENE B DASNE 25 [ M PR o 6tk - [ — RS, BT 0 — R 2 A
B AFARLIEZ A _ BRI, FOFTO R 7358

AFALSE X IO AE R S KA Sylvester fRPEER, SOWFRA LM AL B 2= AR HETE
PARSZ R0 B JERRR L. IE 8 R BRI M BRI IE TR 2 3 4 th 52 . B2 AR E X
PRI b P R 2 ) B 432 (8 P AR R O AR AR

MIU I RER, IR BT AT 2, R oA 5 R

ax’ +bry+cy’ =1
XA FRIRA G AR S, AT DA U] XUtk (X AT E L) MtniEE.
TRBE T RN R AR S IR BN Y SRR, N BN B - Minkowski BE &
IR RANE AL, AR5 5 X 73 A [] JE AL I 23 5 1]
SRS R B
22 T RR TR G S R B3 P Rk BBl

flzo+ ) = f(wo) + ST HR,

Hrp H 2 Hessian fif4. 5 H IEE, WA SMER—0IR, &R/IME; & H

HIEA B, MBI, A RAE . I R IE E A e R 68,
T B AT e R R R T LT AR

WNTCHSIRVERA, AF F FORFrE A 2 13

9.1 WL s b S A
X %5 ]
FAT e MO (25 IR A, B B AR MR T A LA
X 9.1, F-Lepk2s1i] VAR as i) (dual space) i LH
VY = Homg(V,F) = {f: V = F | fI2F-21Ems).

VY e ECh VB2 PEF%L (linear functional).
s 9.1, % {vy,...,v.} &V tg—aR, L v/ €V A

() = g = {;; o
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N {vy, .o oY) Mk VY oag—mik, dRkA {vy, ..., 0.} 89WEIE (dual basis). 4R He,
dim VY =dim V.

IERR. SREEVE: AEEL f e VY, % a; = flu), W f =370 awy), BERTEAE R R v EAERL
{E*Hlﬁj (f - Z?:l aﬂ}zv)(?)j) =a; — a; = 0.
VR B Y avy =0, MIXHMEE 7 A 0=, av) (v;) = a;. [

g 9.2, % B={vy,...,u,},C ={wy,...,w,} & V&ygFmLAL, (w1,...,w,) = (v1,...,0,)P,
) 2 4% 28 =2 19) 7 2

(W, wf) = () oo 0 ) (PT)
1 9.1. 24 V HIRYER;, FAE R (VY)Y =2V, ia g4

V= VY)Y, veev,, ev(f):i=f), VfeV.
TR [H) A PR 28 HE AN RS T R A IR B

AL
A TR AR, FATIAES AL 2 .

S 9.20 F-ZAEZEE VLA — W Zetk %! (bilinear form) @ — WU b: V x V — F, i
XfV R ER A 2,y, 2 A F PR EAR R A

1. b(x+y,z) =blx,z) + b(y,2), bAx,y) = Ab(z,y);
2. b(z,y +2) = b(z,y) + b(x,2), bz, \y) = Ab(z, ).
B b TR b P-4,
S 9.3,V FRIREMEAL b FRH
1. XBRIG (symmetric), W5 b(z,y) = by, ©) ML 2,y € V 7
2. MBI (skew-symmetric), U1 b(z,y) = —b(y, z) SHEE =,y € V 7.

W 9.2, BEMLHER b: V xV — F, BES MR AMSRLES L,V — VY,
v b(v,—); BEESE ADEIMEE r: V= VY, v b(—,v). RZ, B F-Zik
Bt o: Vo= VY ERATPAE SO PR b(v,w) = (p(v))(w). FHL V ERRLERS
Homg(V, V) HHIEE——XF Y.
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B AR A B 2L A 4
XUk 2 1 B AR R R T 3 AR R, 3K PR AR 7 U AR e ok 2 i
X 9.4 W B ={vy,...,v.} &2V B—HE, V AW b XTH B R h R
(Gram matrix) g H
Gp:= (b<vivvj))n><n-
XEI‘EE%? v = Zz TV, W = Z] Y5y € Vv ﬁ
Y1
bv,w) = (z1,...,2,)Gp | :
Yn
d 9.3 (PR ). 3% B = {v1,...,vn}, C={wi,...,wa} & V 89720
E; (w17'~-7wn) = (’Ula"wvn)P; )ﬂ\lJ
GC = PTGBP.
1E8]. Eﬁﬁ‘%i (GC)ij = b(wiij> = b(Zk PkiVk, Zl plle) = Zk,lpkipljb(vkavl) = (PTGBP)ij-
]
1 9.3, AP MR AR e A Sl b @XIFRIT Y HALY G X PR b 2 SO FR
W HALY G S RO FRFRE. X e BN T S A B
X 9.5. HEHEE A, B € M, (F), WARAFHE P € GL,(F) W& B = PTAP, W#k A fl B
FY (congruent). PR, [A]— AL PETAEA R BL R BOASFr AR M2 AH A .
9.6, ZE A AR F- etk asE] (Va, b1), (Va,ba), —NAFELIRIH (isometry) @4
NERN f: Vi — Va, B2
ba(f(v), f(w)) =bi(v,w), Yv,w e V.
THEEITRE—DEAWHF. & F* FoR F Lo By g6, 0 A e M, (F)

HE T R
ba: F" x F" — F

(z,y) — 2" Ay
ba KT x Fly 2L

2
ba(Mx1 + Aaa, gy + paye) = Z Aiptg - ba(ziyy;), Vi, y; € F' Ay € F.
ij=1
2 AXFRES (A= AT), by WRXIFRH: ba(z,y) = baly, ). FE L, AIER by KT hriER
{er,. . en} BUMSHIIRARE.
INECH e A i
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#1l 9.4 (Minkowski %5[d]). & V = R % X Lorentz %1

(T,y) = T1y1 + - + Tuln — Tnt1Ynt1-

XA PR, FE SR IE A E N . ERAMALIAE N diag(l, ..., 1,-1),
BEIEECH (n,1).

(A,B) = tr(ATB).

X Vo B — AR R AL. e el 1, RATRE BB Shs ER— DR, R
>}y Frobenius .

il 9.6 (RACETE] ERGBVPIZNER]). BV 52 [0,1] REESESCHeR AU MY (Jog54E) bk

LIETJ; /TEX .
g) = / f(@)g(x) dz

Xig V. ER— R, W ARAEE te IR, HItE X TV ER—P AR X
AT R XL R S i A R T KR 44 23 ).

Tk 9.7, A T ERBUNIESE M PSR f W [ f(x)?de =0, W] f ihZ. %
VAP B i BRI AR S ), TR B R IE IR “TL AL A S AR M S R A MR 51

2, M ETE ba BIEIFRILAE R, ATAT n x n 56FE A AT DAE L F" _Bp— AW bk
A AL, FATH AT arl.

findd 9.4 (WA= A SR E A FER). % V & n g FAARZ0, B & V dg—2LK.
it Bil(V) A V. LR AR M aag F-22 bk =06, 0ok 4t

Bil(V) = M,(F), b~ Gp
& F-Zbk =i ag R 4. 4503, dimBil(V) = n?. ERFM T, AR AR 2 w3 AR 4E 1,
BT ARAXLR R A 5 RO ARAE [
9.2 MFRANLZE LR Ik

TR RN R BE P i B IR I . HE char(F) # 2 BYRBCT, MR
SN "R B Z AR — X B, X AR AU LT LT A R . AR/ N ST
XX, UE BT FRE PAZ 3] £ A 5 B
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UG RARTE R
& Ae Mn(F) X“J‘ N, T = (ZU]," ' 7xn)T € Fn, JI—UJ
Q(z) = 27 Ax
Bl F L n AR o, 020, BRI B kD, B A = (a), 0

@11 0 Qi €1

Q) = (z1,+-,m) | 1 0 : :zn:aijxixj

i,j=1
Qp1 - Apn T

n
§ 2 §

= Qi T; + 2 Qi T;T 5
i=1

1<J
JIA Q) 72 kT z1, -z B USFRZIIA. RZ, AL —4 n JCIRGFIRZ T
#nT PAME—5

n

f@n,. . w) = cual + ) cymiz;.
P i<i
ERBENTHE B = (by), Hrp
bii = ci, @j:@f:%i(i<ﬁ.
FEFE AL OBURMERL b IR Q Z IR R RN
{Qm = b, ),
b(z,y) = 3(Qz +y) — Q(z) — Q(y)).
Hik A, by Q PHE—ADYERSNHA. I H Q WL TAT U IEZEN -
Qlz +y) +Qz —y) =2(Q(z) + Q).
S 9.7, XTAHRYE RS E VAL F, e Q: V = FHCH VRS, 2k
Q(\r) = X°Q(z), VAEF,zeV

1N - W OISR ¢ )
b(z,y) = 5(Qz +y) — Qz) ~ Qy))
&V RO R 0 8 Q ¥ESIMEEPERE (associated bilinear form).

E I S A AT AR EE N PATT i
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wrE 9.5 (MfbkfEZE=). 3% b & F-Z M =W V(char(F) # 2) Lagad R mnA, Q(v) =
b(v,v) ARG =AM bl Q "E—HT

bo,w) = 3 (QUu+w) - Q1) — Q).

HEWE 9.6. % b2V _EAERAGAFARRNAMA (char(F) # 2), N AL v € V 1£4F b(v,v) # O(BF
HlEdEikd e £ ).

PER. EXHMER v € V #RA b(v,v) = 0, WPRAAEESX, SMEE v,w e V F b(v,w) =0,
TIE. O

X i A B

F R AR S5 RSN, FATTRTAGS RO A2 A A ) — A R U
SEBL 9.7 O AL E B/ IEACEAFAENE). & V & F-Z&i =i (char(F) #2), b 2 V L
WA AR A M. MAE V o9 —2K {vi,..., 0.} A5 b 09RI4BSETF A 2T A FETE, 7P
b(vi,v;) =0 JTFTA @ # j L. EAERGEARA b 89 1IERH (orthogonal basis).
BB X no=dimV HHAE n=02 b=0 BRI & n>1 H b AEHE. hifE
9.6, f77E v1 € V {#i15 b(vy,v1) # 0. %

W ={weV|bv,w) =0} =vi.

BIELHEWAS ¢ V = Fow o bosw). BT b)) # 0, ¢ RIRAS B dim W =
dim(ker p) =n — 1.
FATFB V = span{v,} @ W. ¥HfEZ v eV, %
b(v, v1)
b(U17U1)U1’

M b(v, w) = b(vr, 0) = etk b(vy, 1) = 0, i w € W, T v € span{or }4+W. L vy ¢ W(H

M b(vi,v1) #0), i span{vi } N W = {0}.
HEIUEI?VME%&a b|W %IE‘KE‘% {UQa s 7Un}a ])_l” {Ulana s 7UTL} 7\% |4 ;éﬂ: b H/‘JIEQ% 0

1 9.8. GERLO.TWAI M R A EC I IR UEN]. IHAE P2 2 W B2 B0 B IC 7 ¥ Y — IR
BTy

w=7v—

A B IR A
%E
x1
Q($1,- e 7xn) = (xlv T axn)A

Tn
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W P hyonxn AJERE, & AR e

Ik
Q(z) = (P7)T A(P%) = i (PTAP)%

B B 7 P R A et SR AR 758 (5 XL9.5).

#l 9.9. Z&:
Q(x) = ax? + 2bx 29 + 3.

Jei a # 0. WL ETTA

¢

i

j— 0
P a). prap= (" .
0 1 0 c—%

W a>0 He— 2 >0, W RAUZIEEH.
% a=01Hc#0, WaHt z; 55 =, JFHFE EHEIHE. & a=c=0, 1

Q) = 2b212 = o (21 +2)° — (o1 22)?),
XL TR A B
— kUL, X T Q(x) = o Ax(A XFR), M Ry, PRSI AR P i
PTAP = diag(\, ..., \n),

RIS B 8 AT DA A B 28 o A . IRt S R TR TIC T YR UE ]

9.3 AR IEAAD

XHAER (EPL.7) PRI T IEEMFFAENE, (Haf Ay [l 25— sk )l X fb)s
AL EARBICRI DT T Ie T M RA S ME—Rf 27 4 T X — I, A1
LHIAARBA P RIE SR AR, X SR AN O TR, thdh ] T BOR AR Ak
PRI, 2 SRR A 732 PR SR
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T 9.8. W b:VxV = F MR E b WK (kernel) s fit (radical) Sk
ker(b) :={v e V| b(v,w) =0,Vw € V}.
TR ker(b) = 0, MFR b 2AEBIEA) (non-degenerate).

#r8i 9.8. % dimV =n, B 2 V ty—23, Gg 2 b £ T B t4#35484E1%. N4 F &5
e

(i) b FAF1E LAY,
(1) det Gp #0;
(173) Beit L2 V = VY, v b(v,—) ZR#.

PEB. (i) & (i) v = Y @ € ker(b) 4 HANY 27Gp = 0, Bl GEz = 0, Hp o =
(x1,...,2,)T. B det GL = det G, ker(b) = 0 24 HAVY Gp A3,

(1) & (ii7): ker(ly) = {v € V | b(v,w) = 0,Yw € V} =ker(b). T dimV =dim V"V, [,
e [R5 HALY ker(l,) = 0. O

X 9.9. W Vg n 4RSI, b 2V RSN, TE S b MR
rank(b) := rank(Gp),

Hip Gp 2 b TEER—HE B TRUMTIFERE.  doAs o g (e iy B AR e 45X, 805 B
PEHUE ;5 7 H. rank(b) = n — dimker(b).

X 9.10. XFALMFE W CV, EX W B1EA 4P (orthogonal complement)
Wt ={veV|bww)=0YwecW}

W 9.9. X bV Lyt ARR BT AR ERA, W CV 2F =0, N

&

dim W + dim W+ = dim V + dim(W N ker(b)).
B, &b dEiRfe, N dm WL =dimV — dim W.

IER. JeAb b R IETE. WU b: V = VY, v b(o, o) 2. id W0 = {f e V|
flw =0}, W dimW° = dim V —dim W, H W+ =b=1(W?), # dim W+ = dim V — dim W.
CRE R = ker(b). B b SRRSEONR, B RN 2 u € B, 0 bo,u) —
+b(u,v) = 0. FHIL b iIFFHFENE V =V /R FAAERMENEEMERL. & W = (W +R)/RC
V. HEIER IER I,
dim W + dim W' =dimV.
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MWL B W 1V RIS, Bk
dim W' = dimR + dim W .
N
dim W = dim W — dim(W N R), dimV = dimV — dim R.

A eEA, 15
dim W+ = dim V — dim W + dim(W N R),

R 2~ 3. O

I 9.10. XWERMER b (1% ker(b) HH#0H Rad(), Frk b ML (radical). ARIIRESXT 58
—REFEXTFR . SO FRAE A S B A A

i 9.10 (RAYIEATAME). 3% b &V _Eay R RA GERS R HR), N AETFER W CV
%13
V = ker(b) & W,

H bl & JEiEAay. 4553, rank(b) = dim W.

IEB. B ker(b) MALEANASE] W(H] V = ker(b) @ W). 5 w € W 2 b(w,w’) = 0 X}
B3 w' € W, MXHERE v = u+w' € V(u € ker(b), w € W), [H b XFRSAFR, H
b(w,u) = £b(u, w) = 0, M

b(w,v) = b(w,u) + b(w,w’) = 0.
i w € ker(b), M w € ker(b) N W = {0}. It blw AEiELk. O

SR 9.11. 3% b % V. Lagrb iR BT AR A A 3 b dFiRIL, MAEERT RN W CV,
VATF S
(i) V=WaoWt (EXALfnhkt)
(i) blw & 3FiBILAY
(491) blwr & 3FiR1LAY
L (1) = (i1): v e W R b(v,w) = 0 WHERE w e W, Il ve WnW = {0}.
(ii) = (i): 1 b JEEAL, dm W+ = dimV — dim W, i HFE W W+ = {0}. #
veWnW, M b(v,w) =0 XHERE we W, i blw JERAE v=0.
(1) = (i14): 2l (3) = (i4).
(iii) = (i): H blwe FEEL, WHE N WL = {0}, HEE W C (WHL, Xh4gEsA=
dim(WHt =dimV —dim W+ =dim W, # W = (W)L, i W n W+ = {0}. O
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1 9.11. ks [HAIER] R A 2] 1 IR M AE R A S, AT b AR RRME. TR, %5 B
[F] 328 FH X BRSO A 2. R 5af, E SO AR A R b 2 (RE BH9.16) YUERH -,
FANTIF L X —5 | B

9.4 Sylvester WPEEH S IE etk

FIH b/ N AR R AR A T FRATTIUAE AT PAZE S SEXSFRA MR 4210
SERCPHIE. Sylvester e R, SEXITFRN L EBEMA AR T H =AD& (p,g,r) ME
—HisE, Hp r = dimker(b). it BRG] IEEHFES, BT —ENHAEBLUEAH &
I 9.12 (Sylvester [RVEERL). s T A AR A MR b oy EG= =W V, FeEHK:

U1y 5 Upy Upt1y s 5 Uptqy Uptg+1,° ", Un
143 Gram 4E1% A
IP
—1

q

0
FE p Ao q RE—#Eag (2R b E. ABIYERE p— g HRARSRE).
N TEREHE, AT R AIEE .

X 911, SRS VAT b R

o EEEH(D>0), WRXIA v#0H b(v,v) > 0;

o FIEEAY(b>0), WERXE v A blv,v) > 0;

o fiEag(b<0), WERMFTE v #0F blv,v) <0;

o FRE(L<0), WEXFTA v A bv,v) <0.

F329.1209 9. AEAEYE. a0 10(IRAY IE X2 0 fR), f7AEF4518) U {fif5 V = ker(d) @
U H bly EiBfk. ¥ dimker(d) = r, WHFFIEM (U,by) 7 1E 3¢5 154 P HE K
diag(L,, —1,).

X dimU 144, # dimU = 0 WIEFFIERA. & dimU > 1. @#EiR9.6, f44E v € U lifs
b(vr,v1) # 0. & Wi = span{v }, W blw, R, BFIF.11, U = W, @ Wi, H by,
FEIBAL. XF Wit FE AR, 58] U MIERCEE {v1, . vprg}, oM b(vi, v;) # 0 X454

B 4 ey = i W bew ) = 1 EUEHE G0 p A4 +1, 7 g A% L 79

B ker(D) 941 {vprgris .., vn}, ATE—EEIEHITR EACHL.
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Mi—Pk. &V =W, L W_ LW, Hrblw, >0, blw_ <0, Wy = ker(b), dimW, = p,
dim W_ = q. FATUEM p Al ¢ FARET (V) A K.

CAFET R W C ViR dimW > p+1 H blw > 0, M W (W_ & W) # {0} (4
), BLO £ v e W N (W & W), M b(v,v) <0, 5 bl >0 FJF. Mifi

p=max{dim W | W C V, blw > 0}.
K, ¢ = max{dim W | W C V, blw < 0}. BrbA p,q fi (V,b) ME—HiiE. O
1 9.12. FEAETERYIERA AT DAE X A fl s B (EBRO.7) 15:8): JelBOE A B AAR AR R0
AL, FREOE 24 4. (LA UE] SE B UM T A9, L0 [ FR9. 11FY 1E 52 B AN 73 il
TEREPE S WL A2 ]

L Sylvester {51 e BRAYME—PEUEIA A, 152 P2 0 FER RO Sk 2L 1) 5 SRR 25
T FRAT RGP PR A

i 9.13. % A & noxn FAAREEME, WA T FHFN:
(i) AEZ (B 2T Az >0 2R o #0);
(i1) HETHEIESE P 1513 A=PTPEF A#AET L,);

(iii) A B9FF ARG 2T XAE (B det(Ay) >0 k=1,....n, £ A, & Awsk L
kExk T4%).

iER. (i) = (id): | Sylvester #iPEEHE, BHEFEEL (0. @) = (n,0), L A HET L.

(i) = (i): % A= PTP, W 2T Az = «TPTPx = |[Pz|? > 0 % @ £ 0 iz (I P Al
).

() = (idi): % A E52, W A RIS spanfer, ... ex} FALERE, B Ay HURIE AR
Hil4E. B Sylvester WM RE, Ar MIET L, M det(Ax) > 0.

(#11) = (i) AOUERA B 1R (3 W20 #519.23), Xl f& Sylvester i 31X 4. O

I 9.13. g 0ER I E RS, 22— A SOWARAR: A IR HAY A
W BT RHAE (AR N IE. — DR B 47 Az = Az, o # 0, U] \[[z]|> = 27 Az > 0.

A 9.14 (REEFSIEIEEHIE). 1% A & nxn SRR, MA T L4510
(i) A FiEx (BF 2T Az >0 BT A x);
(it) A& (THRATIE) JEHE B #24f A= B"B;

(49i) A &9 P HFAEME AR 5
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914, XAMEIEHEE AR % A = QTAQ, W o7 Ax (FF2 5 & hx A%
AR P 2SI ARG, TTHC B = AY?Q, Horp AY? R AT AR A AR

TEE MR FROB A Z [ SR A5 T 2 o) By < 454

X 9.12. SERVEZS] VO I IE E RO MERFR R V. RN (inner product). Fit#%
T INR SR FRYE L EZs 18] (V, (-, ) BN LH 23] (Euclidean space). PAFLZS i) AL
B RS 1085 5 .

1 9.15. FIRFSTT DAHE B HUR. 7F C-pEasIa) b, SRR MR E R ek
F%Y (Hermitian form), B E h(v, w) = h(w,v) BIEERMERL. TEE JEARFFALSS HPg 23]
FINES, ZEEG T S0 AR LS 25 ). X 28 Py 250 E S 1022 19 10.6 /835 HrEgiiHe.

9.5  FOMFRMZeE Y 5 /i

AT AR BTG 4. SRR TR, RO L A (I, (R A
#2) TATAT IR, FAA RSSO X

i 9.15. % b & F-ZH =R V _Eag R R &mR (B b(v,w) = —b(w,v)). W3HEF
veV F bv,v) =0.

1ERA. b(v,v) = —=b(v,v), # 2b(v,v) = 0. 24 char(F) # 2 i}, b(v,v) = 0. O]

ERL 9.16 (SO FROWPERARUERLD). 2 V & F Loy n EE M2 (char(F) # 2),
b &V EaydEiB L RATARRAMA. N n LABE, L n=2m BFEV sh—mAE
{617~--76m7f17"'7fm} 'fgi’f%"

b<6iafj) :5ija b(ei)ej) :07 b(f'nfj) :07

0 I
om = .

AR {er, s lm, fiyeo oy fm} RAFK (symplectic basis). A F—FK A LR Ty, 8
7y 5E.

. BT b ARk, FHE er, f1 € V flif5 bleq, f1) # 0, AR bler, f1) = 1. &

Wy = Span{elyfl}' HT
0 1
Gl = (—1 0)

FFANAN 1 # 0, 8 blw, JFBAL. mFIEE.11, V =W @ Wi, H by Wi IRRAH RFR
KRR X Wit H9y (4e80sb 2) JimT.

PP A& A8 4B 5
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HAEN RS, FRARZEE {0}, W no=2m; #R5 1 48250 span{v}, i b(v,v) =0
%H b’span{v} iE"./ﬂfn %E —F'Jj( n LIZ\?M%%I 4%@%%@%&1“@? {elv <o Cmy, fl) sy fm} ﬂFﬁIju E'[]
o EIRME R AR . O
‘EE 90]—6- %Eﬁj‘jﬁkﬁu {617 fla sy €y f'ﬂl}) mu*ﬁTﬁﬁ%ﬁm’}:‘ﬂﬂﬁﬁ%Xﬁ%%ﬁ dlag(Ja e ey J)a
Hrp J = (01 ;) PR E R ZE— AR EHE AR (B E R E G K]

0 1,
ZELI’E) _‘€$%Fﬁ J2m - < I 0 >

HEW 9.17. AT R AT #R4EE A € M, (F)(char(F) # 2) a4 A 184k,

PEAA. % rank(A) =7, W A & RS FRAEMESY by BIRGERCH n—r. B ker(ba) A%
2516 W, W balw AERICHXIFR, HEBE9.16%0 r = dim W A%k O

1 9.17. B, X RERALI SOMFRMAERY b, % rank(b) = 2m, W b (kgHI IR
MG T
Jom O
0 o0/
X 9.13. ¥RE (symplectic group)E Xl
Spy,, (F) := {M € GLa,(F) | M* J3, M = J5,}.
SPon (F) HHRERR A5 (symplectic matrix).

s 9.18 (BEFL: FHENITHK). AEE M € Sp,y,, (F), & det M = 1.

. B MT T, M = Jo, WhEAT)5E, (det M)? det Jo, = det Jo,. BT det Jo, =1 # 0,
Hi (det M)? =1, Bl det M = +1.

Mk det M = 1, #IJi] Pfaffian (EVER(E). XHAY Plaffian JAEREEHIE, A AR
T HA & SR AUERA. X 2n x 2n JCRFRFERE A, H Pfaffian Pf(A) 32 Pf(A4)? = det A
I PEMTAM) = det M - PE(A). f M7 Jop M = Jon % Pf(Jon) = det M - Pf(Jon). T
Pf(Jay) # 0, i det M = 1. 0

s 9.19. % M € Sp,,(F), M MT € Sp,,,(F).
iRl M7 oM = Jo, W15
M= = J, P MT Jy,, MT = Jy, M1, L
XHAA I3, = —In H I3, = —Jon, BiVA
M Iy, MT = M Jo (Joy M1 I3 = —J5 1 = Jop.

XIERE (MT)T Jou MT = Jop, it MT € Sp,, (F). u
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Bl 9.18. Sp,(F) = SL(F), B MTJM = J Z(F det M = 1(% 2 x 2 ki),

9.6 >
9.6.1 %3]

218 9.1 (T4 T RAIEENE). HIW A ARG IEE. UE. NEBCRIEE, HRE
FHBC T R LT AR
Q1(z,y) = 2° + 2zy + 2%,

QZ(x7y) = .'13'2 - 4xy + y27
Qs(x,y) = 2* + 2y + ¢°.

8 9.2, WV 2 n 4 F-AEafE), {vr,... o0t 22 V4L, {of, ... or} 2XHEE.
UERFDOH B 23 18] i 4R s

(1) MHER V TR W, g X WO ={fe VY| f(w) =0,Yw € W}FH W HEHLT).
JEAH dim W0 = dimV — dim W.

(2) AEMIBUE W WO S5 VT S[aEE] VY128 RS I — A SO U

2 9.3, & b2 n Y F-AESE V ERNANR, G & b XT3 B MEHIIHE . ik
AH:

(1) rank(b) := rank(G ) AHHT AR
(2) rank(b) = n — dim ker(b);
(3) bIENMARAYYM HALY Gp @XM (HEEEE B).

28 9.4. % A e M,(R) XFR. IEMIAAEn 5[ P it PTAP Axt s (B AR
¥, X n E?P@)'

2 9.5. B A€ M,(R) Wit AT = — A(ROFR). EWT:

(1) rank(A) HEE

(2) # n HAH W det A =0;

(3) ML » e R, 27 Az = 0.

S 9.6. & b &V ERAEBMEHMAIER, W R V T, W (WS =W

28 9.7. WbV ERNFONANAL V = W) L Wo(IEAZEHM). UEM] ker(b) = ker(blw, )@
ker(blw,)-
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)8 9.8, RS TIRA Q(ay, m9, 3) = 22 + dxyxo + 402 + 20115 4 daows + 22, I AL
FRHERL, FEORAEAR AL

b
28 9.9. X A= (Z ) JESERARERE. JIEAH A IEE 4 HAY o > 0 H ac—b* > 0.

c
28 9.10. % A 2 n xn IEEEMNFRERE, B £ n x m L8 H rank(B) = m. {ER
BT AB 2 1EE ).
31 9.11. i

B(z,y) = x1y1 + 221Y2 + 22241 + 3x2Y>.
BHWMR B R,
> 9.12. fE kA
q(x,y) = 22% + 4oy + 5y°

B U Tt (az y) A (9”) .
Yy

218 9.13. FIlC Ty vAA TR
q(z,y) = 2 + 4oy + 5y°.

I8 9.14. Kk — kA
q(z,y) = 2® + 2zy + ¢

()

2+ 4yt =1
FONMZ, HHHES KRB KR.

FiWr 27 Ax BEIEE.
21 9.16. [ B R

9.6.2 A

238 9.17. (Williamson g8 % A 2 2n x 2n SZIFEXFREEFE. WFBHAELE M € Sp,, (R)

#i15
D
MTAM = 0 ,
0 D
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i 9.18. & V 2 F-ZAk=SH (char(F) # 2), b & V. LR ARBA SO PR MR, &
W CV R blw =0 T 208 (FRAERF4m). 1EH dim W < 5 dim V.

28 9.19. UEM]: i M = (é i) € M, (F) J&T Spy, (F) 24 HALH

ATc-cT™A=0, B'TD-D'B=0, ATD-CT'B=1,.

28 9.20. % V. EA N ERIEEE R b(OR—EXFR). SMEELEA o V -V, &
SUPERGAS B WAL b(p(v), w) = b(o, " (w)) HIE—LbEAE .

(2) % b R, WEWT (%) = ¢;

(3) B b X, FEALRE 4L TIC b BRSHINAEFA G, ¢ BN A. UEH] o FEfH —45
TR GTIATG. R, MIZHEWE G =1 I, fERE By, AT

28 9.21. 1% by, by s& F-SME=50] VBN JERIERIFRNEANERY. JERAFAEME— ) 2k
[E#) T:V — V Fi15 by(v,w) = by (T, w) LR v,w € V J{OT.

2 9.22. & VI F(char(F) # 2) B n eSS0, () 2 V _ERIRE I FRON L
PR

() ®W 2V IT=h. Ik V=Wwae W BHMY () BREHTE W L2IEBRLm.
(2) 24 F =R, IERHIEERRIFRE A —E 2 ARR ALY
(3) WT R _EMHNR=E V,AERHMER TER W H V=W oW

(4) ZEPUZ4E Minkowski Z5[] (RY, (z,y) = 2191 + T2y2 + 2sys — zaya) 1, I —A—4E F55
6] W fdiAs W ORI W OREE BRI A ).

218 9.23. (ByE¥-XHHE) % A 2 noxon SEFRARE, 18 Ax N A AL k< kTR
(k=1,...,n).

(1) UM 5 A GRsE, B 32730 (B 2525 24 TR B8 Jis 1 TR R A T4 20) 392 1.
(H7: 25 FER A 2 SR 21 A B 5] )

(2) UERA: 2 A TR Y 37 det(Ay) > 0(k = 1,...,n), W A TEE. (F&s: X n JA4%,
A ARB AN A 15270 )

SI 9.24. 1 A J nx n SOMBRAEE, RHLITEIIN 2, BIAURH AL EINTEEE N —1,
HATEE R 0. T A .
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218 9.25. JIEHH: SEERMEASIR] Vo B AT R MR R b FR AT DAME— 43R — SRR 2 2
5 —AN R A 7L 2 il

b=bs+by, bs(v,w)= 1(b(v,w) +b(w,v)), ba(v,w) = 1(b(v,w) — b(w,v)).

2
28 9.26. % g ISR VR ERL. UEW: A g W g9(2,y) =0 & gy, x) =0,
W g B2 RRFRI, B2 R FRI.-

2] 9.27. (Hilbert Hif4) UERH n fr Hilbert %P4

(1)
i4+5—1 nxn

I EME. (Bn: I (f,9) fo x)g(x) de, ZE fi(x) =2""")
>Ji8 9.28. (Minkowski 43 [[][f]i¥i Cauchy-Schwarz A% X) X1 v = (vo,v1,...,0,),w =

(wo, w1, ..., wy,) € R & Lorentz U (v, w) = vowy — viwy — -+ — Vw,. #7 {(v,v) >0 H

(w,w) > O(HI v, w & “EHf &), IEH
(v, o) {(w,w) < (v, w)?,
o 55 O SR AT, (AL S )15 Cauchy-Schwarz A2 AHR!)

28 9.29. (ADE Dynkin K|y Cartan ¥ifg) XFFE T, TEEHRN {vi,..., v}, EX
nox n SONFRAERE Ar = (ai;) W ai = 23 75 vg,v; A a;; = —1; B a;; = 0. UEBLR
%] Dynkin FEIXFRH Ap 2 1F e 50

An(nzl): o oo

Dn(n24): H*—{
E@I H—I—H
E7Z H—I—o—o—o

218 9.30. %V J& I SRR L], B XV ERR R
9(X,Y) = tr(XY).

b o) (o) 060

R g TEIXALELT BRI .

(1) TEH] g s PRk
(2) XF V45
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(3) K g WIE. TOIMASAT p.o.

2 9.31. X PARMXIFRERE A, JKETHHEGE P, 15 PTAP BX LN 1, -1, -1

Fg s
0 1 1
A=11 0 1
1 1 0

I 9.32. i V RRT o MREUNTEEET 3 RIS AR5 T4l Se 4tk =5 ).

XV ERRFRENER S B(f,9) = [1, f(2)g(z)zde. K B {9 (ERBHERE).
2 9.33. XL M, (R) Lf— U Foml e 2

g(X,Y) =tr(XTY).
ERXA AU LR T E .
i 9.34. L M, (R) L#— U Fom et 2

9(X,Y) = tr(XY).
RIXAAURMERYIE . FUBIERE R, (B (I IE 52 A3 il

M, (R) = Sym,, @ Skew, .

)
28 9.35. T T AR A MAFS (p,q,7), TRELR:

(2 —2 0
1) A=|-2 1 —2;
0 -2 0
(2 2 _9]
(2) A=1|2 5 —4|;
—9 —4 5
0 0 4 1
00 1 4
(3) A= ;
410 0
1400
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(1) A=

[
— = =
T
e

28 9.36. K C A RYELEZS ] ERRI PR, 88550y, 702K C LR n Br
PR AL (FR%E) .

28 9.37. AERAAR A JEIEESSWARAEIE, W A BYPERIE 02 IR E X FRSE A . L2 e
IS IE?

28 9.38. B¢ A RIOHFRMIFE. TEHIWTLA N 45RO, HUCHEL .
(1) iR A @R SEXFRARE, W A B 327U E .
(2) W A WPrA Wy £ TR, WA IR E SRR

(3) R A WA 10 58 an, o Ld A7, 5 dn, o0 SUADRI TAERERYATS1I0) R,
W A S T8 SR FRA R

28 9.39. ik A BILETMAAN:, B RIFRARE, IEMIFAESEE ¢ i3 cA+ B 2
EE AR

2 9.40. B A B— LIRS FRA R, IEX © € R™, 2T Az = 0 % T Az = 0.

218 9.41. Rk A fl B J& n PriE @ SExFR s BE, IEB det(A + B) > det(A).

I8 9.42 (JEKFFAEIEZS[A] L AAUEMER). B WS 2 x 2 JERRRRE FA S ) <5 i) 2 ) -
W ={AeM(C)|A = A}

UE]
(A, A"y = det(A+ A’) — det(A) — det(A")
& W BB —DXFREMAL, HATRENAFS2E (SURHERRED .

I8 9.43 (Z4EFRAMEMARIETE ). B V = R®, XURMA B FEbriERE FRORE N

s
I
[ S
AN )

0
1
3

L. il B BT NRTRARMERL, Rk e 2%,
2. FIAEC YA Sylvester 1 R34 B AL HFRUETE > \iy?s
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I 9.44 (BOMFOREMR S KeF T250). Bk V 24 n R EESN, w2V
EARBAL SO RO

1. 3R
max{dim W | W C V, w(v,u) =0, Yo,u € W}.

2. WK w SOV IER TR AL B, SRouf B KM
I8 9.45 (IO FRALFES ROMPRAFE). B A N ESEMFRAE, S S RO ARAE
1 45 AS = SA, JF#] A+ S W[,
2. # AIERE, UEW] A+ S w3, FEdE—BUE] det(A + S) > 0.
I8 9.46 (XIFR-5 ROMARAFEZS ] _ERYIE). B A R—1 n x n BSSERE, FHEL I,
pa(A) =det(\] — A) = X" + a1 A"+ - + ag.
BV, W 5502 m B B AR SR FARREL B AL B R e 23 ) o 3 R A 4
L:V =V, LX)=AXAT,
S:W =W, S(Y)=AYAT
325 o
218 9.47 (Schur #h5IEEHH). 5

A B
M = ;
(o 1)
Hir Ae M,(R) 5 D e M, (R) #h/@LXFRAR: . IEIH: M IEER REile A EE, A
D—-BTA'B
EE.

28 9.48 (KX — ). & G 2 jem &, BEIFN A = (ai;). @& X kM

n
Qg(l‘l, e ,.I‘n> = ZQJJ? — QZaijxixj,
i=1

1<J
YW Co =21 — A, B G iEEH Qg F1EE. IFH:
1L X G EEEAR BB HE G, Qo HIEE.
2. G AR TFEET 5 TS
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3. G PR =FA (RIEEECH 3 WD) MNMEUNTEEET 2,

28 9.49 (AR FABIHETRECT ). BRI b1, .. by @ 0 DEEL g KT 2n DT
T1,Y1y- -+ TnyYn E/‘JIE/_\HE:W\EQO KHESL

Q= Re(bl(:rl + V1Y) b, + leyn)Q) —q(T1, Y1y Ty Yn)-
WERY Q WS FEBOR T 855 T n.

2 9.50 (BIMARMFEMFE— MU ). B A, B,C,D 32 3 x 3 WEHMFE. WEMfAE
AERENEL a,b,c,d, 5

rank(aA + bB + cC +dD) < 1.

21 9.51 (SN FRAE R R B4 Z0H). UERH n sy e A 2 ROSFRAY, 24 LAY XHE RS
&z e R
2T Az = 0.

28 9.52 (T RZBUBURA ). BRI A R B 2B n B S R . ER g

iRV S R, f(a) = (xTAx>

2T Bz
g2 — e,

2 9.53 (IEEMERGEFIA). Bk A Z—A> n Bral @S . ikl A IEE T
TAER n BriEESEFrtls: B, #A

tr(AB) > 0.
2 9.54 (ZRIh AR, HEI—A R? Lpdikass, Rk
C={(z,9)" | 2* + 4oy +10y° = 1}

WS EAE 1R PR R giA e (BN AT SRS ), KX B A K
e @ G LRI
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10 B i e Bl

WAL M B K Jeffy . BB MRS, B IR E R AR It B el JE ok
R, DR T T o T R M 2 — s v A A O SCRIE @ MR E. A e NS IE
SRR . SRR R RS E B, AR A TR JE KRR N AN PG 2 s 77 S 7 A O LUE Y
ECHAE S E A IE AL

10.1 BN

TESRIF Y, ATE S AL T X R A 0 — e B, (45 15 E YR S50 20 (fy
1519.13) MR LBAG S a0 E S (F X9.12). A% R G0 % JB R 23 1] 1) T LATBEIE.

[\l i 912, WARES(A] (V. g) EBCA T 1 E XRS5 A BRAEZ PRSIk
e, g —ERARBMN, NMIXHMER T2 W CV FIESMRV =W oW

X 10.1.

(1) &V ZELNER], g: VXV — RZIEERFRONEIERL, MFR (V, 9) HPBIES 0] (inner
product space), g F AR (inner product).

(i) #7 dim V = n, W (R", B AR) R AbRHENBIES .

R, XPFALRE n QENAVER] V, e B = (vi,. .., vn) 15 g(vi,v5) = 05 (B b
1A (orthonormal basis)), #EmAFK (V,g) = (R™, (-, ).

£ 10.2. A NS (V. g), B XK Q(v) = g(v,v), M Q(v) > 0 X v#0. EX
o]l == V/Q(v) = Vg(v,v)

v HgfERk(norm), WFEH v BRI (length); I X d(v,w) = [lo — w| % v KB
i (distance). A5 HEH | - | 07 1 BUA SIOTHG XHEICS |- | (URTAREL

EH 10.1 (Cauchy-Schwarz 5 =AAZX).

(i) (Cauchy-Schwarz) *4EF v,w € V, A |g(v,w)| < |lv| - |Jw|. FF AL BEMRLE v, w
AR K

(i) (MFEZARFX) HEE v,w eV, H v+l <[+ |w]l. FFazdAE v,w
Blwy, BPAAE N> 043 v= w X w=\v;

(1ii) GEBH=ZATRFR) WHEZ w,v,w €V, A du,v) < du,w) + dw,v). F5mzhH
L HENE0,1] 3 w= u+(1-Nv@E w £ u,v s9E LK E).
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AL (1) =0 B B w0, I8
0< Qv — Mw) = [[w]2X* — 2g(v, w)A + o]

PER R SRR A B R R, ORI 0, BIFT Cauchy-Schwarz ASEX. 4545 105724
HACERA v = dw =0, B v, w ek %.
(i1) B (i) 7

lv+wl* = [lv]]* + 2g(v, w) + [[w]* < (Jv]| + [[w])?.

G LTS g(v,w0) = ol wll, B v, w
(i) & v —u = (v —w) + (w — u) K (i6) WAL, S AL ERFA TR v —w 5

w—u [[AF, W w T u B v PLELE. O
L 10.3. X v,w e VA {0}, & LA 0 € [0, 7] Wi
cosf = 9(v, w)
o] Jw]]

#r g(v,w) =0, M 0= oL FR v, w JEZ.

Wk JL LA A [l g LA

Cauchy-Schwarz A2F U HFATTREASTE A AS ] ot o7 Se B BE R LT 45 4. JRATE 5L
RGBT B R

g 10.2 FEEWIPERT). & (V,g) RARENE, || - || A2 L10.2% 64584, -

(i) WEHE: o] >0, B |jv| =0 S AL v =0;

(i) FFRYE: Al = Al [[v]], VA € R;

(117) ZFAEFER: v +wl < [loll + [lw]|;

(iv) PATPBLIBIEM: (v + w]® + [[v — w]® = 2(|[v[]* + lw]]?).
gl 10.3 (AEM). & vi,..., 00 €V BFER (BF g(vi,v;) =0 % i #£j), W

lor 4 vl = oaf]* + -+ o]
A [lor 4+ o2 =900 v, 205 v5) = 25 90 v5) = 32, g, vi) = 32, (vl O
PRESIRAN d(v,w) = [lv — wl] 2R 2 ] A .

i 10.4 (RS, & (V.g) RRRER, 3L d:V xV >R, do,w) = |jv—w|, M:
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(i) IEPE: d(v,w) >0, B d(v,w) =0 % BLH v =w;
(1) RBRYE: d(v,w) = d(w, v);
(iii) =FAAFR: d(u,v) < d(u, w) + d(w, v).
B (V,d) 4 —A B 23 ] (metric space).
TV HTE S, X v E S HHEN
d(v, S) := inf [lv —wl.

M S =W TSR, N IER RS A g b T s s A =X

2 AN D[S SRR et 32 2
PR S ) H, R e 0T DA Al B ) ) 1 s (A B R, Tk fie /N T ARIA SR Y K

B

LR BGEAE IR tERL L

HHIRER b AFETZE W, W oE b iy b £ W ERIEREY. &

IN_FRIE R E A R AR : R Ax = b Toff, BATHAES =5[] im A g

B b oy Av. L “BREERE T A— ML, Mhemak mpL

b B AR AE.

find 10.5 (IEXX#{E). & (V,g) R ARER, W £ V 89 T=2R. EFveV, Fhf—
89 wo e W 'fi’f%,'
d(”) W) = d(vawo)a

Hovo—wy € W & {ug,...,up} & W th—2ArEEZL, N
k
wo = Projy, (v) = Zg(v,ui)ui.
i=1

L. WHMIEE weW,
d(v,w)? = [lv —wl|*> = [lv — wol* + lwe — w||* > [l — wol?,

HAEASESHHAT v—wo L wg —w(HN wo—w € W il v—wy € Wt). 5 HTY
HAYY w = wy. O
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b ' b — Projyb

o
Projy,b
T BERET W

w

Kl 150 IEXZ #0401 4s 8] AP SR ).

L 10.4. W Projy: V — W, v — wo FANE] W BT IEAR B (orthogonal projection).
BRI, FLIE Projy o Projy, = Projy.

1 10.1. IER#HY Projy, W2 APEREPE: SRR u,v eV,

9(Projy, (u), v) = g(u, Projy, (v)).
e A u—Projy, (u) € W ik g(u, Projy, (v)) = g(Projy, (u), Projy, (v)) = g(Projy, (u),v).
BT ] BT

1 10.2. IERZHZ W] DAY 2 4143 W] (affine subspace) BETE: & S = wo + W 2
VAN, W v B S G R wo + Projy (v — wo), S/PEEESH (v — wo —
Projy, (v — wo)||.

10.2 Gram-Schmidt [FAft5 QR 43R

BSOS A TR R3] 2 B R . HRR R A ME S — R
K, MiEFRIEEAZ3E? Gram-Schmidt 1FA2 402 R PuxX — BT 2 8, 1 QR /-2
B MR T PR

W (V,g) W], (v1,. .., v,) AR 2L EE, FRATATDAE 40 R i I A5 21— s
HEIEAS R {wy, ..., w,}:

U1
wy =
o]
vg — (U2, w1)w
Wa
Hvz - (vg,w1>w1||
w Vs — <’U3,’IU1>’LU1 - <Ug,w2>w2
3 =
|vs — (v3, w1)wi — (V3, wa)ws|
Wy, = Un Z?:_ll (Vn, wi)w;
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XAEEVERLFR 443548 56 55 4% 0 216 (Gram-—Schmidt process). A4 vy,. .., v, &PET R,
M v; WERELE span{ws, ..., wj—1 } LS IS & AESS, FrPd iR a1y
JE=.

EH 10.6 (QR 4MiR). & A€ M,(R) T 4[5, W) A /L%
A= QR,

Ef Q AERIER, R R L=A%%. wRELR RAAXL >0, Wikita) o fAhE—
P

TEA. A RF R v, o, v, AR —4LEE. XPEN Gram-Schmidt 1E324k, 53]
PRUEIERSEE qu, ..o, qne A v; FRIE T span(qy, . .., q;), BT

J
vy = ZT’ijqi, Tjj > 0.
=1
Q= (q,--,qn), R = (ryy), W Q RIEXZHIE, R EXAATTENIEN =AM, H
A

BOX PR A A

A=Q1R1 = Q2R
|
Q3 Q1= RyRy.

o T B 2N IR A, A E= A BX Ly > 0. E=MIESc A R 51 ) &
KB 1 HAMIESE, M )a—S 10 i A R e AU X AR, T A 2O IE15 8 6
AR, I Q1 = Q2, B = Re. O

1k 10.3. WATDLRE A 3 BUIE A R DA T = AR, =AM RAERH R, =A%k
W 3fe PATE SRR, IERH AL

AP TTFEALEREIE. 5 A € My (R) W m = n HAVHER, FIFEXH
ff Gram-Schmidt IERALAIGH QR 73 A = QR, b Q € Myn(R) W QTQ = I,
R € M,(R) Hynldh b = fmiFE.

10.3  IEAZAEH S IEARRE

Gram-Schmidt IEZ2AEAT QR 73 f4n i T ARHEIE SR WE T35, BRI A2
ARER SN AR HAR TR E LSS B S AANAE? 5 2, WRIRATHEAT— UL A, AR e i
AR SR SR AR IR A, R A XA SR AR U A R A2 257 B S a2 RE R, B 2
ATA =T BEFE. B IE AR AL B SR B PO IESERE, B R SRR P (P4 IE A
FSRAR L IE A ) ELOT OGS P (IR A~ = AT g IR ).
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£ 10.5. n [y i 3ER¥E (orthogonal group) 5 X
O,(R) :={Aec M,(R) | ATA=T1}.
XFFIAREEE (V. g), Hid
O(V) == {T € GL(V) | g(T(u),T(v)) = g(u,v), Yu,v € V}.

i 10.4. “FF” XADHPOk BIRAL, e — AL ERNEE . ARAITHE MR
MRS, FEAT T, AFERG AL, AFHE O0,(R) 2 GL, (R) (RIS 44 4)
W— T4, EXSRGEFIRDTE AT EI AT, i, BUTH S BUR) < HE"Sp,, (F) dle—JAEH
&4

MFIERHEE A, h ATA =1 BA1515015 (det A)? =1, Bl det A = +1. HRIEF751X1
TE 7, AT DARFIE A A AR 2.

X 10.6. n [k IE A BE (special orthogonal group) & SLH
SO, (R) := {A € O,(R) | det(A) = 1}.
s 10.7. % (V,g) ARBZN, T:V -V Z&REH. WA T LEEFN:
(1) T ##HARAR, B g(T(u), T(v) = g(u,v) FHH u,0 €V Mi;
(2) T WRFEL, B (|T(0)| = [lol| PR v eV M,
(3) T ¥1E& —2A47/F E 3 A ndk A A7 Uk
(4) T 53k —2a47 E 2 nk A7 E 2L
(5) T Fe 24047 5E 5K F a9 4E 14 % OE 4B
2 Bk ey T A A IERR A (orthogonal transformation) S EERASHR (isometry).
Bl 10.5. Jlid BT R? iy ER BT A

0 —sin6 sf  sin6
Os(R) = coS sin 6eR |_| cos sin 0eRY.
sinf  cos@ sinf —cosf

THEATH AT 0
SO, (R) = {<C080 —sm9> 0 e R}
sinf  cosf
T2 R? oA e A B E £, T O2(R) \ SOo(R) (781 —1 BHR—K) fatr2irf
St —ANEEREE: B A ek, B SO el WImEAS RS AR
FreliEitm 0.
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10.4 GO PRAFER % e Bl

IR A I T AR ST  “WIEE” RS, (PREFEEESMIA BEAAD). FEXS F AL e,
—ANE AR R AT AR ] DA IE SRR X A7 25 SRR SR X ik
re i B W E B (FPAEAE) - LA (5 ff) S b (CREEAR) XL F3EEAE —
.

Bl 10.6 (4w BE LRI, &%
cos30° —sin30° 4 0
— A= T
@ (sinBOo cos 30° > ’ @ (0 1) ©
i Q HOZEARFRRER: 30°, FrPA A & — SR RE. %54 v =QTx, W
4 0
el Ax = yT (0 1) y = 4yi + 3.

R o7 Av = 1 TERERE IS IARAR v, yo LRI 47 + y3 = L BRIP4 4005 0] 1E
e A WP EAR R B RRHIE ] &7 ).

T2

Ao =1

XA AT AVE i s PR B RAS AL TR PRARFE G el — KIE S hE s, &
2 LI K RUAR AT LA ELJ5 PR R R [ 2 R 5, R (EES ATy
[ L A (5 55

& 10.7.

(1) X A, B € M,,(R), WRAFHE Q € On(R) Wi A= Q"BQ = Q'BQ, WFx A, B IE55H
fEl (orthogonally similar).

(2) & A BT AR, WFK AE R L) wlIEZ% ffif(orthogonally diagonaliz-
able).
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FEUER S E L 1, FRATT eI, — AN 6 T SRR M AN A s [ 1 S A A
8 10.8 (SLHRFMAETSN). 2 V & R ERRERMEZN, 1V -V ZEAKRT
. W f H—A— R G R TR,

. & n=dimV, ]V {—HER [ FRAERE A € M, (R). REFEAEM, A
£ C EAFHEM A = a+by/—1 € COHH a,b € R), % v = u+ v/ ~Tw X AFHAE ] &
(u,w € R™).

A(u+vV—=1w) = (a + bvV=1)(u + vV—1w).

PRSI ki A

Au = au — bw, Aw = bu+ aw.
AT spang {u, w} & A BRAS T80, FLAERON 105 b= 0 1) S 24 b£0 ). O

B 10.7. FARAERENI R SR AL  + by =T b £ 0), IRF—A—
HERAS T 2SI, f A2 T2 LR Y

a b
b a)
EH 10.9 (SEXTFRIEFERYRE ER). AT ARIEETTVAE R AL, BPEE A € M, (R),

A=AT, BEEZHERE Q€ 0,(R) 1243 QTAQ A} A 4EMHE.

B /A€ Mu(R), A= AT, JAIX n 7YY, FLAIGIEN A H—ALRE[E. & X e C
N A BIFHIEE, ¢ Av = v, v e C, N

ol Av = Aot v
, Hop oTo > 0. F
(@" Av)T = 7" Av,

MIA A e R BT A — AT ZIBMERY LA, BRSEEAEREAEE, HMAFLE 0 # v € R™ i
B Au = u.
A Nul| =1, FF v = v I R" B—MRIEIEACE, i/

Ql = (’Ul,’Ug,"‘ 7Un)

ny
AQl = (Avla AU27 e aAUn)

= (A\vy, Avg, - -+, Avy,)

A%
R
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NUES]

A A
A=Q (O :)cﬁ:@l (O :)QT.

HIT A XIFR, QT AQu TRXIFR, BCE—4THY « TohZ, HA NYFR. T2

A0
AZQI( ) {7
0 =x

AT (n—1) Brxprse i A gh s R . 0

FIRERG ST 55 1% e PR P 4 UE W]
NIZ R E B T — R, R B RS T RO AE Tas
X 10.8. Gy E LIS VKBRS g WEREMEBRSS £V — V 2
9(f(v),w) = g(v, f(w))
MHERE v, w € VISAE, WFR f 52 ARG (self-adjoint).

I 10.10. £V ZEE T AARMEME g a9 &0, [V =V &2 gFE &g, &
WcCV & fAREFZER, N Wi fREF=I.

EL o e WH MHER we W A f(w) e W, HIfi
g(f(v),w) = g(v, f(w)) = 0.
FrPA f(v) € W, .

BAEfRsL (V. g) RWRZENR, f:V = V 2 ALY, B = {e1,...en} AV —4
PRUEIE A EE, JATE A J2 f 78 B NIZoRHE, B

fler, ., en) = (e1,..,en)A
g, # G = (g9(ei,e;)) s&dk B WASHIIAEE, WX ALARS )& =,y A
g(f(z),y) =2"ATGy,  g(z, f(y)) = 2" GAy.

B f A PRRE HACS
ATG = GA.

TEMREIESZEE T G = 1, FiA AT = A.
i 10.8. L, [V = V RBAMHEEYHACY f RTHAARE LSRR R R PR,
ALY f R ME IR SR A R XA
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R IZY H AR WL ERFRE A € Mo (R), 9 A SprifE RIS E R _ERY B ARESE
T VoV (V=R . difidl 108, f A4S GEAE TS0 Wi 45 W)
Je YRR, AR EIE SR flw, AR R X AR R (Z i>, HAFK (a—c)*+4b> > 0,
W flw, ASERRE(E, AT W o f RRHE ) & PR FRATE T AR B — 4 A7 125 1).
B0 10T 40 Wit U f ARABRY, X dim VIFI44, 53] i 5250
V=W, LW, L LW,,
HrpdgA> Wi Jg—4ERFIE 1250
Bovo e Wi, fluil| = 1, W oy, v, H—RMEIERCEE, HER f(v) = Novi. 1
f(elal" aen) = (617"' 7€n)A' /7"\ (Ula"' 7Un) = (61)"' >en)Q7 ;H\:E{:I Q Eiia /\}\ﬁﬁ
f(vla"' 7vn) = f(ela"' aen)Q
- (617 e 7671)AQ
= (v1, -+ ,v,)QTAQ.

Ell
QTAQ = diag{\i,..., \, ).
L]
10.5 EAHIFERM K
T PR OE R A3 28 T IS PR AR M (I PEREAS ). BT ORIRATRI I S A s —— 1

A 10.8HPORAS 23 [ AFAE R IR A B (IR 22728 k) B9Z5H. SXIFRA AT, 1E
TR R AEAE AT REAS 2 S8, TRIAS 1T 24 43 ] DAJZ 2 () Tieds

e N (V,g) PARIFHEIEACE: B = (e1,-- ,e,), IEACHE A KR IE AL A 4
f: V=V, Hf

f(eh... 7en) — (61,"' 7en)A

H W CV BAETEN, W f- W =W, HHBT f RN f: W2 W fi
A 10.8, fA—YEs YRS A E] W, TG, TR IER RV =Wy L LW, Hirp
B Wi A4, A dime Wi 2R 18 2. 25 dim W = 1, W flw, BEHMEMES £1(HH f
PRIEER); # dim Wi = 2, WAE Wi MIFREIEACH T flw, & 4EIEA 8 k.
ERL 10.11 (IEACHERERFRIERL). Bk A € 0,(R), N A E AT

) cosf;, —sinb, cosfy, —sinby
diag , B N T
sinf; cosf, sinf,  cosfy

Fhe, sF n gRRZR (V,g) LyEZERT®R T, HEV 9—AFEERAMEEF T £
%A T 09 FE I R e b3t A
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IER. HfA 10.8, A 4 AR TS W C R #F dim Wy =1, W Wy i A )
FRAETESKS, BT A I3, FHEE RN £1. % dim W,y = 2, WIYE W ARIEIEAC =T,
Alw, & O2(R) FHAERE. 45 Alw, € SO2(R), WETEM

cosf —sinf
sinf  cosf |

0 in@
%AW¢S%®%ME%w<wS Sn:)ﬁ%ﬁzmﬁ%V—LMmﬁ%ﬁﬁiL

sinf —cosf
LI Wy BTSSRI AR A T25 . B DT T, R T 20 2
) (£1), Z2sE SOx(R) HEHEREHERE. T Wit d2 A R4, X n IHgRI1. O

Bl 10.9. X}F A € SO3(R), HIEXAAMIT

cosf —sinf 0

sinf cosf 0O

0 0 1
_Li
cosf) —sinf 0
QTAQ = | sin® cosf® 0
0 0 1
PAK Q= (”0171)2,?13), i
cosf@ —sinf O

A(U17U2703):(U1702,v3) sinff cosf O

0 0 1
A A VEIAE R® 12 spang {vi, vo} I H—DHERE, T vs 2HEFEH.
H1 AT ARFEI AT T LA

I 10.12. f2 = 2 B AEBUL 320, BA R S RN X LA A — A TR
S EhRY A

iE. & A, B € SO3(R), M AB € SO3(R), f1_Liksrtr AB IEAHU T Sebbihimiest. O

¥ 10.10. FEGFHRIE LA, 5 P AR A2 T [Al— il TSGR G R B IR et IR A
GEAN SRR et 2 A DB %A, FH HAT & — kel

g 10.13. n ERRJLEZFZR P, AANELTRFEYGRITY LS A At (WET
SO, (R) ).
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e 10.9 (KU, e NARESE] (V,g), PRS0 # v € V, KT v IRt (reflection) 5& XA
Sp: V=V

29(0,2)

T x—
9(v,v)

A5 v FRA R (normal vector).
7k 10.11.
(1) # so KT v BEGE W s,(v) = —v, sy, =1, Hrp
H,=v={zecV|g(x,v) =0}
2 v IERANETE. [, s, AT H, BB RS
(2) # {v1,--- o0} 2 V BIRHEIERCEL, W s, T IR HLFE A

diag{1,..., =1 ,...,1}.
iag{ }

g 10.14 (IEACEEMAY2R). B2 0, (R) 35475 X a9 45 1545 o i %
On(R) = SO, (R) U s, -SO,(R),

£ SO, (R) ZA4TH X A 1 BERFEEAIK, s, - SO, (R) ZATHI XA —1 8E 44K
(sy RAEF—ANERAT). B, AT A —1 89 EZJEEART VAR T A—MRIATE — A5
B OATHXA 1 ER T ) 89 84

10.6  JuoARgr BRI P A

X 10.10. LERMRYE C-L42318) V, h: V x V — C IAEJEXRFFH (Hermitian form), 4]
SR A -
(]_) h()\ll‘l + )\2562, y) = /\1h(:r1,y) + /\2h<$2ay);
(2) hl(z,y) = h(y, ).
i 10.12. &4 (2) BRETFTE K bz, ) #B2EEEL
#i 10.13.
h:C"xC"—=C
($, y) = Zmzyz

i=1

e C* _EryAniE e KA.
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B 10.14. RS2 AR MR KA, AT h(x, 2) 55 A7
518 10.15 (JUAKFHRAIESR). F FRREE h: VXV = C, &
Reh(z,y) = 1 (h(z + .2+ y) — h(z,2) — h(y.y)
I (e, ) = S((e + VT2 +VTy) - he.x) ~ by ).
FE Reh 4k, Imh R 4R,
e HEERIT h(z +y,2+y) B
hz+y,x+y) =h(x,x)+ h(z,y) + h(y,z) + h(y,y) = h(z,z) + h(y,y) + 2Re h(x,y),
K a BT by, ) = h(x,y), IITi h(z,y) + h(y, z) = 2Re h(z,y). Fli,
h(z4vV =1y, z+vV—=1y) = h(z, 2)+h(y, y)+v—1h(y, )—v/—1h(x,y) = h(z, z)+h(y, y)+2Im h(z, y).
SEFRMERI A FREEH Re h(z,y) = Reh(y, ) DA Imh(z,y) = —Tm h(y,z) EHEE. O

WEIAKER h: V XV = C, B ay, -, o, WISHIBEE (W(oy, o)) = H WL
REBRA. S T I8, Fell 2 FAMER AR P ig P = P

Y 10.11. A, B € M, (C), #4¢1E P € GL,(C) W2
B = PTAP,

PR A, B E4etns . E—2E GARBURRFF AN S — MM X5 AR R gt
Ly E—2K.

M EOKRFER h: V X V = C ARHEE (o, ,an) 5 (Br,-, ). &

(517"' 7571) = (ala"' 70571)P'
B

h(Bs, B;) = Zpki]Tjh(Oék,Oél),

il

W (h(B,B7)) = PT (Mo, ar))P. B DAL —ANJE KA AR S ] 5 Ao T A 2 AL B A
Y.
L 10.16. Je K45 7 L 4eta A T AT /A I, BxF A & & ok 4.
X 10.12. C-PEZE V. ERJEKRFREL b FRR:
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o EEEH(h>0), WRXTH v#£0F hiv,v) >0;
o FEEH(h>0), WEXA v £ h(v,v) > 0;
o fiEag(h <0), WERMIH v # 04 h(v,v) <0;
o FhiEag(h <0), WRXFIH v A hiv,v) <0.

SEHL 10.17. 25 TRK4AHE H, WA T F0:

(1) H E£%;

(2) H #4atasFblalk;

(3) H= PP, 3% P e GL,(C);

(4) H e9iif5 25 R RTE;

(5) H 9y £FXKFE.

SR 10.18. 2 FloRHHE H, WA T F40:

(1) H ¥EZ;

(2) H 4tasT

(3) H=PPH 3+ Pec M,(C);
(4) H a4y F ETXXTFHFTE.

X 10.18. G AL C-GbEosi V DUREKE he V x V > C, B b > 0, WF
(V. h) AR ], i Py 2] (unitary space).

i 10.15 (ZNBURFEERN). ARSI BN 2B 5 — A fF 28— AR B
g, ARAPRMHZE 2

(azy +bra,y) = alz1,y) + b(wa, y), (7, ays + byz) = alz,y1) + bz, y2).

WYL, EXRTH A RANE, KT8 AR IR, S R AR 2 E Bkt
UL A i U0 7 EAT S e BT sz al DASE I E =g

(1) (2, 2) BIRBAET LR, W (|2 = /(@ 2) PR K
(2) §EEAE S BRI s St B AH = A7
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(3) “IEAZHLFE: /I A / TE AR FES B T Ao 0 Py AR /A v I 52 8 /P A AL
N TR, FANE (z,y) = h(z,y).
(1) KE: zeV, [lz] == ({z,2).

(2) fE: x,y € V\{O}, F#7E 0(x,y) € [0, Z] fiifs

cos(b(z,v)) = |||i:x||’ ||yy>||r'

5|8 10.19 (Cauchy-Schwarz A~E5EZ).

[{z y)| < [l lyll-

&
[(z, )| < (, 2)(y, ).

. Fy =0, ZERA. Ty #0. %

T NBR TR ARk B A R, A
0< <x—)\y,a¢—)\y>

= ll2l* = Mz, y) — My, =) + [\ [lyl?

(=, y)|?
lyl?

B [(z, )2 < [lzlPlll?, B [, o)) < llall lyll- S5 Ber BACSE = — Ay =0, i o,y
e C A k. O

51 10.20 (ZfAAEN). Vo,y €V, lz +yll < [zl + [lyll-

IER. AR E A

= |lzl|* -

lz + Il = lzll* + {2, y) + (y, 2) + [ly]|*.

RYE Cauchy-Schwarz A2E:0H
Kz, )| < llzlllyll, Ky, 2)| < llz[lllyll,

M
=+ yl* < ll2l” + 2ll2lllly ] + lyl* = (=l + ly])*.
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518 10.21 (CHATPUAIESER). Yo,y e V, &
Iz +yl1? + |z = ylI* = 2(]2]1* + lyl*)-
WX 10.14. ZEPAE (Vo h), B {o, ... o) BFCREIERCE, 1R (i, o) = 655

1 10.16. FINFHAE RIS A, MR —24E &, " PAE S Gram-Schmidt 1E22 4015
FIBRIEIE AL

P 10.22. A B2 (V h), ABRAFEERE {a1,...,an} o {B1,..., Bn}, 1BIZ (a1,..., ) =
(ﬁlw"vﬁn)P; )l—l\l]
ppPi =1,.

EX 10.15. 4 P € M, (C) #FrM P (unitary matrix), fi5E PPH =1,,.
SIBL 10.23. % P € M, (C) R E4EHE, 0| P, P~ P ¥ AT 4.

L 10.16. WANETTE A, B € M,(C) BB MR, WRFLENE U € M,(C) 15
A=U"BU.

sl 10.24. E—E25EHAMT E=A%.

FERR. BeEAgNE. B A e M, (C), %t n 34,
WA H A W—MFIEE, v € C* H—A MRHER &, A% ol =1, 78 v i C* i—
AFREIERZEE vy, oo o0, 2 U = (v v,) HEGFE, N

AU = (Avy -+ Avy,) = (v1 -+ vy) (3 :)

Bl UPAU =
IHZREpA] . O
EX 10.17. — P N € M, (C) i E(normal), 2 NN = NEIN.

N.
N2>7 N17N3 757:7F$; W\']‘S/rﬁ NQ = O, ,EL N1
3

N
Bl 10.25. ZEALEE N BT <01
o Ny b EHLEY.

N; N-
ER. B ( .
0 3

i U NU W2 iERL. oA
NN\ (NE o\ (NE o\ (N N,
0 N3 \NH NE) \NE NE)J\O N,
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HA (1,1) G ZEiiy NiNT' 4+ NoNy' 302k NN PABGEA
tr(Ny N + tr(NoNET) = tr(NFENY).

F tr(N N = tr(NE N GBEOIREREE), B tr(NaNET) = 0, T tr(NoNET) = X, [ 2 >
0, § Ny = 0. I NyNH = NJNy, NyNJ = N&TNg, B Ny, Ny 359 1E BUAE . O

SEHE 10.26 (IERAE RIS ETR). EHIEET B 4800 T 23 A 5.
B, & A e M,(C) IEHL, WA PAHRIT =M

H1 5 [ BE10.25 m] HIHALA g 50f £ . O
Bl 10.17. SEXSFR. ERFR. IERZME. JERFFRE . PERE . RHERRFREES 2 AR .
#:i8 10.27.

1 JeRBFSE (4T EA4RE) LB APLT diag(A, -, A\), A A FEHK.

2. Bl (A4 E%E) LHAMT diagh, -, ), i =eV 1% 6, € R.

3. BERBTE (04 RAHRE) L TEAT dagh, o, A), M=V —1g;, g; € R.
FERA.

L BJERFFEERRIULT diag(Ar, -+, An), TR A RN TEORES = A SA5E.

2. B R AILT X AR diag(Ar, -, M), TTEEARUDRES T = B A B =1

3. Fful.

O

e 10.18. B (Vo () A—A n HEPGZs(a) (B () B9— PSRRI SR ).
—AEMEA o2 V = VOIERASHE, JEOREFASHE, PIASHR, sURHERAFASHE, 35 o £V I
— AR IE AR T R A R DA R R 2R

1 10.18. BpifEIEAZH 2 [A]AY P AR R I PR R, 17 IR . JEORARIE . B HERI R R
TEPIATMUL AR ORIE AN, R _Ead i SCEARE ISR R EUTG K.

PGS i A i L
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SIEL 10.28. HEWE V 4 EME ¢ 9 REFT R W a9 B34 WL A REF =M.

EH10.29 (GEERE, SMASHIER). BV An EBHRN, o: VoV ERAER. WEEV
B9AFEIE I vr, .. v, IRAFE A v AR @ BYRIEE . 1T A, A A B9 TRRAFAE
18, W, A o 89 N-4FAE=0h, N

© =M+ ATy,
o m: V=W, AEIEF, A o 89185 R (spectral decomposition).
HEWR 10.30 (HEEIYHMI). % A 2 nxn SxRAEEE, BHAEEA Ay A\ (B R,
ARG AE R W, .. Wy, & P &3 W, b9 E IR H4EME, N
A:)\1P1+)\2P2+"'+)\kpk7
g P2 = P =PI, PP =06 £ ), Y P = 1, B—itd, HEESAX [, A
fA) = fA)Pr+ -+ f( ) P

EH 10.31 (PR 7). 2 n B TRV AREZMETIH o: V =V, NGFEE—ZKET
B VoV, FER o, BV R

(p™(a), B) = (a,¢(B))-
Hoo* A o B9PEREFE T (adjoint operator), AR AR T . X @, o* £ V 89—~ 47/ E
RETATIEREA A B, W B= A" = ar. XEa AR « BIRF AT, © kR
adj(A) (ZX5.7) AARAE C(f) (% 3L8.15) T2 —ikA. Eiust E— etk AY, m7%
B A*.

AL R (0 (@), B) = (o, (B)), Vo, B. B AHRUETESZEE v1, ..., 00, W

©*(v1) U1
=B ’ (@(Ul)a"' ,CP(Un)):(Ul,"' avn)A
©*(vn) Un
U1 U1
ZHNBSHERE =BT | [ -(vr, -, v0) = BT, EABUERE = | ¢ [ -(v,- 0n)A =
Un Un,

A, fibh BT = A= B = A",
[z, i o, REER—MAREIE ARSI, B2 ¢ N A, REH AT £58] o O

P 10.32 (FFMISHALE). Vi, Vo 0 n EER, 75 Vi = Vo RARA, UAT
Fih
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~

Ly BRRAR;

IS

Cy R ERE (IRIE);

o

Cy Vi Vo AKRMRA, BARA AR

4.y AEF V) a9iFEE Ak A Vo a9dFEE A

5. v Jek —ir i I sk ek A AR R UK

6. v £ Vi Fo Vo 09A7EE AT o975 A XA E 7 %
i 10.19. —4EV5HE U(1) = {2 € C | [2| = LF(EARIE T HAE) 5 SO2(R) Z (84 4L 7]
14

~ § —sinf
U(l) —>SOQ(R), eV—10 (COS sin )

sinf cos®

o i, HKTTRE SU(2) = {U € My(C) | UUH =T, det U = 1} TTAZHcfk Ny

a =B
S =
wo-{(; 7))

NSRRI, SU2) FIRT =4eskim S° C RY. SU(2) 5 =4EleheHE SOs(R) Z[a)fffE 5
BB SU(2) — SOs(R), Bk {1} X— R ARTEY Bz ot T B BERIHES, et
A A DT EL

a,BEC, |+ |8 = 1}.

10.7 Bl okihgk s —dkhim

T BRI — A2, R S8 R IR R T 2. B I IR AT
T 222 S, 98 e e 5 A A e X

2 10.19. R* i Rl Zk (conic) @ 2 41T R TR (21, z2) ML
Aazf + Bxixs + ng + Dx1 + Exo + F =0,
Ht A B,C,D,E,FcR H A B,C A HE.

A 10.33 (TIRHIEI ). R? dag it B dEiR b x4k (R AR A, MEAK. &
REE) 2R MIEF (BF ERTHA0F45) T A FTAREH X2 —:

(1) Wil 2+ 2 =1, £ a,b > 0;
(2) MMiZk: & — % =1, 4 a,b> 0;

(3) Pgk: 23 = 2px., L ¥ p> 0.
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JERR. TIRERAY Ax? 4 Bryxo 4+ Cxd X T R? _FAIRTFRACEPERL, HokgH i [

(A B2
“\B2 o)’

PR SEX R B i B, AP IEACHE P e Oo(R

()

HP A Ao M ORHIERL. 1FIF 5258 x = Py 5, “KINZH RN
MY2+Xoy2 +D'yy + E'ys + F = 0.

B R A B8

L% Ao 71, 7SS B R bR X

2. % A 55, BT IR AREI AU AR T

3. # Ao AN, BT LT, By R AR O A i T
DT EI— TR, MR AR % . HASP A& TATE LS, FRTA
EFR AR A 2 0
MI&%-%ﬁﬁﬁ5ﬁ+®m@+%%:LN&%%ﬁﬂﬁ%%ﬂk:@ ﬁ B
A= 6,0 = L BIEAERIE IS 693 +y3 = 1, BDHAB U + % = 1.

AT AR ] = G
5L 10.20. R™ iy akillfi (quadric) AR 0 Iy R 0BT

Zzazﬂ%Jera:ﬁc_o

i=1 j=1
Jott asg,bi e € R L () REHE
SEPE 10.34 (=4 RN /32R). R? Jag kiR e =k wh @ 23T R) bEiE 5) 5T 1L A 4o F AR
HRZ—:
(1) Mgk 2+ 2+ % = 1;
(2) WRPRUIG: 2+ - =1

(3) WAl 2 — 2+ 5 =1,

a2
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(4) Wb 2+ 0 = 2pas;
(5) Mllidiei (B¥@): L~ % = 2prs.
’—/E'\__EP (I,b,C,p > O

IEBA. B OTRRR YGRS B A € M(R), A = AT, dyilE s (£ 10.9),
FAAEIERHIRE P G PTAP = diag(A1, A2, As). fEIEACA A x = Py J&, THEASH

Myi + Xoys + Asys + D'yy + E'ys + F'ys + G = 0.
PR AR, B A # O XA @ 0L, AME LTS
L SEXHEA vi BT HAET RS, IR Aref + Aozl + Aszf = ¢
2. FEARHEERN S, WARZHYE ¢ AP IR EHEIIERE . SR siagk;

3. FRIEREECH (2,1) = (1,2), B i ml 00X T B 2 SR T 3 B 15
TREL, BT ¢ MFFS. Bl 2® +y° — 22 = 1 R BMRUIT, T 2% +y° — 2° = —1
FMT 22— —y? =1, ZRURUH T

MRS 2 B, R BRAEE Dy T BRI AR R, By AR M T AR
AR BREAE (A5 A0 ] A 52, 3 A5 S0 406 15 Sy T sl oSt i e 5 280 )b — U I
N, BRI AR, W2 BT HETE . P FRALECR R, X BORS A 4
%K. O
10.8 >]j8i
10.8.1 %i>)
3Ji8 10.1 (Gram-Schmidt IExZ{k). 78 R® FFRIMERBUR, X i
v = (1,1,0)7, vy = (1,0,1)7, vs = (0,1,1)T

. Gram-Schmidst 1F %21k

L. SR—HHIEAEE u, ug, us.

2. R HIH— 53] — L bprfEIE 2 5.

3. R AW 2 “TAHhE i LR
I8 10.2 (IERZ B 5/ _9F). HEL y = ax + b BE=A10(0,1),(1,2), (2,2).

L. GHHEETTE Az~ b.
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2. GHIEMFE AT Az = ATD.
3. R/ N fiE.
4. PR R AT AT A 951238
28 10.3. % A & on PSR BRIERE, v € R JERH:
[Av]| < max{[ A, [Aaf, - [Anl} - 0],
Hob A, A, 2 A B TRRHIEE.

2Ji8 10.4 (Courant-Fischer Ht KH/NEH). % (V,g) /& n gENFRESE], T: V -V 2 3

A= min max g(T(z),z).
dim W=k-1 ||z||=1

]38 10.5 (Cauchy ZHEEHE). W A J& n By F-MiFE, B J& A M m B £ THE (m < n).
WA WRHMEME A\ > - > A, B IRHEMESY p1 > -+ > g, WERIM TG 1< <m,

)\i 2 Hi 2 )\i+n7m~
(#27~: FIH Courant-Fischer f KAk /INEFH.)

i@ 10.6 (Sylvester HFE1IEEUEM). FIH Cauchy A245 & HHIEH] Sylvester F4fg: 5%}
PRARE I 72 24 HLACY H A e 3 U I

8 10.7. AEIERESE RO ARRIEE A € M, (R) ATDATESSHIBLT 40 Hoxt A, 2r OB i

(S _oA ) (A > 0) B&T 1x1 B (n BAMIHES A 1x 1 BHAHET dimker A)

I RUHIAE B B9 SRR & R T 50 s, 5- A (i’ ‘01> AEH.
ST 10.8. B V JRFTAT n WS B R B e 2 2 ).

(1) $HERE A € V, iEW] T+A T3,

(2) SHEE AV, X fA) = (1—A)(I+A)"", IEHH f(A) RIERHRE.

(3) Zlm f:V — O,(R) iyf5: MREIEAZH R AG R (1-A)(T+A)~" iiE? (Bs:
FAIE(E %] H.)

2@ 10.9. FERE O2(R), HFH SO2(R), ALAE SOs(R). FIKTIATS v U275 6, 1L
DURIERY, B 5 i S B8
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(1) O2(R) rhrp~yez 3e4e 4 HACH E AT A W Y 2.
(2) SO2(R) HHATERAE SO2(R) Hr3tHE 4 ALY T AT 1A A [ 2.
(3) SO2(R) HMATCERAE O2(R) w3401 HACH AT [H 932
(4) SOs(R) HMA~CZRILHE 24 HLACH EATA A R 3.

2]/ 10.10 (Cartan-Dieudonné EB). UEMWILELGZSME] (V, 9) MR IERASH AT AR
HAHE dim VAR A

21 10.11 (TFFAFERE). JEBTAN N AGEAE P2 1 AR R

Co Cy Ca + Cp—1

Cn—1 Co Ct r Cp—-2

C=|¢h—2 Crn-1 Co -+ Cp-3
C1 C2  C3 - Co

(F&rs: K¢ C GRS Z 0, SR EXT RS AR . )
2138 10.12. GEM]: PR FERAT Ry T AR R SR R E R B 1.
218 10.13. (1) #5 A fl B 2 IEMUHFE, AB 25 —E1EH? £HHIMRI% AB = BA I)g?

VT -y
YA WV

28 10.14. ¥ X = A+/—1B B2E M, Hh A, B € M, (R). IFH X 2954 HALY
A —-B
B A

b
S138 10.15. # A = (Z C) B 2% 2 SOFREEE. J a,b,c S A AU L IR
K Q.
138 10.16. 7% R it

(2) FUBrHFE A = ( ) BT N IE AR R« JE ORI R P

e IR

(1727 2) ’ (27 *173)
PAR ) (1,2,2) R,
;]@ 10.17. %”%ﬁm% (17130) 5 (]-a _172) ZEL‘L.E\AIEQO
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S1i8 10.18. sk v = (3,4) fTEH v = (1,1) Fryfss.

3] 10.19. X sl
(1,1,0), (1,0,1)

#47 Gram-Schmidt 1E354k .

2] 10.20. K Fm
r+y+z=0

. (2 1>'
1 2
R—HIEAZRFIE &, IR BT RAAL.

SIS 10.22 (FHAEFEER E MRS E). W A B 4 x 4 SOWFRAERE, B8 A BEHEE R
3,3,—1,0. 3R A fHHFEEL (p, 0)-

218 10.23 (Gram-Schmidt [E32 b5 QR 7). DA P@UTEE—RT .

(1) &V = P<»(R) BURECNE 2 2w, ABE

— A LR R

218 10.21. %

1
= dz.
)= [ falga)da
i {1, 2, 22} S50 Gram-Schmidt 1324k, 3KV AYFRIEE RS 5
(2) THEHRE

3 2 100
A=14 0 0
0 0 =5

1 QR 7M.
28 10.24 (QR 7 fEmME—ME). IEBH: 25 A 2 noxon SERTERE, WIAEAEME—RYIE A
M Q FIME—RX ez MIER E =M% R, 15 A= QR.
10.8.2 JELE i

218 10.25 (SO(n,R) WI4bE [EIM). BE G I—ASEH EMF AN AR, DR ERN g —
hgh™ ' HIEAEER) h € G). N2 W HIRMEE) B FAEFAS A RE. & SO(n,R) 1 H [H
@ A PAP™Y, Jif P € O(n,R) H det P = —1. [i]: o J& /N E B RN FH? E
BRI 2518, (P2 VTR T n.)
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2138 10.26 (Lorentz ZBHRIFRIEDL). B €1, eq,e3,€4 J& R MIFRIESE, 5 BN FRALL AL
(x,y) = x1Y1 + Tayo + T3y3 — T4ys. Lorentz e T ZI8WLE (Tx, Ty) = (z,y) WHLHEA
. AL fEAERRMEIE SR (R E (fi fi) = €dijy HP eo=ea =e3 =164 = —1) (15 T
HIFE R I T, AU ERZ —

(1) 1x 13k fHH +1;
cos 6 —sin9>

Y

sinf cos6

(2) 2 x 2 Jgkbk (

?

cosh@ sinh6
3) 2 x 2 XUl +
®) 5k <sinh 0 cosh 9)

(4) 3 x 3 B, FFEMH X = £1, #2 (T - AD* =0 1H (T — AT)> #0.
318 10.27 (Lang fREE5 XV 85). % F 2 C _FAA BRYEL 23]

(1) #& h: E x E — C 2JUKREFEL 5 hiz,y) = gz, y) + V=1 f(x,y) 5SS
UERA g, f #B2 R-AUEAER, g 2XHFRI, [ 2 TFRIY.

(2) & g: E x E — C & R-WEMER, HXHMTE « € B, Mt z — g(z,y) & C-Litn. X
% f(z,y) = g(x,y) — g(y,z) £ E x B _FHEEAE. IEPHAFAEME— A JEREREY b Al —
) C-RUERHERIFREY o 75 2v/—1g = h + .

2 10.28 (FAMIARIER). & (Viw) & C By 2n 4E=si) (B w @ IRE A SFRAL
RMEAY). BRMA T Ao, AR w(T(v), T(w) = w(v,w). BV =Lo L 24
T-A7AgH) Lagrangian 73, BRI L, L' #d n dEek ) 123[6], H T(L) = L, T(L') = L'. kW]
FAEE Eriz s R e 5L, (015 T BRI

B 0
0 BH)

SN 10.29. 1 A 2 n W ME, ATA HEHER R X2, A2 Hh 0 < X, < 1(i= 1),
HEM]:
det(In _A) > (]- - Al)(l - /\2) T (1 - )‘n>

2] 10.30. Sk R*(ECARUENAR) h, o0 a2 A U 25 8] WO IEAS R W i) —2H .
(1) {(17 07 27 1)7 (27 17 27 3)7 (07 17 _27 1)}7
(2) {(1,1,1,1),(=1,1,-1,1),(2,0,2,0)}.

2@ 10.31. i R, = Rlz]<, A RBCAELL n i 2 W08 et zs1a], H_Elca A

(f,9) = B f(z)g(z)dx.

255



k
(1) PRI Po(x) = 1, Pp(z) = %%[@2 — D", k=1,2,--- ,n Z IR K Legendre £
Wik, JEW] Py, Pr, -, P, BIAL R, 10— 2HIEAC L.
(2) ¥ f REECH n E—2TR, 5k FKE V() BE/ME.

0

A
Hﬁlaw-&iwﬁﬁﬁS:Lﬂ J.mw

(Dszkx%ﬁﬂ%mzlj,ﬁﬁf&zA%A%:Az

(2) Wk A 2 S BRI, W -\ 2 S IFHIE(E.

(3) WIR X #0 2 S BFREME, W A2 2 AT A WEHIEE, t2 AAT [EFIEAE.

(4) AAT F1 AT A WAETRAEEAE ], BAT AT EEL

218 10.33. (] B XIRRSE T B A S IE 24 BACY Halb A AT 41 R KT 2E.

238 10.34. ik A JEIEE SEXFRAERE, IERAEAEME— Y IE 8 SEXFRA R B i3 B = A.
238 10.35. BSERIFRAERE A WE A° =L, iEH] A = I,,.

28 10.36. it A Ml B Jg n BrocupRaike, H A IEE, WEMIFAE TS g P i
PTAP 1 PTBP ¥ 5% .

218 10.37. R mox n SUHFEAH B RIESSE] V = Moy (R) IR g(A, B) = tr(ATB).
B P F1Q 4351 m Byl n Y IEAZSEHERE, IEM] Tpo(A) = PAQ X T—4V ERYIE
A

31 10.38. 5 X AR B PERTA T XY 2RI
dist(X,Y) = inf{||z —y|| |z € X,y € Y}
B b o FITLsE W, GE
dist({v}, W) = [[v — Projyy (v)]|-

2l 10.39. IMEERE A, X (Al = Vir(ATA). B A N n Braexd iRk, o MEE
n HEARE LI . KA
2n—1 | Av]|? 1

2 _ 2
A= 5= e a1

S 10.40. (B V R4 n GBS, HHEERFROUERE (). BT &2V L
I B B
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(1) XF Vigrasn W, A& W BIRRHELEA R, v, v, FIEEL
k

> (v, T(vs)

=1
TR ANE AR T W A T, T AR T FR e TE A2 L B RATIC A G tr(T)w ).
(W R—ER T WAL T2,
(2) B T M n MFIEER M > X > A3 > - >\, WHEE 1<k <n, iEHH

M+ A= max tr(T|w)
dim(W)=k,W &V ) 725

28 10.41. ik V 255 n B sEXIAREE S LRSS 8], 7E VO B L Frobenius Y
(A, B) = tr(AB).

(1) sk VB AbREIE 22 5

(2) & B f& n BrscfilbE, 2 f(A) = BTAB, iX2 V. B &IEAS. SKik: f 2 s
FIIFEAFTLAZ B RS FR B 5 TR

2 10.42. Ri% V B AIERERERME LS m, T:V -V 2V EREEET.

MR v, w & T WA R AR AR R, ERT o A w B IERCHY

21 10.43. ERAEAS B 5 B AL 24 ALY EATTE AHALL.

I8 10.44. JERA SORFRSE S BE R DABE X AL, I FARE(E— 2 2 0 s a4,

218 10.45. 5% A, B Z ] A2 i JE KR M IERIAEAE— N PSR P {fi15: P AP f1 PP BP

] 0 o) A

31 10.46. i A = (a

c

b _
d) AT 1 R, Ik o =d, b= —c.
21 10.47. JEBAPAR 5 TS AR AL

cosf —siné - eV—10 0

sinf  cos@ 0 e~ V18
28 10.48. % A B—ANIEME . EH A" "TASE R A 2.
28 10.49 (Fischer AN%3X). %

Vo ( A C)
ct B

s P IR SR, o A, B € M, (R), C € M,(R). UEW] Fischer A5
det M < det(A) det(B).
FNE S AL AT o
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2l 10.50 (iR, B—sh SHEARDITE, Zif). WA B— noxn SRR, FHE
ﬁiﬂyﬂ )\1 Z)\Q 2 Z >\no

L % pir(A) = tr(AY). k]
1/(2m)

lim (posm(A)) = max |\].

m—00 1<i<n

FEULHHE tr(A2™) < O™ X m > 1 Ror, W A BT B EERTELE [V C, VO
i,

2. WveEREE, ¢>0, & A=A+ cvoT. 2 A WEEER A\ > > \,, EH

HAAE Ao = +oo. $#/n: A Courant-Fischer K Hg /Mg,

3. X Bnxp i, A=XX", B=X"X. itM A5 B HA5EAMIFENAEBRHAE
fe, HAKCERAE . BB er(XTX)%) SRR tr(XXT)P).

4. 7 ARSEARE K, WARHAERE, RIXFAZITEN 0. EXALITRAN 1, 1] tr(AF)
ST K, RN & BRSPS AT E B

2] 10.51 (Householder i}, Fk—F 8 S0 AMRE). XL RAY] & v e R, & X
H=1, —2uu®,

L EW] H ZXFRIESRE . WITE LRSS, FRE B BB R AL S H LT B

2. HiE BN RKEMENIEZE v,y € R", H o # yo SRR o, 15
H,x =y. U BAS) R 4 n] DA — £ %1) Householder b A b= fMHFE.

3. B A=1L+ery”, Hofwy € R Hoc# 0, Hithh A AERFA MBS, FAER
BB (1, + cay™) ™! IB—EHIE .

4./ A€ RV BFTAEXALITTRSET o, IIAIEXAEITRET b#0, H
A= (a—0b), +b11".
AREIFFAELZ I, K A W ERRAEE SRS
>]8 10.52 (A, BR#&5 Gram Hif%). %

n+1

=1

LGk Ay 28N n B H B DUREE, RS 4 n A rEiga.
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2. XA, XY, Gram FEFE G FT8S
3. UEM] A, PERFEARF M RR I 2, HRIEARR 1 AR

2] 10.53 (K& Laplacian). i G = (V,E) 2F RIEEF RIE, PR A, FEHEER
D, Laplacian Sy L =D — A,

LI LR IEERFE, H ker L = span(1).

2. % L AHIEMER 0 = A < o < -+ < A, HEF AHEEE .0 f(v) = 0 HIBREL
f:V = R, jIEAH Poincaré BIANZEZ

> () = f@)7 = XY f(v)

{uv}eE vEV
3. PUUTSRIER Kirchhoff EREMARE: L RAEET 1Ay A,

2] 10.54 (Cayley ZA54ft: MIJEKFFHEFEZIFHFE). & V A M, (C) KRR A T
S ] S
V={AecM,(C)|A=4"}.

L AER R4 AeV, A— =11 ¥uli,
2 X
F(A) = (A+V=ID)(A - V=11,
UER f(A) 2P,
3. HFHEEZIE f:V — Un) .
1 FIE £ RS

218 10.55 (IEHRIEASRFREERTL). 1% G & = ZEWER 23 18] AR Hs HP O AE B S IE 5 RS
AT IE AR A R B A oK
S (tr(4))”.

AeG
S18 10.56 ((FRAFE. DET S48, 8 w = 27/ nxn il F 5 U
Fjj, = wi* (0<jk<n-1).

PN a,b € C IEARGERE CH
n—1

(a * b)k = Z ajb(kfj) mod n-

Jj=0
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LER L F TR,
2. 30 @ := Fa, b:= Fb. JFHIEREI: a by = agby.

I8 10.57 (JURFFESEHTLECHIA). B A € M, (C) 2 A® = A. iEW]: A KA
FER T A, IHERL z € C" #0A

Azl < |-
218 10.58 (AR Cayley 48¥). id
u(n) ={X € M, (C) | X = —X}.

MAER X eu(n), EX
C(X) = (I — X)(L + X)~ .

UER
L XHMER X eu(n), W I, + X 7[5, H C(X) € U(n).
2. U eUn) H -1 K2 U WFHEE, WAEEME—1 X € u(n)

U=I,-X)I,+X)™".

28 10.59 (WRZIEZAEH). 1 /8 C* EHURHENR, & T € M, (C) ¥
(Tx,z) =0  (YzeCM).
HEM T = 0.
2. £ R* FHUBREAR, # T € M,(R) # 2
(Tz,z) =0 (Yo €R"),
W T 2B R EH, FHUEHIZEE.
218 10.60 (WL #). B v € C ZHfImE, a e CHE |o/=1Ha#1., EX
Ryo=1,+ (a—1)zz".
L kW] R, o PR

2. % U € M,(C) 2Py, H rank(U —1,,) = r. U U "IDAG AL r ASX PG S5
FeR UL —MREE T r B SRS fe/IME .
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218 10.61 (2% R FRY Gram-Schmidt). % V &% T © BWIREBUNTESET 2 1)
SRR L I U S S S ] . X

B(f,g9) = /_1 22 f(x)g(x) dz.

K B A5 . WERIESE, A Gram-Schmidt IEASLFIEL 1, 2, 22 SR —IARIEIE RS .

8 10.62 (B MR A FEFIWT). K TS M A, IR AR RN &
WS B B, C #if% A = BC:

L. B F=fl, C L=k
2. BIEXHE, C L=fF;
3. B R, C IExCH;
4. B MR, C IEAKE;
5. B=C.
218 10.63 (SEXFRAIREY Stieltjes A& SAHML). X TIEXIFRAS A € M, (R), &%
ma(z) = tr((A—2I)7"), z2e€C\R.
i Ar A P n BrSOARAERE, HX n ASAFER P EELL 21, 20, A
ma,(zk) =ma,(z)  (k=1,...,n),
FRE—EH A 5 Ay ML THUER R ).

238 10.64 (1EE M EARBUIGFFALIET). Bk A, B #d 1k SEXFRA R, Ha KRR fE™
/T 1o AERR:

1. 21 — AB — BA RIF &M ;
2. AB + BA+ 1 ZIEEHE.

218 10.65 (Bk—PLah SHHMEEHACES). 5 A 72 noxon SEXFRARE, FREERN M > - > A,
KveR"EE, t>0, &
A=A+ tT,

HAFHEME N Ay > - > s

L. k9]

MM > N> h> >, >\,

Y

BEz, NN (1<i<n), HXN > g (1<i<n—1).

261



2 o REIET A RHERIRNESS, T A MBI ARR S o 36, B A MRS
{EARZE KT ¢ 1A% LR R AL
28 10.66 (IEAZHGER A7), Bsirfs: A 2 n e, We ATA=1,, H
det(A4) < 0. UEM:
det(I,, + A) = 0.
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11 Wk SeAvion i B 3682 1)

W E A TR AT ERREg AN ek, HELE OB, IR
FITE S . ASEEAE Y T2, RIAE SR 1R A B T SEXFRA BT A AL I B 352

D 8L

& AH 5 fi# (singular value decomposition, SVD)& 2L N AR M T HZ —.
HIG R IR LE 2 — A2 AL, B . BCS AT, FH7E 20 2Rkt A
Blep 5 TR

AR AP A DUB WIS 19 a5 1873-1874 4, DI/RFFHIK (Eugenio Bel-
trami) I /RK 24 (Camille Jordan) 43 JIBFSE T AR A AH 55 XPSCHRE A 5, B4
e AT A FAEEM AR R , R RMEBURAE 320 ) B g 3. VERYETRR(James
Joseph Sylvester) 7£ 1889 4Efifi fi| “canonical multipliers” (FrUEFF) X—4FR; ML EAE
1850 4E5| A “matrix” (%iFE) —il, BE/EYI3E (Arthur Cayley) R40 AR T H AL

5 TR B K2 “RHIE(A” (eigenvalue) ME& R 44 5. “Eigenvalue” —iaJi H
i “Bigenwert”, Ht “eigen” Bk “H B 1. FEA M. X—AiEH & /R {A%F(David Hilbert)
TE 1904 AERFFEAR 0 Oy AR 1. AR 1, FHEEAEA FIES M A2 A R AR fi
¥ H (Lagrange) Fr2Z 2k “valeur propre”([EA{H), f# (Cauchy) i ] “valeur carac-
téristique” (FRIE(E), THESZ P ENTHFRA “ EH” (principal value) B “[4G 4% (natural
frequency). FFAE{E 2] A E — LA AR FITE R — A 25 8] F A gRA TR, 1025 508 2]
(1) 72 AR AE P A R ) 2 1R Z [ AT Ry SR B d I SE ), PO BN BRI
e, WARESRA TN A

20 t42W), Hi% ¢ (Erhard Schmidt) FEAR S 8-FBYWFSE p 68 T AH B 1Y 0 95 4E 3 il
1936 4F, B4 (Carl Eckart)fit%(Gale Young) UEREMar 5B/ A4S e AR &L, B
ARE ) Eckart-Young EH (GFEH11.2) .

20 22 60 4R, TN A EIES) T SVD BEBAERI AL, 1965 4F, X510 (Gene
Golub) FI-R{X (William Kahan)$& 58 SVD TR A, MRS RT3 B AT
fAE. SVD Fifii5 JH T RATH i)

o BtwIRgi GlRYE: ARPGEL T T RGBS RS (A Netflix Prize 3858 f iR
IMRITIR) TR R T

o GEUbE: ERAMMPT (POA) W 1RO REHRAE G SVD 1157
o fHSALRE: SVD FIFUME N REAA RN R (55), BN R

BEH 5 (B
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o BMZePEACE: SVD TR Dhadi Rk 5 Al e iy de /N 3R i
o FUARIFARAL: AR S (LSA) A RS- SO R AR (RLUEA T SCARR R
o TEHRYSENN RS ArE A TA R ARG EE . AT AR

LSRG RN AT SRR 5, REIIAER RSO, AT RER AR T
SVD A FEARAE B DU B A 3 T8 7 1) 5 WEAE TR SO A die e B3 ST
PR ARGE 320 s A i

T TR P R AR A (] — 23 [ A AR E IEAC RS T AL, o (B0 Fe i/ s SCIURME
Sk AR E IR S R, AR BRAT RS, ALEARRI R AN T . A TSR e (i
(7,STEH NS o5 W v i 1 24 N 7
11.1 sy Seftisr i

FEAL0F , FATL T 45 L8] i A RIS 25 M B, X ARl E PREREAE
B e B R T2V - WP AR SR Z R S, a3 T pbrifE?
TR AT AR HE B PSSR AL, @R A € Monxn(R), f71E P € GL(n,R), Q €

GL(m, R) 1%
I, O
71AP —_ T

Hop r = rank A, SIFEFRATITELAE 23 [0]_F BN AR, S0 22 P, Q AT DAMCE 1E A2 1.
TP 11.1 (FRERER). 5 A€ Myy,(R) B r =rank A, N A#& P € O(n), Q € O(m)

15 4F:
A=QDPT,
A
g1 0
O ()
D= oy
0
o 0 --- 0 --- 0

mxn

HbP o1 >200>->0,>0; ARNALEA 0. Xk o 4-A A W5IEFF A (singular
values), ¥ s = min{m,n} N F1E+4, MELEF s —r HNE.
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BRI RL -3

WREA M A= QDPT Sy AT LA ARRE: St d e S i IE A8 e Y
A A 25 LI ) T S AR A

BAEMGE, B A € My, (R) I3 A EN A= QDPT, J P € O(n), Q € O(m),
D RXtHaRERE. I2MTE © € R, W Az AT b =4

(1) s P EZ B ot E vy = Ple. T P RIEXHE, X—50 o MARiER
AEIR PO EA AR E RS {vr, .. vn} PRYARAR. LA L, SRV e
(BH), AR

(2) WAbsiR g PR vo = Dy T D B3, X HERE « IR
i JURE, SIS I AR T 7 7 BB 01, 02, A

(3) MHBUPRIER M )Rt Az = Qye. T Q RIEXMIE, X— PR Hgia 4R
fief (SCBp) B A

FRATPA 2 x 2 BOIE R B UARH. 5 R AEX AR AR
AT REN RN A=QDPT, K # Rl 01 =3, 00 =1, 1fi
S A B v RS el |
BEH T DAEBEAE QDPT = ARSI e R IIE ] g3 ). W3S P # Q, X

TER AR FRA PR A T s USRI P IE AR B U AN, R T A B R
H ) BRI A A 1 9 A, DA R — 2 R T LA 5

T2 Y

L/ NI

A o] =1 et S AT Ay B2 I MR EE ]
(& 303K, vi Ky P #51) (P Hsst) (A Ay e 5 1)

V2
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g1wy

JE— > '\};l

AT

BAMI (A ||=| = 1}
(Q oI g 3 e 4 Iy 1))

TR RUE SCGIEDE B9 IR AL R e — o R IR P fE SUsiER% 30°, 1 Q FHEIE
fiefs 60°. X PRI FRAE A = AT, i E AT SR A = UAUT. #4 D = [A[, I X
FHSHERE S ICRERHEMEM TS, WA Q = U, P =US, 153 A= QDP". HH—sk
XFRA R AT SR AL R B X, 7037 5 R BB 22455 U A RIEER),
BEHER P=Q=U (WM Al BN AITEHE®EE) |, tf SVD 53—

MR AT 2E A 3

A E o1, 00 BB R RE, R T MRS Y ERy g hs

P SR v, va (FROMAT a5 25 s i “ 3207 1)
e 4 L PR I S A A I 4 i

Q MBI wy, wo (BN wr SRl i) 2 (eI Pt o~ el 7 ).

oo = oz, WIHEIRLEACN B, Beimf A 22— 25 HBIhgE (Iniess); HHA oo =0, W)
AR I AE X R 1) b e, SO T AL R Gk

B2, WREA M A= QDPT KU ST DMIRFE A — i el SUSRMIE b 2%
—HIbRAEIESRHE (P A Q W5N), RSt T TEXWIALIE T 47378 A doe 1 SRt £
Th&isiFeE D.

?EE 11.1. ﬁiﬁ A = QDPT 7~Eé A H@%E‘{E%ﬁga iE Q = (wla"'awm>7p = (U1,.-.,Un), mu

,

T

A= g oiw;v;
i=1

FRALIR AT 7

XA SE R R
BB AV 3 R ERME—YE: # A= QDPT, I

AT A = Pdiag{o},...,02} P,
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JA o, ... 00 & ATA WFHEE, HEP R H A ME—PoE.
NTEUERR A A R BT AT A XIRR, WIAEAE P e O(n) f#if5
A1
P Y ATAP = ,
An
HP N >X> >0, >0 & P=(vy,...,0,), W AT Av; = M.
THFATIER] Avy, .., Av, HHEIER:
(Av;, Avj)gm = (Av,»)T(Avj)
= v} (AT Avy)
= 0] vj
= Aj{vi, vj)Rn-

P i 5 B2 0, 26 =5 B A

B A= 2 A >0, A ==X, =0. |t
Av; Av; 1
w; = = s 1 = ,...,’I“
[Avillen — VA,

W wi,..wy ARHEER. A8 00 = VA 3§ wi,.w, P70 R™ BY—4IbRIEIE AR
Wi, .. Wi, I Q = (Wi, wy) GXFY T —ORME—, JEHJE BT FE 7 1) (HA
AREAY) . TR

01 0

0 ()
(Avy,..., Av,) = (w1,...,w) | O 0 - o,
0 0
0 0 0

mXn

R
AP =QD, PeO(n), Q€ O(m).

Bl 11.2 CREST FAEMH). B

1 2
A: ]_ —1 €M3><2(R).
2 1



FAr % B BRI h i BROR A Wy B ik A = QDPT.
B R I1E

1 1 2 b2 6 3
ATA = ( ) 1 —-1]= ( ).
2 -1 1 3 6
2 1
AT A [ E 2 0l

det AT —ATA) = (A =6 —9=A2 — 12X +27 = (A — 9)(\ — 3),

ﬁﬁq’j{‘ﬁ{ﬁjﬂ A1 =9, Ay =3, %E‘Tﬁjﬂ o1 =3,00= \/§
S RAvar R P AT A (R

.)\1_9:ﬁ§(91—ATA)v—O,E[J<3 _3)[0_071{‘5;:01_\}5(1);

-3 3 1
-3 -3 1 1
¢ )\ :3: SI_ATA :07E :07 /EH = —= .
=3 (BT-AT A ﬂ<_3 _3)'0 o - - (_1>
i5jiid
1 ({1 1
P = (v, v c 0(2
(v1, v2) 2<1 _1) (2)
N s [ A’Ui
B RIS Q. th w, = 2
3 1 — -1
L 71 3 2 3 \/5 1 ’ 2 02 \/g \/i \/6

HIT m =3 >n =2, BFTANE ws [ {wy, wy, ws} WK R® MFRHEIESCEE. ws 7 PAEIE K
wy X wy FIREHFEA (wle = 0,wlz = 0) 55|, K581

1

Wa = ——

SVE

PA it
. 1
V2 V6 V3
Q = (wl, w2, wg) = 0 % % (S 0(3)

1 1 _ 1
V2 V6 V3

EEATE AR A = QDPT.



11.2  {ERkE UL S ]

IKPEPR . SERACSRANUT R it PR R RO . 25— R e A (3
RN, ATAM BRBARA AL L . BRI . AR R R A E T S BB
JAX AT ATARU5T R Hh Rl 5 77 S (B E -

LERFE A € Mo (R), FI A B RFATRT AR H 5 AL

A:Zaiwiv?, r =rank A,
i=1
Hog >0 > >0, >0 AWNFRE F cowvl B—8 15K BUE<r, I
Hilk{

k
Ak = E O'i’lUi’U;»r.
i=1

Ffif A T2 mn AN M AN A7 Ay T2 k(m+n+1) AL 2 k(m4n+1) <mn
HAEPRZEE R Z IS, XA FR nl i/ A i

11.2.1  BEURIES BT

R T B AR E S R, FRATLARMG 48 ). —5Kk m x n B KEEE R AT PAH
FEFE A = (ai)mxn 2, HH ay; 2 (4,7) BB ZEKEME (BUEERE 0-255, Hdr 0 L
MM, 255 RFAM)

TEVER, #Wr SVD Fris Rkl (U MY 45 H AT RERS/NT 0 BUORT 255; SR i K JE
Pl IR R2RF HC AT R [0, 255] B AFE 24 0 —1k

RS SO R MR G R A A R KRR, BRENT P &
B = (bij) € Masxo4(R) 28 “H” 2243 24 x 24 JKE MM G2 R E, HEXEAH
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255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 254 255 243 226 235 246 255 255 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 253 255 208 13 38 229 255 254 255 255 255 255 255 255 255 255
255 255 255 255 254 254 255 255 253 255 225 42 255 254 255 255 255 254 254 255 255 255 255
255 255 255 255 255 255 255 254 252 253 227 48 253 252 254 254 255 255 255 255 255 255 255
255 2565 255 251 246 254 255 255 255 255 239 49 255 255 255 255 255 253 245 252 255 255 255
255 255 255 226 39 38 40 45 49 53 49 10 54 51 48 44 39 37 37 226 255 255 255
255 255 255 237 15 0 20 18 17 17 15 3 16 17 17 18 19 0 12 232 255 255 255
255 2565 255 243 19 34 250 250 248 251 225 46 251 250 249 250 239 19 17 238 255 255 255
255 2565 255 243 17 33 255 255 255 255 231 47 255 255 255 255 246 18 16 238 255 255 255
255 255 255 243 17 33 254 254 252 254 228 47 254 253 253 254 243 18 16 238 255 255 255
255 255 255 243 17 33 255 255 253 255 229 47 255 254 254 255 244 18 16 238 255 255 255
255 2565 255 243 17 34 255 255 255 255 234 48 255 255 255 255 249 18 16 238 255 255 255
255 255 255 240 24 5 38 37 37 37 34 37 37 37 37 37 3 21 236 255 255 255
255 255 255 236 24 8 33 32 32 32 29 32 32 32 32 32 4 19 233 255 255 255
255 255 255 225 0 20 255 255 255 255 232 48 255 255 255 255 247 13 0 224 255 255 255
255 255 255 238 142 159 255 255 253 255 229 47 255 254 255 255 252 201 196 247 255 255 255
255 255 255 255 255 255 255 255 253 255 229 47 255 253 255 255 255 255 255 255 255 255 255
255 255 255 254 251 251 255 255 253 255 228 46 255 254 255 255 255 252 252 255 255 255 255
255 255 255 255 255 255 255 255 253 255 220 43 255 255 255 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 253 255 209 31 250 255 254 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 252 255 195 5 25 239 255 254 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 255 255 243 212 214 251 255 255 255 255 255 255 255 255 255 255
255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255

AR 19, BT 12 DE FELHN

oSO H O O O O O O O O o o o o o o+~ o

5195, 1063, 773, 506, 54, 44, 26, 16, 11, 7.5, 5.4, 3.6.
MRS, XHAES 4 DA UG BT I R AR ST . AH D,
o k=1 {fE 93.1% (MRgHE, HHXTRZEL 26.2%;
o k=2 {RE 97.0% RER, HXTRIEL 17.2%;
o k=4 {RE 99.979% MBS, MIXRZEL 1.45%;
o k=28 {&E 99.999% HYRESE, FHXFIRZEL 0.28%.

IR BTG ZA# 576 AL, M1 By HTEAFE 196 NG fi “rh” B2 i) LA g m AL,
EEARFE AR g, TR B DB LA A R E E 4 R
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RE #*®1 #%2

B 16 PUF “HT RERRE (24 x 24, Bk 19) BORFRELT: BR 1 SR 2 EA R BRI AR,
B4 TR EAREE, Bk 8 5Fk 12 BULT-5 5 o 5.

A -DEERMNT " B8 C € Masoa(R) RERIKEEMFE, HE2AEAN
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255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255
255 255 249 232 245 254 255 255 255 255 255 255 255 255 255 255 255 255 254 245 232 249 255 255
255 255 232 35 30 27 31 34 36 37 37 38 38 37 37 36 34 31 27 29 36 233 255 255
255 255 247 27 0 51 49 46 47 47 4T 4T 47 47 47 47 46 49 51 0 27 248 255 255
255 255 252 32 20 255 255 255 255 255 255 255 255 255 255 255 255 255 255 20 32 252 255 255
255 255 252 31 17 248 230 189 202 207 209 207 210 211 209 205 193 229 248 17 31 252 255 255
255255252 31 15 256163 0 O O O O O O O O O 157255 14 31 252 255 255
255 255 252 31 16 252 207 112 125 133 109 0 67 138 130 127 111 204 252 16 31 252 255 255
255 255 252 31 18 247 255 255 255 255 218 0 132 255 255 255 255 255 247 18 31 252 255 255
255 255 252 31 18 248 253 246 250 255 206 0 125 255 254 254 246 253 248 18 31 252 255 255
255 255 252 31 17 250 252 43 23 31 26 0 17 34 30 23 52 255 248 18 31 252 255 255
255 255 252 31 17 250 252 81 68 79 63 O 37 81 92 77 87 254 248 18 31 252 255 255
255 255 252 31 18 248 255 255 255 255 218 0 133 255 123 154 255 254 248 18 31 252 255 255
255 255 252 31 18 248 252 248 245 247 197 0 122 237 17 0 181 252 245 18 31 252 255 255
255 255 252 31 18 248 255 255 255 255 219 1 129 255 206 106 236 255 247 18 31 252 255 255
255 255 252 31 19 246 110 94 101 105 83 0 49 105 103 111 98 109 247 19 31 252 255 255
255255252 31 19 246 30 0 O O 2 17 8 0O O 0O 0 30 246 19 31 252 255 255
255 255 252 31 19 251 231 235 241 244 244 242 244 246 245 243 236 232 251 19 31 252 255 255
255 255 252 31 17 237 251 249 249 249 248 248 248 248 248 249 249 251 237 17 31 252 255 255
2656255248 35 1 4 1 1 1 1 1 1 1 1 1 1 1 1 4 3 36 248 255255
255 255242 22 5 87 89 89 89 89 89 89 89 89 89 89 89 89 87 0 6 237 255 255
255 255 230 16 33 255 255 255 255 255 255 255 255 255 255 255 255 255 255 89 74 234 255 255
255 255 249 219 223 250 251 251 251 251 251 251 251 251 251 251 251 251 252 255 255 255 255 255
255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255

RS C WFkR 21, B 12 Sar{E124h

4542, 1186, 730, 504, 378, 257, 211, 71, 67, 38, 32, 19.
5 e ML, B BT AMEZ SNER NERGEHE, RIE R O L8 il
o k=1: {£# 89.3% MyfEE, FXFIRIEL 32.6%;
o k=2 {RE 95.4% WRERE, AXTRZELY 21.4%;
o k=4 {/E 98.85% MAEHEL, MIXHRZEL 10.7%;
o k=8 {rE 99.968% gL, FIXHRZEL 1.80%.

XYL AR OB T, 75 2R B 1 7 7 (B o b 2.
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B 17 3T T KRR (24 x 24, Bk 21) RORBRELT: B R WA N EREE A,
AR R SR 5018 Bk 8 J7 REm A HATE.

R T AR A AT I 25 5, BATHNH EATTEAR FRR T g it O B8 LI FIAE R
F=
TSR (k=1 k=2 k=4 k=38
“oh BEEfRE [ 93.1% 97.0% 99.979% 99.999%
“o AN [ 26.2% 17.2%  1.45%  0.28%
“IE” BB [ 89.3% 95.4% 98.85%  99.968%
“EOARHEZ | 32.6% 21.4%  10.7%  1.80%

HLABE, 7 (AT S R, PR SR AR R A M I e T AR SR R
L, TE LA RAEA GBI B S " MM BIKEDR .
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Sy i
————

A5

I | I I i i i i i i | | | | | | | T T T
1 2 3 4 5 6 7 8 9 10 11 12 : 2 4 6 8 10 12 14 16 18 20
5 k ok

A 18 P A 5 T R AR R T RE R LR b 2R MR, X LT 58
ARG, “[E” RN TSI 22, [R5 2R B B 2 7 S

R BEARRE | ARRRAT ok A S e il 2R AR T DA Python S50 SekFFIBIE
YR IR LR, TSR AR, FHF He 20 R (R R AT EE A
1E 11.3. —3K 1000 x 1000 fyKJE EIGFREAEAE 10° MR, A Har B, W
k= 50 WRRREE R FEAEE 50 x (1000 + 1000 + 1) = 100,050 N4, FEGE LR E KT T
s SRR IRZE B TR A S O R 2

11.2.2 Eckart—Young ‘g

FOUL I, A W% S RBSET A, B PTG CPFRE. 5 21 M (R)
14 Frobenius PR :
(A,B)p = tr(ATB).
WIHLRE A, B fBE SN
2

EH 11.2 (Eckart-Young, Schmidt). Ay ##% <k 89 mxn 4E[EPIEH A siLa94EE, BP

|IA— Agllr = min ||A— B|F.

rank B<k
i 11.3. % A€ M,,,x,(R), s =min{m,n}, L A= QDPT ZFFank, L+ D syt
AAAHFFE o> >0, 20 (AA1EEH0) . N

Al = fot 4+ 4 o2,
14~ Al = \foby + o+ 02
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i 114 (RER-SENTREZM EWER). EAHEe sy i T RBGE T IRERRE I A AT
PAKFRCERME N —Fh “RERMIC™: HFE A B “BRER N

HA||F—<71—|—02+ +U,
HpgANTRE 00 P H of WIS « M1 & cowo! TTEIEER (BFVARHE
1t Frobenius WAL RHRGIERT) . MIRATH Ay @i A W, REMAERE N oF + - + 02, £
FHIBERR of + -+ ol T

A — A% _‘713+1+“'+03 1 of - +oj

A2 oi+--+02 T oi4---+o02
H, “ai k& DAFRMELETT p% WEERE" FMT M A 8L A WHXRZERFIH
(1—p%)"
BIFENE 16T < B61T B 4 DA EC S8 7L RES, i
oL 09,9709,

R

S} Frobenius MXti%2 || B — By|lp/|| Bl r ~ 1.45%. X524 fk 4 @ifEr16HE
ZRETH WA L.

TEZ e 200 UE B 2 Ji, FRATTSE4S H—SeiE B 2 B A M
SIA 11.4. 47 4E% A, B € M,,xn(R), H£80 P € O(n),Q € O(m), A
<QAPT, QBPT>F =(A,B)p.

SIEE 11.5. 6246/ A € M, (R), M

|| Av||gm
0£veR™  ||v||gn

IEB. B ERFRAEE M = AT A, NIRRT AR A R AL (A S R e/ N B

O'l(A) =

AT Av)gn Av, Av)gm
MATA) = may A AV (A0 AV
O;é’L)GRVL <’U, U>Rn 0;5’0 E€R™ <rl), U>Rn
e | Av|]
V||rm
A) = /M (AT A) = .
o1(A) 1( ) I S
O
S|P 11.6.

(1) HIRFEHE A€ Myn(R), H

oo(A— Ag) = 0144(A)
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(2) 1£B4E%E A, B € My, xn(R), L9 rank B < k, N
0i(A = B) > 0344(A)

EH. (1): B A WA FE L

min{m,n}

T
A= E oiW;v;

i=1
Ui
min{m,n}
A— Ak = Z iniUiT,
i=k+1
W oe(A — Ay) = opo(A).
(2): MRk A W77 HC N
min{m,n}
A= Z iniviT.
i=1

FATHEUERA £ = 1 950 B W = spang{v1, ..., vp41}. BT rank B < k, M dimker B >
n—k, FHit ker BNW # {0}. L 0# v eker BNW, H(n] 5 v = Zf;l a;v;, FPET | B11.504

k+1 o o
(A—B)> I(A = Byollen _ [[Avllzn _ Y/ izt %00 sert(A),
ol [0l SkHLgz

NIHEATUER— B 0L 32 (A — B)e—y 8 A — B BRI £ — 1 A3 e TRk
BAERE. MRYE (1) &
0y(A—B)=01((A—B)—(A—B)y_1)

=01 (A= (B+(A—B)r1))
tF rank B < k,rank(A — B),_; < ¢ — 1, A\

rank(B+ (A—B)—1) <k+/(—1,

W2 Hing s EA
01 (A= (B+ (A= B)i-1)) = orye(A).
O
NS E R 200 E R
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8. 4 s = min{m,n}, HAE j > s i} 0;(A) =0. N

IA— Bl =) of(A-B)

=1

> Z Ji2+k (A4)
i=1

=D a4

i=k+1
= [ A - Axl5.

HA s “AAE S TIIH (2), A5 TFE (). -

11.3  piHl: R4ERA S s abr (PCA)
e e AR H O S BRI EU LA AR R, Bl

o SUTBE: 2R 18] V] BRAFAE R A

o JEPAFIR: L FE R I B R T BB 37 3R] PR 25 5 1)

o PGB . BEEA T Rl R E R A v e A T R AR Tl P
TEX S s, 55 SN AR PR B AR . 4 4P (principal component
analysis, PCA) WFST AN R H8E: 2562 m A n fFIE S, Z—A k ET20 (k< n), 15
FHZFEZ T =0 g 0y-F 7 % £ 5.

I TERE AT SR AR X A B A ).
11.3.1  JfEIRgeiley

BE 11.5. 458 m WK, BREEAREI— n 425U, ARIEREBE m o> n, MERATE240
AR

ATRIRT s o RS TEAEIRA EARLERY S 25 (AT P

8 11.7. B F4EE A€ Moo (R),m > n 894 F155 %

n

T

A= E oW v; .
i=1
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A Wy, = spang{vi, ..., vp}, W Wy 481F4e T IAEL )

m

Z(diSt(aiv W))z’

i=1
Eb W & R 84 kT =N,
. MR k4TS W, W BIBMEIE AL {w, .. g}, W

(dist(ay;, I/V))2 = [ja; — P1r0jW04i||2
k

= o = > (o, uy)uy
j=1
ui
= ”O‘zT_ ((O‘iaul))"'a<ai’uk)) ”i“
Ui
M
m <051,U1> <a1,uk> u{
> (dist(as, W) =JA- | : I
= (Qmyur) oo A, ug) ) \uk

B—I7T, BT o = 30 (cu, v5)vy, BRERATATPAS K
ozZ-T = ({a,v1)y. -,y <ai,vn>)PT,

H P = (v1,...,0,), MIfi

A=QDPT,
;H\:EFI QD E‘J% 1 1“]—‘% (<aivvl>7' L) <Oéi,’Un>), Fjﬂ/y\

T
U3y

o SRR

0

R EFELL.20] 0 Wi, SEBL T D00 (dist(ey, W))? [HE/IME.
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11.3.2  ZpuiMb S Ry

TEL BRI oAb, G e B AR A MR AT A o BT R R X —
it (centering) BEAETEG T2 HAARY: FURMIIE 1 SR “Bimde hFEmp
B MR BT, 2RI E ), AT 58 4 B b i e iR

1
m—1
ik, Horb B = A~ M, RAyuUAURIISARAIE (M, A1) . 15 B 1% S48
i B =QDP", Il

Y= B"B

Y= LP DTD PT,
m—1
RIS 2558 R B4R AR 102 B WA S AR o1, ..., 0, ST AERIE(E A N = 07/ (m —
1).

111 (TG W B = A— M, @O Er moxon iR, B = QDPT 2HATR
H0 R, P = (vi,...,v,). WFR v; HEHERE @ FuksrJim) (the i-th principal component
direction), o?/(m — 1) W4 i AT %E. FF 02/ X2, 0% R4 @ AN Ji FEARELE

(variance explained ratio).

Bl 11.6 (“HEEURRY TMIT). FIE m =20 D THEEHRA cn, . a0 € R? (B0, 23 20
KA LA H BTG ) . sk SRR HE R 20 x 2 KR A, W8 239 p £33 e B s
M B =A— M, Xt B ar e, 152090 ar Ml

o1~ 8.72, o092~ 1.76.

R 7 2R

2
e 96.1%, ﬁ ~ 3.9%.
55— B REL 96.1% W22, R S S T H— 2 M HoF N v B E
Gl E19ZEMLE BEE S P a7 T B S — a4, g 4+
) ZEFRRE L.

01
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HrE

=
o
=3

96.1%

iR 535 h
© MR ° Vi 80
1 o~ e
° 0, [} _
oo o N <\ S 60
° s M ° ?‘S
-1 oo © g 40
..
-2

N}
S

-4 -2 0 2 4
3.9%

v
19 AR T . 2 BRI S P T v, ve, KA ZBON R
BT IS IR ZE. AR BEAIEL, S SR T 96.1% 17 2=

FH DT EA B BE: AR B A ERS T ERREILZ E SRR 1, WK n
AR H) b 4eF2500) span{o, ..., v} b, BEEEHAE AT n AN ARFRRIE LR R R GG 5L
P, WP A IGRAE R TR v, Ak, mtEW b 4605 5 a 2
w4 spanfvy, ..., vp}. A MFRATIEIER] 5 2.

SIHE 11.8. E W £ R 89—/ k F 20, aq,...,0, ER™. EFFA M4 B+W (B R")
oy k BAGHF 2R P, 4847

Zdist(ai,ﬂJr Ww)?

=1
AT ERE—, FT o+ W, b p=L13" o REMENHE. ERARESE S
ETE, WATH REARENEH

B =Projyp+w, — weW;
HFTRE—BT W sERE B = Projy.p.
. HEEE] dist(as, B+ W) = dist(a; — 8, W) = [[Projy,. (a; — B)|. Bk

> dist(i, B+ W)? =D ||Projy. (a; — B)I*.
=1 i=1

¥ B ok 6= Bw + Bwe, Kt Bw € W, By € W+, Il
Projy . (o; — B) = Projyoa; — By

it v = Projyyra; € W, EAE N
Z lvi = B+ I
i=1
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B W m ATy, ym BUE S Bwr MIFEESE AL RS0 AL, Y By =
LS v = Projyyop BFICEREUR/ME. BEEF B4+ W = Projyapu+W = p+ W (FH
p— Projy . p = Proj,p e W) . O

N8 11.9. 4 p= 3" o AHESI@E, 4 M, = L.u” AHE—ITHFT 0 093k
FEME. 2P SHUSEE B = A — M, 5 FE5#13%] B = QDPT, X9 P = (v1,...,v,),
Il

pu+ spang (v, . ..., vg)

&k EAFET S ar, .  JEE T R Y.

EM. W B+ W ORMER A b 4EO5 S TS fgI BLLS, XFEER W, P B 5
B+W = p+W. HILHEA: FEFTA & 472500 W, e

Zdist(ai,u +W)? = Zdist(ai -, W2
i=1 i=1
i B = o — p APOEREEE, BEME B = A - M, 05 i 7. hallLT,
D dist(Bi, W)? F/NK & 4E TSR LR Wi = span{ur,...,od, HA v, v 2
B Al k MRS Rt b 40058 TSy o+ Wi = p+spanfor, ... veh. O

i 11.7 (PisEic). Karl Pearsonft 1901 4ERFSE T 40 mlBE 257 07 Fl /N H R BT
%, 1933 4, Harold Hotelling? NG 112/ ET| A “F 4" (principal components), F-4{
B S5 2 R RFE IR Rk, SVD IZA H X 2 /INT-J BE B 1) R0 Ay HE o .

W4y, A Hr B R RS i L i) 2 R MR TR 2 —. fil4n, Turk
I Pentland 7& 1991 452 Y “RHILI " (Eigenface) J73%, #i2HF PCA M T N EIR: *f
ok m < n BN R R —A mn G, RS A Pl A8 J80) 50 A0 A 1843
ST, BIULASFA e (B “RRERE”) fie T AR e =2l (WD, R0, el
85) , AUH 20-50 A~ T2 A s B AR i E AT R SR

11.4 P b ke

11.4.1 s

BN IRE R PR EET ORI — 1801 £ 1 A 1 H, BRARICH#K
B2 W5 (Giuseppe Piazzi) FE VG PG5 &I T 56 —B/MTEAHE (Ceres). MifEH: Tk 41 K
HLL B 0 B AERER B 24 N E, HIES M EZBTRIKHEY G, THRAERCFR)

8K. Pearson, On lines and planes of closest fit to systems of points in space, Philosophical Magazine, 1901.

9H. Hotelling, Analysis of a complex of statistical variables into principal components, Journal of Educational Psy-
chology, 1933.
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MRS b A AR X 24 AN UL EicH T A i B P BB A 6 7 3K — BRI 5 | T 4 BT
MRS I BCEE R

24 1) (Carl Friedrich Gauss) | Fth & BH A Fe /D 3, mEhFii 74 4 E 1 3
. 1801 4 12 H 31 H, RICEFIY - £k (Franz Xaver von Zach) 7 i il i) (o7 & ik
HHER T AR, STIAHZEARSE] 1. X fisi— 2 4.

= HTAE 1809 4 Hi i) R 4Rk i& 338 ( Theoria Motus Corporum Coelestium) W Z 4t [
AT i/ E, FEARE O 1795 AFEBC SEM X — ik A, EEBEER L
fi(Adrien-Marie Legendre) 7£ 1805 £ A/EH R A KR TR/ 3%, H &AM TiX—
£ FF (“méthode des moindres carrés”). W N [[] X TILAEAUW IR HFEE T 24, (HIGR
i, fe/ D A A B h i AR B T A

11.4.2  [LERBEN S L iR

BN ERFA T MR WA n ANMER a1, .. a0 BN ARy, HEPEX R
ly 5 a; ZEMPXFR
YR T101 + X202 + -+ Tpay,
H g, e, REFHENSE. T m YOS SRS, FATSE m AEHE (i, bi) (@ =
Looo,m), Bt os = (@i, ..., a5)" € R™ 255 0 RSSIRIN A4S R EUE, b € R 2N H XL
{H. RFFA O 5 U M

2

X1 b1

R
N

T
O,

Bl Az = b, Hip A € M0, (R), b € R™.
2om o> on I (ERRERZ TSHAE), TRA Ar = b @ 28 ER (overdeter-
mined), BPJCRSHffE. BCAFFRATIRIMKILIR, S5 F i (residual sum of squares)

Az —b|* = of v — b;)?
| i
i=1

/), XSS I/ e )l (least squares problem).
XA A DA RN IE S, i0 W =im A 25 A fszsia), W Az Bos W. K
NI THE W b S b i A BarE 10.5, % AUH Projy b, f/NREN

Ib — Projy, 0|
B, /D 3%fR © WE Az = Projy b, T2 b — AT IET W &4, H

AT(Az —b)=0 <= ATAz=A"b.
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ESFR N IEM I B (normal equation). 24 A FINERRIS, ATA W, BN ToREME— 2 =
(ATA)TTATD. 29 A AGVHRRIS, FEARE—, KL IAANZE ker A PHYTCR. @ EIANERTE
JIA foe /N 3R e GRS UR /N IRAS, AR I dne /b éfif (minimum norm least squares

solution).

11.4.3  Phihi Sig/h e Bt

IERUTRESE 1 T /N AR —FhoRE, H2Y ATA KW (BRI A ARSHEE) I sk
T AR E R T — M AMEEIE GG R HERHRE A € Mpxn(R) PA
e Fear B

A=QDPT,
Hrp
g1 0
O ()
D= o,
0
0 0 --- 0 0
é\
At = PDQT,
/\l:':‘
ort 0 0
0 o;!
0
0 o --- 0 o 0

nxm

Y% AT 7k A ) Moore-Penrose fhifi(pseudoinverse). NG 41 F @& FE:

EH 11,10 (/b _3Rkf#). s F Az = b, W 7 = AT T RMERADZFM, BFEFAE
|Az —b|| Fvbg = P, T agie sk

PERA. HACUEM] AT — b Lim A, BI5GIE

AT(A(A™D) —b) = 0.
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HEIEA
PDTQT(QDPTPD'QT —1,,) DTDD'QT — PDTQ™)b

b= (P
= (PDTQ" - PDTQ")b
= 0.

FLIGIE ker A L ATh. 1 A = QDPT w4
PT(ker A) = ker D, ker A = P(ker D), Ao = PD'Q"b.
fEHL 2 € ker A, A5Gl 2z = Py, Ht y € ker D. T
(z, ATb) = (Py, PD'Q"b) = (y, D'Q"b) = 0,
BE— 145K E im D' L ker D. HI ker A L Afb. O

i 11.8. WA
y=z101+ -+ Tpa, +¢

ZERE, W% R

T
Oé{, 1 ! b1
x
ag,l _2 b2
':Z:n
Oé%;,l bm
c
é\
af 1
i a1
al 1
e AT ET.

11.4.4 Hil1: FLL

Bl 11.9. BicA 4 MR (1,2), (2,3), (3,5), (4,4), TAFHEKE]—FKEHK y = ko +c
FRAF LA ISR RS MR PR

VR
o
~_
Il
NG VU )
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W R TR R, hIER e AT A = AT, 115

ara (30 10) (39
10 4 14

fiRfe & = (ATA)"TATb. Hy det(ATA) =120 — 100 = 20, 45

4 —-10
(ATA) = ,
20\-10 30

L[4 -0 (30 _ 1 (16) _ (08
- 20\—-10 30/ \14) 20\30/) \15/°
ARG EE N v = 0.8z + 1.5, PUANEHR SR TIME > BA 2.3, 3.1, 3.9, 4.7. RS

T ILE L ER BTN (L 295 b — AZ, 3R 50 —0.3, —0.1, 1.1, =0.7, BT I fil
4 0.09 + 0.01 + 1.21 + 0.49 = 1.8.

NI

11.4.5 fg/h e 5 Ui ek
e/ NS [N RN 32 LA 3 A BARAERL A, (H 35 R A A2 Ty Tl FH AR A 6 R [
i 11.10 (/b =35 PCA X)), Z P B m DNEHE A (a1, 01), .., (o, bi).

(1) dh RETHREL y = ko + c (BT BT 32, (ki +c— b;)? Fh. X
BA AR o AR (BR), y 2R (Fritl), BATRER v I7 1 i
Z=. JUAE, SRR iR/ M) 2R R B G B A B AL B )T AL

(2) FRRgy o3 B 3 4R K D ELZR, RS R 2R L AR A RSB Y (R B ) 1Y
FIr RN PCA ARG QA RAMNAS R, AR P45, dapfll 117, X380 T i
RABEARAE % T 1) L3 T 2.

R, 24 8 A BRI AL B A A ] (BN T-$RBC Y 32 2 AR (07 1)) I, RG] PCA; 24
FAR R — 4L E A BTN 75— NS R, R die N3l 1.

S IR R, —H AT A& S E R AL L. 4558 H DAL B s B, PCA 42
Wi BT B BRFE I & (I8 T7 1), 1R/ "Rk A 2 B A R it AT (i i
AR EIRA ). X RE, SVD X W2 st R — AR e L
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11.5 2]
11.5.1 #i>)si
218 11.1 (FREIITER SVD). &%

3
A=1{0
0

o = O

L HHE AL R B RARBE] R® Hf4 ETE.
2. Hily ATA, SRIFFAE(E.
3. i A AR,
4. il —A A= USVT fyarm{H1 .
I8 11.2. ¥ A AR, ArREA o1, o0 SRATT T RE.
218 11.3 (). (1) BRiRSZRRER AT e 0 s B CELT SRR AR ).

(2) & A € GL,(C). FIH&FE IR FAAER AR U € U(n) FEE e KR P, {1
15 A=UP. Xk A BB (polar decomposition).

(3) PR R ME— k. 2E—2, WIdMAER, X GL,.(C) 5 U(n) x Hy —4H
SRR, Hor Hey SRR IR JERFF A MR S s B n] B X .

2l 11.4 (T EZ0m IE AR, & A 2 n D7, T5MEHR 01(A) = - > 0,.(A) >0,
FAE(ER Ao A GEACVECE R B

Zn:ai(A)z 2 z”: il
=1 =1

SFF L HALY A S IR AR,
(R SElbAERS T T AL T =AMk, RS AP Frobenius {544

g 11.5. %
3.0
A= :
0 1

HEBH A WMARE, U e X AL R S h e .
S8 11.6. it
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)8 11.7. %

. (1 0) '
0 0
KA HRRFIAT A
I8 11.8. MR AR R E— e AR . A AT A IRHEE A U
S8 11.9. —A> 3 x 2 FilE A WAl 5,2, 3K ATA BIRHE(E.
I 11.10. 2554

b

I
o o W
o = o

5 E R — 7 S .

11.5.2 %

2 11.11 (AR EASEN). & A, B 2P m xn S GIER:
Okt1-1(A+ B) < or(A) + 01(B), k+1—1<min(m,n).

28 11.12 (A REAFEERAAER). | A & n R, FREER A, .. A R
KBNS, T FEH N 01 > 00> - >0, > 0. IEXHMERE k=1,...,n

|/\1/\2 . /\k| S 0109+ 0k.

P8 11.13. BT R? EA=ASHAIR N a1 = (1,0),00 = (=1,-1),03 = (0,1). PA
o USRS @ ATRIATIERY 3 x 2 JFFIE A.

(1) W5 AR A —A A S E

(2) FERMENARFIEEE T, 4REFm B — 2 B (—4E0iii=sim) B =i sy
RN

SIS 11.14. SR A = (Z _ab> IS T — R0 i
2@ 11.15 (B KA 5 SFHIEE). % A€ M,(R), A e R & A [WFHE(E. kR
o1(A4) > Al

28 11.16. % A Jg n Brecdr B BTN AIar DR T IER; A IER, g IEN]; A AR
i, 4B
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(1) n By B A IR HACYEAR n A, EAE 1.
(2) W n BB n A SAE, WA 3 5 R AR S T A R (E R e AR

(3) st n Bl A WarsHE il A = QDPT, T A+ I, W# BN A+ 1, =
Q(D + I,)PT, M A JZXIFRA .

(4) W n Y5 A B n Dar s E R B 0 MRREEREXHE, W A RR—E IR
HEFE?

8 11.17. 3 A R™ — R™ &l m x n SCREFEST I RVEMUS. B A 1928 & A mfE
{UE AN TN SUS

o = min {max {||Az| : @ L Wy, ||z| =1} : W C R" F%3[0], dim Wy, = k — 1}.

XHLUEREE b — 1 4e 725 Wi, BUBXT YA ERE max {[|[Az| : @ L Wy, [lz]| = 1} . 51k
Wi, Bl k — 1 4e725 0], B X LU i fie/ M EL
UERASEHRE A W58 & A3 S E o NG,

o = max {min {||Az| : x € Wy, ||z|| = 1} : W}, C R" FZ%[f], dim W), = k}.

8 11.18. % A om x n SLHFE. IEPAEAEME I nox m SEHRRFE AT, BEEDATR 4
e AATA = A; ATAAT = AT, AAT A1 ATA #RIDEFRIERE. FadsERE AT Froh A 1
Moore-Penrose ) g, Fpiih, A 27 FEE AT, 33 8 i i A .

>Ji@ 11.19 (Frobenius {5 #(H). & A € Mo (R), #FEN 01 >+ > 03 20,
LW [[AlfF = er(ATA) = 300, of.
2. LA SR Weyl A4

lok(A) — ox(B)| < [|[A = B,

HA A oAk
I 11.20 (RS FOa FARE). B A 2 n Braldiseiipe, fis T 2-1580E R

#
R(A) = [IA]l - [[A7"].

1. W £(A) = 01(A) Jon(A).

2. W] )
#(A)! = min { ” = I 5 %ﬁ%‘%ﬁ[@} .
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I8 11.21 (SURSHIAERE S 22 XA F0 ). B A, B € My (R)o IEFHPA R A ES5
1. ATA = BTB;
2. FAEIEACHRE Q, 1% B = QA
SRR, 8 R, T IEACHEME 00N C, H . PR, 45800857
2 11.22 (SEERBEEEMFRAR). | P,Q € M,(R) @M IEZEE, W
pP?=p=pT, Q*=Q=0Q".

ER -
rank(P — Q) = rank P 4 rank Q — 2dim(im(P) Nim(Q)).

28 11.23 (AR SER RS/ M) . o Rt CRERR R & o KBS (o). &

1 1 1]
1 1 1
A vt
1 1 -1
1 -1 1
1 -1 -1}

L3t 2 € RO\A{0}, oK || Aw||/[l=]| 95K TTREME RIS/ Al
2. RS (| Az/ ||| HEBKRAER TR 2.
2l 11.24 (XA HEN#). )

KA SIS

A=UDVT,
15 U 2 2 BriEscsile:, vV ok 3 BriEscsifs,
01 0 0
D = 5 g1 Z g9 > 0.
0 () 0

28 11.25 (B PRERR/RIEE). & A € M, (C). X

d(A) = min rank(A —U).

UeU(n)
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/?\ A E@ﬁ%{ﬁyﬂ O15-+-,0n, #ia
pr=#{jro;>1}, p-=#{j:o; <1}

ERH -
d(A) = max{p;,p-}.

S8 11.26 (A5 TR/ N IRAERD). B A € Mo (C) W2 Al < 1. FRPHFE

W = A B € M,s(C)
— C D n+s

e A WY UEI: AR B 5 LAY
s > rank(I — A7 A).

P A /NP SRAERCH
n + rank(I — A7 A).
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12 PR Transformer: MNP, Fhab: e 215 50

AE R R MBI R TE TR P i JIRE. AW BN GRi BER A1) R A 5 2 i
AN, AR E R SRR b TR AR 5, AT Bl e A

z.

2017 4F, Vaswani £ AJEiE L Attention Is All You Need F3EH, Transformer ZE#4).
Transformer J5k T HARET A, TRV AB2ATE. Az HphHeH g 52~ 5
EARAHXRRTE R bRuERL. HRESRvE . AR ATRENUEERE . D5 AR . BRI A B

12,1 (A#E5E IS Transformer 5% 2). G Transformer i3 NHLESEIE T
encoder—decoder Z84y; 2 KIBEF AR A decoder-only HPRIEFHBIN, A0 EH
REfH B B 2B G SR — Ao, AT e R R SR B R i
.

ARENEW I APZ. F— RN R CHmaaE”

[k — e S — R — RSB — e |

B RRIIGIN A B “B%eET

| BOMER — BRI — R — S HOER |

P e R )R SRR SRRl grg TR

7t A RS A [
5% i X fil : P
~

T
| |

IG5 ERIATCHREE AN, |
W E, Wo, Wk, Wy, Wi, Wa, W, ...

FANIA2HE TR B A Y 4wl 17, 124 ke =~ i At
L. Transformer [EAEE—BC TR U FE;
2. FERIIUHIERE A AR B BT SR
3. H S BALEARE L T T — A e R, SUERRZ S R INOOR.
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12.1 Transformer BIRIRIZ: 5 PR

AT SN EEAR EGEH] Transformer KA AR R TR SRR 5 T8I B9/NTT P93
BN ZE AP B B .

KRB F RN GG Se T 2R SO, IR SO AN RE B AL, 1 2 5e28ad 73
AR EI I BRI, A n] RE H BRI JCA BN EE BT R, HOR/IME my TR BOUR
YA — A5 7 51 IAN—BOSUAS W] AR R N

i17i27 s )iny
Hrp A iy iR P — D X S8 P T AR A i, TS B A A R
X € Myya(R).

X n BMAFIKE, d @B B4R, X 5 ¢ 72000 4 FRRm . KL, 76
HEA Transformer 2 J5, AN E LA 2 R IG ST, Wi —A~Hia o s HE )
el

KB F BB W TN GAESS 2 W~ — o, Wt ul, B30 2§l e oo

Z'172'27 s 7it7
B R —AMATC e A BIangs ) 1 RER
ONIHE MR T, PN ER”,

BT EEFIWT N — A cHE TR K7, VN i@ H AR T. M BE, AR A ST
ANt B — MR AT
b= (p17 cee 7pm)7

Hor m @A AK/N, p; FoR T —NAIGRE § AMATCHARER. 2R B Rt ik e iR o
Xt ML R AT

WA X 2WREEVFZ R Transformer. f— R KEMZREE T HREEE. 2
H—AEAIH 5 28 2. 2 S kA M BARYE R SCHEHT B SRR, Bt 4804
LB FIRIE— AR LA SRR IR B A R B i — 2 i 3%
INEINARE. MARTE L H N decoder-only FURIEFHEA, £ L2 EMN)5, 5 t DIEMN
AR ¢ RO S IZOR, MG T R0 E KA BT SR RN, 15
AN PR EERE A encoder v, JURT AR A A )BT SCfE B

i, AU RS RLE At 1 BRI R — ARG, XA Rl Yo gead — A AR
e, N d ZEZS RIS m ZE23[A):

RY — R™.
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FFENE) m ANEOT AR A B 25 18] R BN T T 1 408K X S8 BUE AR logits. THE
1l softmax pRECZ G, BN MGR R ERIMER . MERBORA T, BALA B BE1E N
T AT
YNZR, B FE 5 A 2 —TF A e . D I RR 2 S 2k b BAOR Al 1 000 45 SR A
BB R 22, X —METTHIAL 55, 8 AR A UL, EEAE 2
AR ZG AR IR TR AR &, 4050/, ARSI 45 TR 1R ST AR ARAIR, BRR. AR e
WA S AR A SRV AR AR RS, B AL SE X L SR
1t Transformer WY, 5% ) W SR IRIRASERE, FEROILEIF A, . (A%
PHRELRE, 15 19 2% v A AR R R A i L T i, 2 U — AR P R T P RS S 4L, DA RO SR E IR
g o) S LI 23] 3% logits (1 HARLRAE. PR e N S a R gl i AN BRI R — A R o ) i, A
RUAEFFI T — >3] T B e
REASTRYNZR A AR T DAMESE Ay
FEAXA — YMaT0 — A g e — £33 £ )2 Transformer
— TR —NEIT — R — EHSA

XA AR R BT SRR (AR 2 5 Y SR I s S0 o 0 Bl B 1Y
PR

IR, ERARBE =AT5 . 26—, RS HIRZ, BIANEREA4EEER . J2ECEZ
WREIREZ . B4 ESE. 5, ISBRfRE, SRS R KRR SUR L s Al
WG, =, TR, BRI RTINS, I, 7 ARERRIAEKR,
R EOR RS HONEL B BRI SRR K.

TN TR AR BT SO S 2inloe. 5 B T R RIS, 5 ia 7
VSR EF AL I B B S 8 Jets 5 B Pt e i A R o 20

==

12.2  phepMg i Ealishif

e T, — BN AR G A R 2 RS R 8. ARG REGE =, XL
SRR F AU R R RBRATA —a A R

i
T3
X=1 "] €M),
Ty
AR — E A W 255 5
Y = XW + 167,

Hrp
W e My (R), beR",
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12RKERNn W4 15 56 T e
yZT = xZTW +oT.

WALRE, B RS RIE TAE EMARL, b
TESEPRRYFRZ M 25, T IE XX AR N — N IE LM gL ¢, 153

Z=¢(Y)=p(XW + 107).
X & XM PR R I . X BB TT, i
it = o(zTw + 1),

WL, PAMETTEIHE—MHEREA o w + b e R, FRALARLRIEREL ¢ 153K
Lt o XA AR PRS0 2 W 2K BB 2R SR R AU B s WUR A ARG, 22
PSSR A AAT IR R — A A e s AERA M ERIRIRTTE T . AR — AL
#e.

1 12.2 (AELMEREPER]). QRS2 EA AR, R4
(XWy + 161)Wo + 103 = X (W Wa) + 1(b] Wo + b3),

IR AR — TS Bmihil, 2205 BB G M T — 20553, Tk
BFRHIIRIN KR, Fa LA FEAIRZ TR A AR R &, 14N

ReLU(z) = max{0, z}.
SR ReLU 16, 33 R R824 B
I i 225 0 25 T LKL 76 L5
LA - BRI — B — TR - ISR~ Tk |

1t Transformer 1, iR AR B, FERIHH Wo, Wi, Wy, Wo, BIBRMZEHH) Wi, Wa, i
HWIZHE W, #JE T T AR S HOE .

Fhepmgk il | LS FOWE L
B W s & w CIRGEOES e
i B ] & b RERFRE BB )
— 2% XW + 1" LM AR S IECRA
T R ¢ IMAARZANE, BEG 2 )2 104
E BB Wb SF 25 e IR R 2 SR
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12.3  JERIHLH: DB Ay ity 2 e PP LI

T A BAT T AR EOR s T o MBI A DI, SR — B
P AR MR ES BRI ER, WA FEEREIRE LA AR Y AE, +
AL REB, {7 BB 5 IR

RS T — M AR RO BN, A RO E— R E R, MR
L P A B T — GE, UMY, e Bid, 5 @ A0 BT B E

1,2, n MBS M FI O E Rl S A

XEALEHIEE A = (ai;). 5 @ Frobie s ¢« DCELE [ P (7 B AR
il' = iaiﬂ)j, A;j Z 0, iaij =1.
j=1 j=1

XHL vy BN G AN RLERE AR, R E SIS 12.8°9Y; YIS iR I v BE N
AATCHIZR I B 2y [NIAE Transformer 1, R JIHRH)Z

LB SRR, b T AL T2, |
Bl 12.3 (A “E” ). HiE T
NSRBI T, BB AR T 7

X BT SRR R ik AT RESHEmNE. R, e Br
FENR—A7 AT AR Ny XL EAE SO0 H ORI, J0alss /N SR i T SR
B2 PRE.

EE: XRR— M@ EIR. I —R . B—ER A H W
FER AU XS AT DA BGFA T 18], SR L] 2 A £ B S s 5, (AN REfR] B2
7] AR S S B ) e S B

12.4 A CEHR: S g A st ]

THRAUNBE BLEAL B B AR 5 P ADUF . B b . e AL B, —BOCARE 5.
B e, e DU — A AN AR, BT DU R A
IRATS

BRI N me. 180T AR Ry — A ] 2 1 G 52

1,2,....m.

BT X — AT, BIAN, 55 0 NSRS @ AT R E R AR, TR A
e FER: WRESTRDCHIAA TR, ARCENTINS S, — A SR IRz
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h T BT T AL, FATAIASE R ER M EFRRE. X1 <i<m, &
e; =(0,...,0,1,0,...,00" € R™,

H S @ Aol 1, kN 0. XARNE @ A JCHY one-hot #rm. B2 —4
FeoRrORER & P s AR, 0 A0 1, JF HA iR Pt « MIE. i,
R R — R A AT A A

p= (pla e )pm)Ta
Hrp
pr >0, Zpr =1L
r=1
PUE S PN Do) VAN VIV R )
i17i27' . '7/L"n7

ME#Y one-hot K [4 A

O=| "|eMynR).

in

XH n REAFPSIRRKEL, 1 m 2R
one-hot [ i BRI EL, HAERE m MR, BCH B WURICZ R ITE XK F&. I
BEIA—A ik AP

E € M,,«4(R),
Hor d FROmiR NG, R/ T m. JEEE BRS04
elE e R?

BUZS | TR T PRI, KRR —TK e R TR
il — AT, TR R d ST

TEERAIL, WRIIN m WS TA TR REEN, FRARE B 752
UK, S A ORI, BRI, RIS, AT, AR R
GRS R A4 o

B AR 22 )

X=0E=| " | €M, uR).
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W2 UL, B AT S b RN R TCER B R I s — S d 4EAT IR, AR e R R B HE A —
A noxod HiFE. SiRAZZ G, BERALBRI AT LG SO, TR X. 55 ¢ 47 of
FIRGE t DTTH R FIR.
i 12.4. R AZEUEH . one-hot [n]HE e; @ FRESE )&, WL

eZT — e?E
IEAFHUHAERE E 0955 0 AT, R AR R BV R T R ] DA R — R e

W 12,5 (TR ST AT M) K TN T, b5 R RIS
AF AR 2B BTSSR T AR I T TR, hockRA. 2
Hoo BT RE ORI TG, K20 T 2 h e M FOBOH, 037 TE L8 UE B84 1 S i
fi.

12.5 frEgui%: FHPMERTTE R L1 S

R X RUSE ¢ ATIC5E ¢ NAICRI NS 25 T Sepy ) &, I R R 54T
TEEH PR Blhn “Ayme 7 F AW S FIERE G, (BRFANE.
A, Transformer i F S TEH AR A _MADL E4iES. %

pi
P L
i
SENERILARE, H p € RY FRE ¢ MUERER. IANLE SRS M AR w5 A
X =OE+P.

3 B A AT DA [ R, thR] DA AR [ — e i 112545 21
— AR ML [ S O B B T I 52 AN A Z e 24 AR, %

. t t
PE(t,2r) = sin <100002’”/d> ; PE(t,2r + 1) = cos <100002’“/d> )

Hir=0,1,...,d/2 = 1. IFEEBERRA =MARE, LA TER-RLIENBmRE. X
FEENSE w >0 (BERIZLEE LIRGWAY) A

in tEs s s in t
Sin ” coSs > Sin > Sin o
t+s —qin £ s t
coS Y S1n ” COS w coSs =

WYL, RLEM ¢ PR ¢+ s, FEREAD T AESERF I PO AN IE A R, IR A
BRI AHXOLRE” FA i T T P T P A e
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cos(t/w)

Dt+s
///ﬁ
\/ sin(t/w)

e TR, LB TR B — AN R

1 12.6. QERBA (L EHD, RECA PR R s A B A R E5H, il F R ER A
FriHEp B 228 1 (R S AR R 44T, il B S DARIRE DT s HE. X SCAR P 45k
Y, XA CHBEES. AFRNY" MTERRAER, NI A B, X HRE S HA,
PURMESESRMUE T “RBER AR AU LI, (AT B0 B 4 B >R e FL A B ATAR X i g
fE R

12.6  MASHLIRFRPESITER ). B IR PRV S8 AT AHADLRE
[ Jo5t A FR 2 ] g SR A S AR P AR,
(u,v) = uTv.
2o il v KRR RIS, vl = cos§, Hrp 6 RFEIA. HIG, NER] DA R A R A
) F 7 ] b PR AU

&

X = € Myya(R).

yiElas
XX' = (<xi’xj>)1§i,j§n
—PAHEIESR T A T Z BN AR, XIER M EH v, ..., o, BORRIEERRE. QRS
5% § AT, BATAT AR @ NMCE 55 5 AN EAE Y w5 FRom 23 ) rp B
X
WE NIV RAEE: e « M FoREr, AVIZR BT A O, BN IZEH
KARESH H M oe. I, A BEAEACE a;, 15

n
T = g Qij Ly,
j=1
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i
|

n
Ajj Z 0, Zaij =1.
j=1

TR T 2 1,2, BIMN4AE (convex combination, B REIET HATH 1 fILkEAHE) .

X =AX.

HFE A B —1TER MR R, R A HATBEPLEIFE (row-stochastic matrix). Y& )
FEFERATRENLAERE , PR B iR A TR 2 A E ) ) 2H A

[FER S = SRR X R B |

key 1 key 2 key 3 key 4

query 1 .
HATILHE >0
query 2 — BATRA 1
| it AV
query 3 —
query 4 —

WA A = (ai;): 5 i 773085 © DMLER 14 A B AR

KRR AR V = XWy 2l X ik, dld— DT gmacEsE R Wy 153, JF
NSERSg e ik VAR

12.7 Softmax: LB A TREPLIIF:

PR AT DA% HEARALRE 43 B, (EIX S8 BT BE N A, R — I 1. T4 854 AL
., Transformer {§i/f] softmax W4}

EX 12.1 (softmax). X} z = (21,...,2,)7 € R", 5E X

e*
softmax(z); = , j=1,...,n.

n
> e
r=1

softmax(z); > 0, Zsoftmax(z)j =1.
Jj=1

PRI softmanx JEAE 7 5 1] B8 AR ) B
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il 12.7 (softmax BALDBAL A EEHLBI). W =AMkt o) 2 80k

z=(2,1,0)".
)
(e e )"
s0ft = :
softmax(z) p——

B =AM R, HACH 1, FrPAn] LB =Mk in e otiis. hT
e?>e>1,
S MEEEMMER R, AR, FEAF.

FLUBL, softmax A T IPFE: JeFER BT “ROBEEK . /N BN (22
TF, FHERDAEAL, JEE5R I — L.

#H: 12.8 (I15 softmax W 0] PARE(RTS). MHEEHE ¢, B

softmax(z + ¢1) = softmax(z).
DR S B T B I 4T B A 20 0 ] S 0 25 die R ML, DA SR e RORSE IR E M . XA A A
JE TR I3

STHEFE S = (s15) € Myxm(R), AT PAZATHNN softmax, F . rowsoftmax

€5
rowsoftmax(95);; = =m

Zr:l e .
TR

A = rowsoftmax(S)
s MTHENUERE, B4E—FTHoTR N IE HAA 1.
Bl 12.9 (W-~irJ0).
o)
X = ;
0 1

BRI ANRITT ) 4 Be bR L. it XXT = L, R MAc SO NN 1, 55—
AMFETCELR 0. X417 softmax 15

1 e
e+1 e+1

e 1
AX _ e+1 e+1
1 e )
e+1 e+1

300

e 1
A = rowsoftmax(I) = (eH SH) .




X ULHA R — M RTTRRT RS B AT, RN ES% 5 T ANE0s; 5 A Jol [ A
H 5% Transformer FUZHEX AR “HANUE A" e 28 w4 B 7 A0 FI I 2R
Q-K-V [ =5[],

sl 12.1. % A = rowsoftmax(S), W% 4,5,
Qi > 0,
HAHEE i,
Zaij =1.
j=1
Bt X € Myyq(R), fefr AX 095 i 473 X a9 847000404

i 12.10. X S MIrA CREZA R A AT —oo BYIMEEE, MWL AL E AL
HEA[PASET 0y RYPGEAERAL R AR HAE T2 50 1.

softmax ANEZANMEMLGT. BRI AT IEAR U 73 B0 s T R AU 7 A 0 BoBOR 1Y
P EARFFBORBCE, ERrA AR ATy 1.

12.8  #ifg. . i AR XXT

WREREN XX R, IB2EANEICTE “SFHRAER” M SLEER” 2
Al —AN 2. SEbs b, —NADCEA R A G T HE2 B FRAE. B, 745 i
AJHE I SERHAIE 25 T 4RI E 001, SO 55— SRR ) At Tl it A5 R

P, Transformer S5~ A T AR =)

o #ify)iE (query vector): FoRYHIALEMIRMA2HEE,
o B (key vector): FIR Y HIALETRHELT M VLECH RS 4L
o ffil)iE (value vector): 45 4 HIALE S 5 MIBCRATR 4 HH HZE.
Pl Le
R I AR SO RS AR « A0if) ) e Y B BEVLRC A RHE , eSS
VEREL )t 5, (IR FE softmax AU R /EIIACKFI.
5 MLENEI RS § ASCCE R RN, fEIVCE 4L ¢f k;; softmax

B L BAR R, SR JE XHEL R R AU, X 807 Fon AR Hik—4,
M AL [F] I 275 2 A

LML, X =A g i = DA . &

WQ S MdXdk (R), Wy € MdXdk (R), WV € Mdde (R)
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TEX
Q:XWQ, K = XWk, V =XWy.

Hrp
Q,K e Mnxdk (R), Ve Mnxdv<R)-

55 AT qf R MIEMAEIRR, 5 AT k] 28 MUERE R EHNE
q/ kj
FOREE  MIEXE § AL E R VCEC . G VCEL /%50 s 2R

QK" = (q?kj)lgi,jgn’

Q=XWq
FeH -4
|

BRI

V=XWy
LI N AL

X QK™ softmax AV
i A\HE U EREIME A I3 i

w122, 455E Q, KV, E IRy

. QKT
Attention(Q, K, V') = rowsoftmax V.
Vg

XH Vdy FRAGERE T

AT Ve BERRIERINBII RN, Y dy BRI, ARG AR REAR TSR,
MM softmax 1 FHLRAAARA 1. HABARSR S 0 BIMsm 1. 47 ¢,k #92%0 B i
S IR 0L T2 1 W gk BT ZEZR i BROA V) J5, DT 2220 1, BT R4EECT
7 BR B

i 12.11 (REkE5H). hT
QKT = X(WoWEXT,  rank(QKT) < dy,

softmax Z HIFT i QKT HAMFRA K. & M = WoWE, WAL E & xi, x; Z [
B BT ] My, — s M ARXFR, BT PAZ A B A L 5T 0, § XFFR. {HE soft-
max JE AL, — A EEERAERE R, DR AN RE iR A 7 /RS rowsoftmax(QK T /v/dy)
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12.9  PUREERE: YIZRIE il b g il R K AR

KAE A2 2 H TSR (autoregressive model): B ARSI T AR ST~ —™ A
JC. FETER ¢ + 1 Ao, #iA L aE Al

11,225+« 5 U,

AFEBEFIRAIY Gy, dero, ... FERIFEVTRE A, 3X— PRy PR MR (causal mask) SCEE.

A ¢ | BB ARVFRS] | B —ANE T
1 il Z.2
2 il, 7:2 iS
3 11,192,103 14
B 1 B R
S = QKT
Vi

0, J<
mij =
—00, j>1.
A = rowsoftmax (S + M).
Hh em> =0, FrbA24 j > i i,

VSR

Qi5 = 0.

Todh i MUE RS 1,2, DIE. WML BA, PEREE M2 T =
TERIATHEALAR

J=1j=2j=3j=4j=5

1=1 0 —X0 [ =00 | —00 [ —OO

1=2] 0 0 |—00|—00|—00

1=3] 0 0 0 |—o0|—00

1=4| 0 0 0 0 |—oc0

1=5| 0 0 0 0 0

gt RFRACHNE; 206 AR EPIEE
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1 12.12. YIZRIEAT DA R B SO [ I R AT 5, PR 2R B8 PR o7 B L)
EAMFRYEAE AR B, FATIIGIF A BRG] T R A7 B2 ISR (5 S
12.10 ZLIEEN

FANER TR R B — 4 Wo, Wi, Wy KITE—FILXR. HIEFHHRRALZ
R A K TBE R BB RIETE, A 00k nT RE AR ST, A B0k AT BE R IEAHSBAL
bR 2R ERE SN2 HENEMSF AT X 2R A

BIH h Ak B r SRESR

wy,  wy, wP,  r=1,...h

B
H, = Attention(XWS”, XW ), XW{).

SRR SR it B D
H = Concat(H,, ..., Hy),
AR ALY d,, W H, € My, (R), BHES
H € Myxpa, (R).

R FESLE EAHEIR A, FE4ERUR IR AL F 202 I f5 i d, B Wo € My, <a(R), 1533
ZEE
MHA(X) = HWp.

X B MHA J& multi-head attention (45, # WKE K dy = d, = d/h, WLEPHEHE H
B d 4.

BASLEEIM AEE X £528 A Cn Q-K-V FRasH], FEz SR E by B
H, BE TS SR
12.11 Transformer ¥e: 5% . ZH-—ALRIFiH %

LR S EVE R SR AT M 48 Z B k. — A Transformer HW] RARLRE 73 5P
#

L ERIZ: AEA R E AT BRI A5 R
2. RTINS ) XA B 1) R — AR M T

EREAZENST “FETX , ABMSERNTT T AR ENZR” . REEENZH—
P B 22 J22 e B N PR B RRE
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[ A X }

N
N
\
\

(" Z3 ) MHA Vo EE AR
| AR S A -

(A |
| LN(X + MHA(X)) |

HWitHIN % FEN | VTR
| AR TSR

[ B+ R }

L WA H }

— 5 UL Transformer Bn] PAFHS 5 A,
Y = LN(X + MHA(X)),
H =LN(Y + FFN(Y)).

XH LN £/ ZH—fk(layer normalization), FFN Z2/R8 27 B Hil 15t W 2% (feed-forward net-
work). FHEFATEE A

I 12.13. XHEGHYE— MK post-LN R, BT H R HE WL pre-LN 514

Y = X + MHA(LN(X)), H =Y +FFN(LN(Y)).
PR ZEAG A — AL L BN ], (EAR R RSV . VR 9 B A AL e SR e U 32 2k
I

12.11.1  REyEds

2 KR )25, Transformer Jl A2 HEE MHA(X) fEN 22005 A, it
JERAERIA X 2, 152
X + MHA(X).

X Fh LR FR R i 25 ¥E 4% (residual connection).
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XHLEOR X MHA(X) BAMIEMER. B0 X € Myxa(R), W23k
W HRBT N MHA(X) € My xa(R), T2 7F 0 LAZTIATI.

B, BZE TR F(X) MR X MR, fai X + F(X). 24 F(X) BN, %7
JEHAEREBR; IR R 2, R0 B r AR, X S e i 75, HEnT L
LR P AR R T BRAELSE T 1, 53X BT G MR AR T 2 52 5 v S s )il

£ Transformer w1, 253k 58 7 2 F1 R 15 9 2% J2 30 3 0 R X A4 -

X — X + MHA(X),

PAR
Y — Y + FFN(Y).

P R IEAREER 12 A S % T ARAH [

12.11.2  fiismig

T D 28 X R B () B — A TR N [ — AN R MEL . 45 Y € Mo, wq(R), — L2 Fi i ) 2

A

FEN(Y) = ¢(Y W, + 167 )Wy + 103 .
H Wi € Myya,(R), by € R4t Wy € My,wa(R), by € RY. X2 Wi, Wy, by, by HRE7H5IE
punl s SRR 2@

KH 1 RKERN n 4 15, HRIERE S8 —17 5 ¢ 23 ERRE
MR AL, 10 ReLU. WAEEE B, YW, + 1b] € Mywa,(R), &it ¢ JG4EEEAAE, FaRpA
Wy L by, A5 HAET Myxa(R).

BRI, Fi 26 n] DUB IR d 4 Rm Wi B8 4E 1) dee ZE2510), #E38 LA HE
LA, BRG] d ZEZSTR). AR ARG R AL o, X PRI SR A E AR H 2
— WA A E R R LM R AL B S RN R R R PE X .

12.11.3 2ZIH 4k

SHERE ) —AT, |AVG AT E AT, Hp h e RT XV AF0RE. ERIMEHR

= élTh.
H O R AR A AR B 2 X N I, 153
h — ul.

LA ) 2% AL BRSPS (A 0.
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JRIA—ACR R A — AT L A TR R AL . BRI X AT HYIE, FER DA —1T
BRI TR ZER TR AEEARIC S T,

1
=\/=||h — p1)2.
o=/l —

PR HA AT  \/Sh — pl]? + e, Hh e > 0 IFEUERE. 28X —H/MEIE
B, IH— AT I RIS 0. FRifEzE R 1.
a, BRSNS TS5
7,8 € R%.

o o JIRZARIRAATL, B KRB ANRFR. X BT AL, R r i i nl DA A

h—ul
gy}
g

Hrb o J& h— pl MARHEE, © FoRBARTIIR.

L, J2 A — e n] DB 3 A T HEA TR RO AniEfl . PP R AL . il
(A —ATHFIIEAL R 0, ARiELE X —AT R RUEE; W UIZREY ~ A1 2 W SR VR e ) —
P2 e B TR RE R A AR IR R/ VRIS B

240

12.12 Hilt)2: Bl s anff 8k & —A bl o4
254 L A~ Transformer BRJ5, A5 2 BB R 4
H=XW% e M,.4R).
R T B R —ANE I, BRALRE B B ) S W 3R RS ). AR R KN m, MR

— AT I R R
WU S dem,(R)y

Fifi E ) by € R™, AT A] 7 3 logits i

Z = HWy + 1b); € My (R).
AT 2 ST ¢ MLEXHAR T m AT R IE B KA t AT softmax, 15
PR 1)

py = softmax(z;).

Horp pe, FORBIRGAN “55 ¢ MEEZ IR —NMAICREE r AL AR
B H W5 TR b, Wo BI5E v SR .. W Z 8955 ¢ 47, 58 r IR

T
Zer = hy Uy + by

WA, BAUE LT BT SO by SRMBEIR O B i 1R o AR,
softmax AZ M B — MR
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12.13  iIgk: N F—A DT HM SRR S B i

12.13.1  NgrEgk: AREmR T AN hi

Bl 12.14 (th—AEEREZ BT ). BRITFsh
(i1, 42, 15,11) = (I, %, Ltk REL).

IR RE F R, AT DU IS = A BT 55

i | CHAE | EfN—ANMEIC
1 ¥ %
2 ¥, % 2tk
3| & & Lk (%4

B — RIS IR, IR AR AL by ) S B T — A U .
BRSO B IRl TP 51 A
11,99, ..., 0.

PR TE SRR IIME 552 TEC&F IR
7;177"27"')%

MRS OLR, FEN R —ANEDC

U41-

PR, 565 ¢ ANOLE S G AN T SR T 24 1 2 B 3R IC 4, T2 RN R — NI g
BT, B ARIBREEAE O B BRI — 7. X BLAARAE 2 FE I GRS Tt ) I 5

%.

B

21,22y, -1

VEAERATFH, AR 2R L AR 25 e 51 2

02,03, ..., 07
W, AR i WA AR AR i XFMBGA T FR b % L (shifted
labels).
B, FIZRSCAR N
“FZE AR,

BRI E S “F” IR “2&”, BE] HAE” M “LRrE”, BE CFBELNE W AU
NZRS, BAUSEER bR AE P B L8 R I 22 > XY R — A Tt 55
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P, —BRBEA T 8 SORTEA R — U GRREAR, T ) LR B e ft— R
— M JCHINAL S5, & Transformer A, JXSEA7E E AT AT DATE— AT 1] 55 H ] I 52 14
PRERE R B R PR ¢ OB BRI v, .. 40 BOGEEL, MANRESR AT 21516 Y T,

12.13.2 XKk
BRBITESS ¢ M B BRI & p e R, IEFIEEZ o = (1. ] one-hot [n] &

yt = e’rt

FORIERAARZ: . A8 U R SCH
gt = - Z Yt,r Ingt,r = - Ingt,'r't-
r=1

WAL T .
1 S 4

I, e/ MEAS SR LER AL e 45 TER F — A TR S TR

12.13.3  HERYZER:: fiB2EREN B X

N HEERE A SIS ECE T EOR . B R L TR I aEGR . )i
SERRR: RIGBOR, BEHIRIZ S IE AR TR TR SRRV IZRSATE S0 IR B S 400

W, (S S T S 0T I A 5 56
BT A7 B 2 i — A R A B ¢ MO B PN 1) B

7pt,m)T S Rmv

bt = (pt,hpt,za S
Hop pry FRBRGAR T —MaoT@in R P EE j MaoTiiiise. RTA A0 & A A3 1

ATHERSE I, 153
T
D1
pT
P=| "7 | € Mr_1)um(R).

p§71

KL, RN E WA A IEE SR, WRSE ¢ MIEMIER N —ANE IR ke A
JC, AL EIARZE ] A B one-hot [a] & vy = ey, € R™. MHrA B one-hot HR&F1THE
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JIHERE, 7533

Y = . S M(T—l)xm(R)-

y%ﬂ
Wi, P ALY BAMREIIR. 5 ¢ 170 pf REARLE B S, 56 ¢ 170 o) 2IEH
FEZEXT Y one-hot 43
PRy )5 — 2 FE softmax 2 Fi%i i FT 20 4R

Z € M(Tfl)xm(R)-

B t 1710k 2, Hh

Zt = (Zt71, 2t 25 Zt7m)T.
S AR 2y REBTERCE ¢ BRI § ASRICHIBIEIT Sy A 2 WA softmax JFf%
El

2y 4
e~t.J

DPt,j = W?

r=1

SEBRBAIE t K. POMIERE SRS ke MMAJC, BrPA one-hot #548 y A K
M EET 1A BRI

j=1....m.

by =— Zyt,j logpt,; = —log pt k-
j=1

Ff softmax FEJT, 155

ezt,kt m
ly = —log — = —2p, + log (Z 62”> .
Z ezt r=1

r=1

BAEMALRE— DT 205 KM B0 —zo 0, BITH —ye 5 26 TG -SH

ertii

m
Z ezt,r
r=1

=Dty

i5fiid
o _
6zt7j = P Y-
g j=1,...,m Gk, SRR EE Fm A
ol

Ta:pt_yt'
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5E PN SE VAR S OE S E

1 m
;C: ﬁtzzlg T 1 t=1;ytj10gpt7j.
T84T 2/ HEG AL B R €, R RS A =] AT . T 73

T AR
oL 1
9z~ T -

AR AREM. 7256 ¢ ME, 75 j A2 IEWIEIT, W oy, = 0, BEESRA
Py > 05 BB NESPRAGX SRS RTTHIAT 40 # J = ke RIEFRTEDT, Wy = 1, M55
R opey — 1 < 0; BEEE NI IEIE T . B, S8 B S W10 pe ) E 6
[) one-hot 431 vy, FEIT.

IUAE B e I i B 2R

TP -Y)

Z = HWy + 1bf,.

XH H € Mir_1)xa(R) J& Transformer #iz)i— 24 MR IR, W € Myxn,(R) ZTE
G 1) LS B A T A i R, by € R™ @b, 1 2 KERN T -1 14 1 5.
Hep Wy fil by #2THEAT NS

ic

oL
G —_ 87.
HT Z = HWy + 10}, MR S48 H
oL o r oL
o, G g, Tt

e

oL 0L oL ar\"
oy~ oz %U:<az> L

F—MAXFR: b Wy B8 hRERE N H iRz G RS B A0
Fon: WE by IR I A 8 i IR ZENYE 75 5 Tl ik k.

B Hb, Transformer H [ HA S B HSE i 2y SARIRERE. SRR 2 Hg—
NS5 THEIE, I H R 25 R R &g 5 K R AL, AR 2 5 Al w] DAGE i
BEATE T B 2K R BT AN S EI R L

B —MNIREARNENR. &

U=XW+ 17,
H HE M5 T W 24453 or
G == @7
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VPREL PSR 24 iy or
— =X'q, e G'1, X = GWT.
RT3 WA b W DARCSE R S = A s iR 2215 b vl AZRZ: it 45 X
I, — DR EAMUAEE T H CRYSEL, L REIEA BEAkS (L 3 45 TE LAY 2.
Bil ks 2
Z = HWy + 1b};

XM il

oL
GZ - 877
i
oL oL
=H" — =GL.
oWy Gz, dbys Gz
[, A6 R 2% Bl B Ron H: or

X— AR E UL K RO RE E i Je i A M W, b AT IR ZE (S B4k S te ]
Transformer 1) NERE.
Bt 28 S EB 2 ANt i
FEN(Y) = ¢(Y W, + 167 )Wy + 103 .
LS =YW +1b{, R = ¢(S), WHIHHMLE AT AG AL
S=YW,+1b], R=¢(9), U= RW,+1b].

RMIETEE EDRIB R Gu = 0L/0U, A2 o B m— A ERAIEZ 153
oL

T T
= — =aGh.
oW, R Gu, Oby Gy

FHEBREZ A ] R, it IERIEREL ¢ o, JRERREIRNS S BRI, DX MBI Gs = 0L/08,
W SF— R AR ey

DRI, BB R Wi, W, by, by #RAEIE IS S 1) e R A EI AR
EREAEPSEAEC. TR LT, Jofm TR k. el AR X
AT BB R

Q:XWQ, K= XWk, V =XWy.

RIEH Q A K TSR, FA VOB, R,

QKT
Vi

A = rowsoftmax ( ) , O=AV.
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HIRIRT M1 TRE O MR, AT O = AV, BIELA G AR V. Hofif
%V WL
V=XWy
Gtk Wy HOBRIE. R, f62 A ORI 2400 softma 62
QK™
Vi

o ntess Q f1 K. iT
Q=XWqy, K=XWg,

TREMGH Wo Ml Wi B
BRI, #C Go = 0L/0Q, Gk = OL/OK, Gy = OL/OV, W ZIEIZRK T A TG

2l
oL oL

aWg oWk oWy
Z IR H R A IR A L I — . A Sk i DEE I TR DA R
Wo, A Wo il FFEr 2t )2 K S ARG R L.
A E WA DUXFERLE. 4 A one-hot H[ER O, fix AJZHi A

= X"Go, = X"qg, = XTqGy.

X =0F.
MM JSHR) Transformer Z4% (7] or
G’X = 87X7
bi 78 Py
AT
EToh O'Gx.

T O W8—17#f 2 one-hot i f, XA E AREM: FATAICAEINZRSCA A i B
I, B R [ R ATl S WCR B BT A AE 2 AU BRI O, XY
AR — Pl AN 2 O, (B e 2t 3% i U B AT R T DA BT

JZIR—ALHSEL vy, B NG S L SR XA Ak, FRE AR A
v~ b B PR, TR R A T DA BT I A AR AR Y% AN A B,

g b, IRt e BB i th A W R sREGEA IR Hh T Z BIRRE,
KX EENTE TR B2 1 A, B4 88— I ek 2 5 00is 5,
JAEEGENTT % S BB . DI,

E7 WQa WK) WV7 WO, Wla WZ; WU)"'
XLESHER AT DA OLAL. SRR, A6 R T B S AR R & S S AT AR

9|—>9—77(2—§
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W, Ko 0 FRMERE TGRSR, 0 2ar o) Rl KESOR B S, BA%
Uk Se e T R LR IEIVINIDL RS U8 S PN

P 12.15. SN IREIE AL MU B A R, 1 B M A X
BRI R MATERRE . OB ORI, (RGeS h
SR 2 B RUR T /N L.
12.14 ks BOR AN TG A A CH T SO

W UG, 4 SR8

i1, i2, ey in,
IR SR e — AL A 4 1
P = softmax(z,).
IRJG XA AT AR R — AT 01, FHEEHEERE)TS:
iyi2, - iy g
ALK R, AR BRSO FL IR R, ARSI R, R DGR
AEF i RERE, WIRALE IS 227 91 1) 4 (RS 40 Ay
Py, ... ,ir | i) = ﬁ[@(im 2 A)
=1
HEERTF IR, BT TR L P(i).
MRS 37 e B 7T AT LA AN TR X
o SULERE: BIRBEMER BRI
o MEECRAE: (] softmax(z/7), Hr 7 > 0 il /- 1 R GIEEE;
o top-k RbE: HAEMEREKN b AT EHTIH— I R
o top-p RAE: EHRIERIER p 19—/ NAFIIT, L FORFE.
X LESE AL Transformer (R FATT, HUZHUE MRS i R — M e
.
12.15 KV G4f: A RIHAE R PR 5 e ]

TEVNZRI, AR DA R I AL B —BE B 9. EAE AR B, R TC A — A —AN A JR A
A A BT TR E RV ST g SR e S ) B A ] B, S R R R TR

314



TEREIES no+ 1 LR, IR CHY B I BEAE R A 2. T DB AT
EAR. XH—ER L, BRiE A

KT .
Kl.n = , Vvl n = .
kT o7
FATER S, N
In+1, k"-‘rly Un41,

FHALH A B 1) A 1) BB A

K n V:n
Kl:n+1 = ( Tl > 5 ‘/1:n+1 = ( ; ) .
knJrl Un+1

B E R A
qr KT )
Intl- " lintl
vy 7
Onp+1 = an+1‘/l:n+l-

KV ZAFA B HE G AR A TR S ) © &R B 0ROk, Br—20 FOB T

Bl 12.16 (KV ZA7 RN BEYZRATER IR L de = 3,d, =5, BRI RIERN
4 B3,

Gny1 = softmax (

K4 € Myys(R), Vi € Myy5(R).
WIATE T g5, ks € R® Hl vs € RO GBING
K15 € M5«3(R), Vis € Ms«5(R).
Bt q¢f K5 € Mixs(R), softmax FISANE a5 A 5 A&, 1T asVis € R, THAPOFTEE .
EORFFA, fg— HFF M —17.
12.16  —A~/PIRLiE & B e BB A i R

TV — A HE LA TR, RidR AN m =5, fRA4EE d = 3, 5
KE n =4, AN
(2,4,1,3).

X1 one-hot %[44

€ Myy5(R).
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FHRAHIE E € Msy3(R), i BHGIBHE P e Mys(R), N
X = OF + P € Myy3(R).
WESER I dy = 2,d, = 3, U]
Waq, Wk € Msyo(R), Wy € M3.3(R),
Q=XWgq € Mys(R), K=XWg € My2(R), V=XWy e MysR).
SBOERE N

QK"

=/

€ M,(R).

A SR, T
A = rowsoftmax (S + M)

AR A TRENUERE. SR A
AV € Myy3(R).
23T Transformer USSR BB H € Myxs(R). HihHFE Wy € Msys(R) 4l
Z = HWy + 1b); € Myy5(R).

5 t 47 softmax J515%] p, € R®, FIRIAFR D TARTCI BN T —MRTCHOMRER. AR ¢
B IEFE SIS e, WZLCE IR N

ft = - logpt,n .

BRI W] AR A

17T — one-hot — i AHiFE
— WEIIHEE — R & — R |
— WD — PR REL

12.17 Transformer BRIy 2ifE b

TR A 22 I 45 Y 7 51 3 T FEORDIR S s Transformer T A Y75 740 FEAE [R]— 52 Py 4 i
FOVFUG IR B ANl R SR 88 55 B m] DAGE IS i) | R 3¢, decoder-only RIS 7 H g i
4y S T SR 2 AL 22 Wo, Wi, Wy HEAR R4 BRI, FEBi4k
.

Transformer J22 3840 SRR . BAARIEL M REL. softmax, FRZEMERAIE—1k.
] — 2 PR B R B AT T SEEEL . RO AR S B S Rl B I S B A
. AT R:
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o EER R AR B EHA A A {E 1)

o ZRTERAEAFBEE 220 o AR,

o [RISRIEE AN E A T 6 B 45 BT

o FREERINAS AW EIZALEI, J2H— R He T B E R,
K iibus AN ATRIE PR ki Sae 2 e

bRifl R T EIRI 0o n FBOERE QKT (USRI n’d, YR, I
5 O(n®) MZSIRAF M BB RE I ACE. I SV, B R MEERE ). rPat e

AT T V-
AV AR AN, AT YA AR o I s
L SCARSEYIRGRTT, BT N ) &, B BOSUA AR R — AN X
2. QK" MFFEIRE— R MR G B2 (8 PERC /4G
3. softmax fE&—474r$UE MARRALE, R ML AV 2 value [ &1 A
y;
4. 4 T R ) B U R B AR A A, AL T R — AN T

L, AFERTIA Transformer THE HAIREReYE . WAL, FTREAUAERE . D594 He. 40
FE A S B AL .

12.18 )i
12.18.1 %258
28 12.1 (FIEH ). BN
{F, %, ek, AL )

%ﬁﬁ/l\“mr?éﬁ%ﬂﬂ 172a374757 l“%tﬂiﬁ—jﬁ “gj%‘ri” 7ﬁ] “0 7 E/‘J Ol’le-hOt m%

I 12.2 (G5 BIHFE). B ATRICH 5N (2,4,1), WRI/NHN 5. SHHIXTR one-hot

il O € M;y5(R).
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28 12.3 (iR A=), &%

o
w = = O

3K (0,0,1,0)E, UM ERE T £ BW—17.
2 12.4. WRIFRPA 4 AN, G5 T 1) one-hot fT IR
er =(0,1,0,0).
RN B2 4 x 3 JilF, S ef B Fonfta. & E WM ATH (2,-1,3), K S E.

2 12.5. — AR 5, BEAEITTH I YR 8. FLEAFIC AR X, Tl
X MR/ HENERMEE W 8 x 6, Hili XW R/

2 12.6 (EEHLH HERERAR). BUFPSIRIEN n = 4, iIRAZEER d = 6, R
i dy, = d, = 3. SHARRE X € RV, R

Wo, Wi € R, Wy € R®*3,
1. B Q=XWqg. K =XWg. V = XWy B/
2. GHATHHEE QKT I
3. softmax JEFEI LR R AT M AF AW AR ERRR 17
4. 2 softmax(QK™ /vdy)V IIR/INEZ DT

Sht 12.7 (JEARKEAE). B X € Msus(R), Wo, Wi € Msy3(R), Wy € Msys(R). B
Q=XWo. K=XWi. V=XWy. QKT Fil rowsoftmax(QKT)V {1/,

1 0 1 1
() ()
HEBE QUECT, VRT3 7T AR MO O M.

218 12.9. %8 (2,1,0) 315 softmax LR

(62,61, 60>

€2+€1+€0.

28 12.8. %

AWIRANEAE, R =AM R/
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8 12.10 (EEONERGEIR). & “EEOBE" U5IER RN 1 R TREdLe
i, FIRT N SRR L ) & ik A UE PRk B TR O A BRI softmax, FRFIMT—IK.
ViBHFE masked softmax H25 435 ] AT BE H B

(0.2,0.3,0.5), (1,-1,1), (0.4,0.4,0.4), (0,0.7,0.3).
28 12.11 (ACF). B iRE S, (0.1,0.6,0.3), =4 value [f] &4
vy =(1,0), w=(0,1), w3=(2,2).
Ky ) 0.1v; + 0.6v2 + 0.3v3.

I 12.12 (RIEEE IR, &

1 0 O
A=102 08 0
0.1 03 0.6

UERA A ZATREPURERE. MRS 3 17 (0.1,0.3,0.6) FY3 3L

28 12.13 (FURMERE). FHAKEN 4 WPERIESEREE M = (my;), Hf j <i B mg; =0,

28 12.14. JEAXHMTER 2 € R™, [a]& softmax(z) MFTA &I MIEHAE 1.

I8 12.15. #% S € M,(R), X € M,,a(R), A = rowsoftmax(S). iFA] A 24 THEHLERE, -
IER AX A —1T# X BTN A.

S 12.16. BEPSIEEERE M WL my =04 j < i, my = —o00 % j > i. iEW]

rowsoftmax(S + M);; = 0, 7>

12.18.2 M HE

2 12.17 (Q/K/V 3Ktb). W “EAMEIRER" AR RA . 8. (B =F 0 AR
. A 2 G A A ] e ] — A7

I8 12.18 (FERE AR, AR AT A (0,1,0), i A5 —AME
& ALY (0.2,0.5,0.3), Syt @A 2B 7 XA LA AAE?

i 12.19 (ZRER DR ED). — AT BRI MBI KR “FIERR” “N
FIERRRT - R AZ RS LT RE LB R SRR T

21 12.20 (IZR5A8A XA). UIZRIE, B AT DA — A3 e i vF 2 0 B[R] I SR K
A S, B ZR— ANl e — ARl OB . ARG W P SEA ][] B Az
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28 12.21 (softmax “FEEAZN:). IEHIXMLE 2 e R* MIFEHK ce R, H
softmax(z 4 c1) = softmax(z).
XAETCR 24 B T RUE TR
2 12.22 (EREERFERYEMT). ) 2 = (2,1,0), HE
softmax(z),  softmax(z/2),  softmax(2z)
M ORBIAR L. RN EORIA/ N, AR5 HCBMIRAN SE B 139 40117, WA A 1) fie A 234

28 12.23 (A BB AELRYE). IEWIAR F(X) = XW) + 16, G(Y) = YW, + 103,
W G(F(X)) Tk X 055 e % R A 2% h i 2 ReLU siCH A ARS8

28 12.24. % Q, K € My, (R). UEW
rank(QK7T) < dj,.
B A AARE R rowsoftmax(QK ™) L& IRFE?

28 12.25. % p = softmax(z), IEMfiFRZ A one-hot [ y =e,. &

U(z) = — Z?Jj logp;.
j=1

ukERH
ot _
82 7p y'
28 12.26. %X Z = HW + 167 15k E0 £ X Z BB G = 0L/0Z. iFH
oL  _r % T
= H'G, 5 = G'1.

28 12.27. % O =1, — j117. kW] C* = O, C1 =0, H@RER 24 Ch 2 h ZIEEH
[F]

21 12.28. X IEZALE G, WEIALE RS t = ¢+ s TERA T A4EREEF1H o B — AN I
TR, XAEES BRI AL E A PR B T AR S R

2% 12'29' YZE KV %}ﬁqj7 &Eﬁﬁ Kl:na‘/lﬁu %ﬁi—‘ﬁ? kTTL+17U7{+1- l—%’l':lj Kl:nJrl ﬂ:_n ‘/izn+1
BB, FEMRRER A2 IH B B ) A ) R TR A

28 12.30. FHE—MAEKRD m = 6, [FHIRKE n = 3, IRAYEE d = 4, TR A%
dk = 27 dv =4 E‘J%%*ﬁﬂ gtlj Oa Ea Xa WQa WKv WV7 Q7 K) ‘/7 QKT7 Av A‘/a WU7 Z E]/:J%E
FETZAR.
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13 PeARERE: #R YbaiER

AR AR ER ] AL A AL E BB TR R, R E LR R
wor. ATEHEMMFFEZ WA, Cayley-Hamilton . H/PZIHA ., A2 T 251
LR B R M. 0 AR AR LT DSBS AR . =B K B R E R
At AFEAENPRE, B ) Gt id Ham 1 2 SO e B 5 52 b ¥ 7

SRSEVNE THRMEEMXT AL, (BN A AT T X L. AR AE L 58
BT RNFAT PR SARUER. (Jordan normal form), J B/ AL AL

N AB A TR B, J3RIEAET IRARIAE: SR AFAL(E I A PRIERE
HEN LG 2 AT R [ B BN, 35 /R 48

Al
J =
0 A
. )\n n)\n—l
J" = ,
0 A"

DRI MR e o R 2t BN 22 TS 7 ORI B SR R BRI, TR SUr
ik R A — AL

MR B, AR A E R AR P ORIER. Jordan £ 19 2RI 1l An
WEHL N AR Wit JOAE, J5ORI% Weierstrass, Frobenius 25 AU A B 255 (1) A0 R0 A 58 3%
TRIRBNE. AT BNE AR ISLETY, 127 A )0 H R Y H AR E .

TR BB WA S0 SURFAE 22 [l fif: AT Cayley-Hamilton & BRI 7
fif (HEWRT.T), KB FHAEZ T HA — R (A — Ao)" IR, 56 2R WA
FORYGE: 2 N =T N1, W N 2FEZLH, @i ker N C ker N2 C ... HI#IEEE,
P R A 8, AR R MR B . AR §8.87, M E LA TN T
FrE 2 DX — A1 (EBES.26); ARFEARFALBE— I TE.

AZye: BRI, F FoR—, V 2 RYE F-Zetk=sm), TV —» V 2 F-2
AR, AW v IR AR HE R B AFAE LR, FRNTEOR T RHEZ T xr 1 F[A] H5gasr
A (HFrAHHERIE F ). 550, 24 F = C ot A shif e

L

13.1 )7 SCRFAE 155 1] 53 it

G -2 V DA K PP T2V — V, 18 §8.8FIRATALE, 24 T i/ h2 1
KEETRALZ T, T FETE S5 T RN A O (xr) GEBES.26). XMy e riAs e,
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FAFHEKE T-AET250m W, ..., W, i
V=W& - &W,

PARCERAS Wi 95 By, AR [Tw, ], HARIERARER, HXeppfER e e T 1Y
FHILE.

[lEf Cayley-Hamilton ¥ (&¥8.12) ML vk EEF M0 M (HRT.7): #
h(T) =0 H h = hihg, ged(hy, hy) =1, W V = ker hy (T) @ ker ho(T'), H. hi(T |ker ni (1)) = 0.
FrX—E58 N BIFAE 2 W B, FATEE R e (S0 §8.5 X TR e, iX
FLZG SR ) S B BGAFIIER).

SR 13.1 (J7 RHE T2 [ 50 #)- & xr RAe5 A
xr(A) = (A= A)™ ... (A= A)™,
HEF A, A ERARL Z LT SUAET R A
VA = ker(T — A 1)™.
WA VN #xk T-RET 20, BAh H A g
V=V\]®- @V
FH Tlyp, 94FESRAXA (A —\)™, dimV[\] = n,.

iER]. f1 Cayley-Hamilton g3, x7(T) = 0. BT (A= A)™, ..., (A= X)™ WHEER, X
SN AR (HIET.7) 1538 V = @i, VI HEgA VN 2 T-A& 725,
e fi N T = Tlvpg WREZ T BT

AT SFTAREAR e AT BB NI T fME—RR AR N SCR R A RHIE
2T XY (IR S0E A3 USHTHE) |, 80 T MRHEZ Tk

i) = (A=),

Hrb d; = dim V[\;]. CEAM#E R RHAIEZ 50R R, Bl

xr = fifa: - fs
5
XT()\) = (/\ — /\1)n1 .. ()\ _ )\S)ns
HEBRAE AL — I FRORE, 15 di = nee UL fi = (=A™, B dimVIA] = n: O
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#52) 13.1. 7 SRR T =S (B T RASE R

VIN] = {v € V| ££1E k f§i153(T — \; 1)*v = 0}.
IS UEIK P AN SUZSF Y.
i 13.2. XHAICS VIN] 5 §8.5%1 VY, FIREl-—XFR—4FEME A X VH)) SCRFIE
20, FEESTHE P RMGE— A VIN] X—id5.
i 13.3. T VIA] = ker(T — N D)™ 598 O RO T BRI, 2 F: V — W 4
(V,T) 3 (W, S) g (B F Z2LbEEMH FT = SF), W F 38 T B9 N T~ SURBE 125 14]
[FIAGE] S B N ) SCRMIE TSI BTRA (V. T) Al (W, S) [l 24 LAY AEJRRE ) SCRAIE 125
[T 5, A

(V[)‘i]vT|V[>\zz]) = (W[)‘l]v S|W[>\i])'

AT A € M, (C) HHVIESE, A PE Cr — C" ERMARH, AR
fiEF2sfE) WA € €, H C = @ WA BIfFHAERTEHFE P € GL(n, C) fif5:

P 'AP = diag{A,,..., A.},

Hr Ay IFHMEZ AR (A — X)™. & B € Mo (C) AAHIRIRRHIE 2 TR0 238,
A 5 B HIPh B TN Xk B Xk A BRATLL.

13.2 ARSI A R Libr i XY

HUEERLS.1, FIREZAOREEA T SCRHE T 2500 (VAL Tlvpng) BRI AR
VT:V=V)#E xr=A—-A)", 2 N=T-X L W N5THHRKAZTEN, H
(V.T) FHT (W,S) HHAMY (V.N) = (W, S = A1), NI AR (V,N) 1)
T PEVA KON L B [l A 265326

L 18.1. B N2V — V@R, FAAEIERE k(13 N* =0, WFR N aEE
(nilpotent). FiFF: A FAREHIE, QR A® = 0 XRA AL b ST

i Cayley-Hamilton 7&BEDA R MR/NZ IR MPERR, N MRZELL b Akl dimV, H
Xy = AVl B (BRLHRIREZ TN\ BEE e, BT AL,
A V —415 B flifg [N]p 2% L=k

X 13.2 (R4, n B R4 (Jordan block) g Xk
A1

Ju(\) == = A, + J,(0),

nxn
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Hor 7, (0) ARV REFRR G Frilih, Ji(A) = ().

1 13.4. B §8. 87 A KERYE X (7€ X8.15), ZI A" HyARE C(A") Gl Bry e (Ff
e, .. en WHER e, ... e1) JRIEHFAER J,(0). S5 E, AW C(A") MR/ NZ AL Z
THRSET A" (RS 2418.25), iXUEH] J, (0) I R )RR 1 it

sl 13.2. HFREH J,(\) BAVATFRE:
LoXg,o0(w) = (L=, BF J,(A) 89— AR A A, REEHA n;
2. my, () = (=A™, BPA S AXEF THES AX;
3. dimker(J,(\) — AI,) =1, BRJUATE 3 A 1;
4. Jpu(N) TAEAE BALE n=1.

B, B Jo(A) = A, + J,(0), BIHT I, (A) = AL, = J,(0). T J,(0)" 1 #0 H J,(0)" =0,
(1) #(2). BT ker J,(0) = span{e:} # (3). (4) ti (1) #1 (3) SLRIFFE]: "Ik
TR U ERCE TAEESL B 1 =n. O

P 13.3 (FEALMA A /RUIRHER). 38 N A REZML TN V Loy TELR, WAL
N-AREFZEE Wi, W g V=Wi@---aW, L&EEW, 894 B; 4%

[Nlw.]5: = J&, (0).
FA (V,N)=(V',N') S BAXLEE8Y ky,... ks Fo k|,... k. EFDIAFF4EE.
NG FICIET, B N R NEZ I A X0 <i <k X
V; :=ker N\ ¢,
T Vo=V, V, ={0}. #nid
a; :==dimker N7,  ag:=0, d;:=a; —aj_;.
Hp d; 2 Young EI5 j SR, #8 /KRNI N by > ke > -+ > kg HE51, W)
dj =#{r k. >3},  F{RMEN § ERAI} = d;j — djp,

FOHZE iy 1 = 0. 52, 0 (dr,... de,) B BIARSHR A (k... k) BN
LRSI

A TE2 BT, B9 Young I (Young diagram) 3% 2 E WA A T2 454
FAY 25 24 2 D T
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N N N N
Uy U3 (% (%1 0

Nuvp =0, Novppy = v, —FEER YR SR

Kl 20: FEABAF/RUEE. —REH N =T — AL

i 13.5 (Young B 5#/R48). % dimV = n, N /NI AL RS N fE R
FRER  — 2 R4 Ty, (0), ..., Tk, (0) AR (ARIFEER), W ky > ke > - > ke > 1
H ki + -+ ks = no XFEEMEERE XY n B9— D998 (partition)(ky > ke > -+ > k),
WA Young EIEFRIR: 3L s 17, 5 i 17/ ki &, Z2X55. Bilan, 8 4E7sn) E35/K
28y J4(0) @ J3(0) © J1(0) W, XA (4,3,1) F1 Young &

|

Young FEIIATX A R A HE: 55 0 AT by AT, KERE—4~ Ty, (0) Bt Young 51
R AZHE ker N7 (3t 55 j 9UAORE A% T dimker NV —dimker N7=1 = dj, BIA ker N7~
3| ker N7 JrBap 45,
TEE B3 3HUER] , BEHGE AT DA Young FRELMR. % 0T AR HUARY
L H13[13.400 (4) (L FSCEBEW 951 B0), dy > dy > -+ > dy,, M d; BSEH K
Young FEHHK .

2. 85— WU Vo/ Vi m—41EE (3L dy, A1), WA RN AR k1 CN-EE7
A Young Kl KAYARLEST.

3. 8T A Vi Vo i, it N WU TR T de, DTSR, PR Vi Ve
FIERTFIM diy—1 — dy, DHTIANE, FEASHI RN —FKERN b — 1 89 N-55, HA
KK HIHR LT
4. PABEIEHE: 565 ¢ BAE Voo / Ve R e, Biisimpgm A KN bk —t+ 1 39 N-gE
PAZF (4,3,1) SAf9l, Young [EIfAIEF IS FEN:
N3 2o vl‘
N2uVww,

Uy

Horr oy FES— B EHL (N Vo/ VA1), wy FES 00 (FE Vi/ Vo HRYIEE), w AE5R =203k
W (R Va/ Vs Y 5EEE). 478 — D /R BB, (B 80 /R 24 B R 1 S 10 S It
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P B N e ZGR 5] 0 I ETTIR, BOK S BV BERE R, SXRE N RSB R 2 R —
B, 5E 3295 — BRI AN 1 /KRG 5R—E

%32 13,3098 SelREINEZ I TRMEZ T, B N* = 0 {5 N1 # 0, MIFEAE
v, # 0 ffiff N""lu, # 0. EX viog = Nug, Wig vi,...,0, AT V —41E: 3%
> av; =0, N

N"il(z a;v;) = a, N" v, =0,

Bl a, = 0; [AIFEA
N"‘Q(Z a;iv;) = ap_ 1 N" v, 1 =0,

Bl an—y = 0, FBPAMEIESR a1 = - = a, = 0. HM vy,...,0, BV W—4HE HE
X BT A T v = N* o, et N R3] 0, T v, SRR EIET
Nuv; = v 1 (45 vo = 0), Bl [N]z = J,.(0).

B —ETE. R N N2 AR ) NP 220, 3 FHIERA A e i
T2 [ EE Vi = ker NP

5181 13.4. iR T8 B VA TR
1. V; D Vigq;
2. N(V;) C Viuq;
3.3 0<i<k —2, NiEFToM Ni: Vi/Vigr = Vigr/Viga;

4.3 0<i<k —2, N; ZE5H;

5. EMAAN0<i <k —1, Bl 0" €V A ok, 0" € Vi/Vip PHRMAE,
Ntk vl £V PEMEE.

£ (1) | N¥(v) = 0 ffithy N¥(v) =0, # Vi O Visa.

(2). EM w € Vi = ker No=* U] NF=i=Y(Nw) = N*~'w = 0, Bl Nw € ker NM—~1 =
Vigr. HIE N(V;) C Viga.

(3). # 0 < i<k —2, 1 (1) A (2) AN, RUEX.

(4). X 0<i<k —2 B N®) =0, W N@) € Viys, ZHF N() € ker No1—i=2,
ST v e ker NO LGB RF v € Vigy, Bl T =0.

(5). BB X, aiv! = 0. FEERAERT 2 Vo/Vi hlUg: T ol e Vic Vp HXFi>1
0] € Vi, # ol = 0 € Vo/Vi MBFAT i > 1L L Y, aopug = 0, 1 b, 0p0 7
Vo/Vi EEHETEE, 5 gy = O XFETA j BOL. MR Ysy ; aijv] = 0. FiE Vi/Va
L, RIS a1, = 0 X § L. AR, £33 a; = 0 XEFF 4,5 B, O
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Bovy, o vmg € VIR U1y O 22 Vo/ Vi I—4LEE, 5 188208 F U D7 HESI 15
B ) AL

NF =Y, ... Nog, o1, No Yoy, ... Nusg, v, ..., Nkl*lvmo,...,Nvmo,vmo.
M5 B34/ (4) WA NP (v1), .o, Ni(vmg) TE Vi/Vigr REPETER, AIARAE (5) mlH
Nk =Ly, . . Novy, v, No 7, .. Nug, vg, ..., ]\ﬂcl*lvmo,...,Nvmo,fum0

TV g ToxR. FA BiX B EICHE By, A N-AZET2SEEh W, W [Nlw]s, &
SrP A, HAg— XA T, (0), 2 me B

% Nvui,...,Nvy, A& Vi/Vo (3, MR wi, ... 0y, € Vi, 1§ w,..., 0, A
Novy, ..o, No, BT Vi /Va H)—2HEE,

Nivy, ..., Ny, N=twy, ooy Nittw,,
1 Vi/ Vi b TL o, FrbA
By = {N"" 2wy, ... wy, N*" 2wy, . woy o, N 2w, o w, )

SAMETx, B By HRYELEICK, HH [Nlspan(s,)] 5, &0 BN M, B X
j‘j Jkl ( )7 > My /I\
— B, XF 0 <t < ki — 1, AT AN . BRI TR T

Bi,...,B,

645 By PR ERIETAE Vi /Vy YRR 25 Nior, .o N, NP7 hwy, o Ny,

By = {N"""uy ..., Nug, ug},

W Biyy = Uy Besre HEITEIRE (GER By,...,B,) 78 V PEMITE% (5| #113.48 (4) F
(5))s B [Nlspan Boss.) TodE Bepre TR Ji,—o(0).
e g = dimV;/Viey, W S0 g = dim V. 335 g = dy, i, B A AT 28 I 4R 50
2 Young EIRIFIKSE. 5 FRERET, 78 Vi/Vipr DR8I RO me = ¢ — g1 (Z05E
g1 = 0), FATTER—A T, - (0) F/R A SFHFTHCHTER I N-FEmEh B, N
ki—1
1Bl =mo-ki+my-(ky— 1)+ +mg, - 1= (k= i)m,.
1=0
SNt = dimV B my = ¢ — g1 WTIRE [B] = dim V, Hilt B 2 V41, H
[N]p A HA AR, ML B my A Ty —(0) E/RY Bk
KT ME—ME: 5 N FEREE R R MR AR A B B, M dim ker N7 SR A RUA A8 &
(RPASHHSE T B A3 H), AT ¢ = dim ker N*1—% — dim ker N¥1 ==L Me—Hfy &, #EiM i, —:(0)
BINEC m; = ¢ — g1 WIME—HfE. O
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AL AN SRR TR, JRR E B3, 3R I Al EL A A, DAFR B AR 2 B
Bl 13.6. & V = C°, LA N TEFRIERE e1,... e6 RGN

000100
0 00 O0O0O
A:lOOOOO
00 0O0O0O
01 0001
0 00 O0O0O

)

TN BAUE P2 IR, BRI A 1%
S . HEITEG

RBRERLFIT R 24 .

>

000000
000000
{00000l
000000
000000
000000

B A fUREERSHON k= 3(IH4 A2 £ 0 T A° =0).
S RO SEU A P R

o ker A: 7R Az =0 By, i A BAESAT R 1, 3, 5 47, 15K x4 =0, 1 =0,
xo +x6 = 0. HIL

ker A = span{es — eg, €3, €5}, dimker A = 3.

o ker A% Jifi A%z =0 M T 2y = 0(F A% {3 (3,4) TTHRIEE). Fit

ker A* = span{e,, e, €3, €5, e}, dimker A% = 5.

o ker A% = C%, dimker A® = 6.

B2 BE /R 4% (Young ). 4 d; = dimker A7 —dim ker A7~ (Z)5¢ dimker A° =
0):
dy=3, dy=5-3=2 dy—6-5=1.
X2 Young EIMFIKFEITH, WifE di > do > ds. X (FE) R HATKE: 8 117K
3(HH di,da,ds ¥ > 1), 5 2 17K 2K di,dy > 2 H ds < 2), 5 317K 1(HK di >3
B dy < 3). AR S ARERSY

J3(0) @ J2(0) @ J1(0),
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XNV F (3,2,1) 1 Young [:

B BRI FAIE. & Vo = V = C, Vi = ker 42, Vj = ker 4, Vi = {0}.
o % —7: I Vo/Vy k. dimVy/Vi =6 —5=1. FF3kHL v, ¢ ker A2, Bl v; B8 4 43
iﬂfg E;X V1 = €4. HEI U1 @Ebﬁfﬁgfl 311 N-%ii_i

v =eq, Avy = Aes=eq, A%v = A’es = es.

E: A%v; = e3 # 0(FIA v1 ¢ ker A?), A3v; = 0.

o FH=2: £ Vi/Vo v AK. dmVy/Vo=5-3=2. 7F Vi/Va 1, Avy = e; 1% &
BTk 1 MR E (A er € Vi =ker A2 {H Aey =e3 #0, il ex ¢ Vo =ker A). B
FVL/Vs 2 e, RN L ASHIR wn € Vi \ Vs (55 T 5 & 75 Vi/Va M.

B Vi = span{e;, ez, e3,65,¢66}, Vo = ker A = span{es — es,€3,e5}. Bl w1 = ex(HH
Aey =e5 # 0, il ex & ker A; HAF aeq + bey € ker A NI A(aey + bes) = aes + bes = 0 H#iH
a=b=0, e 5 e 1 Vi/Va HERIETER).

Hi wr = ex AEIKEER 2 19 N-BE: wy = ez, Awy = Aey = e5.

« Bl f VoV PH . dimVy/Va = 30 = 3. DAMIE: A%, = c;
Awy = es, IR €, & 1E Vo/Vs = ker A Fo5THR 2 4E. FFIHM 1 DHE w € ker A
Y es,es 7F ker A ML XK. B ker A = span{es — e, €3, €5}, Bl up = ey — 66(E;l’f
ker A 1 H 5 es,e5 oK), XA wi ERKE 1 #)8E (A Auy = 0).

Hh: GIA/RMMIFEE. A A N-5E, 153 Young EIfIEZ:

A?vidvy| vq ‘ esler|es ‘
AA’LU] w1 = €5 | €2
Uy €p—6e

B AR AR AR (FRR) N-GEIFHER). R A E

B: (637 €1, €4, €5, €2, €2 _66)~
———— N —

Jg(o) JQ(O) Jl (O)

LR P = (e5 o1 es o5 e e —e), HHTEBERIE

P71AP = J5(0) @ J2(0) @ J1(0) =
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H 13.7 (E/RYEMERNEERLEE). B LA Bg X mERE A e M, (F)(REFHRECH
k) SRR 2B A
1. 318 A A2 AR B ker A C ker A2 C - -+ C ker AF = F,
2. 4 d; = dimker A7 — dimker A7~ B K FEFS (d1,ds, ..., dx) HiE Young FEIRITEIR,
BRI T 454 AR 24 B R
3. B Vo/Vi(=F"/ ker AF=Y) f—4HE o1, ..., 0g, HI v ALK R kA N-%E;
4%t =1,...,k = 1, 7E Vi/Vigr PRHOA T Ny, § 508, B4 K g
k—t 1y N-%&;
5. KFhE4c N-4EH I EET G 1, BIfS /R 24 5.

W (AEFESR) HEME, St RFE 1250 0l CEREL3.1), FEXHEEAN SURFIE 125 1H]_E
PIRETS N = (T — N D)y AT Bk

13.3  FHRY bR g Bl

R SURHIE 25 [0 0 i (e PE13.1) S5REBAHMA/RSnER (ER13.3) He, A
5B /R M PR R H
W 13.5 (A/RMUPRIMERL). 2 V & C ke n &M ER, T:V -V 2&ETHE. WA
BV sy—K% B, 1#4%

[T]p = diag{Jx, (A1), Jr,(A2), - -+, I, (Ar) ],

TN R ks BERS Y (RX18.2), M, N h T o9 iets (AFE4). Liky
AT E RS IRF TR E—0, BFERYEEMN S ETE (T, (M), T (\)} GEANEZ A,
Tiblig) & T a2 amRrEE.

b, 3 F4EHE A€ M,(C), HETiEIERE P € GL(n,C) 147

P 'AP = diag{Jy, (M), ..., Je. (A}

BIHARA A B9EIRSbRUERY (Jordan normal form). MA-E 5% A, B € M, (C) #afi s A
L CIAARERSARER (RitERS RS ).

BB AAEYE. HUERLS.L, B xr(N) = [To (A = A)™, WV = @i, VML WA VA
A Ni = Tlvpg — ML W N; @FEZH. HEM3.3, 716 VIN] MERS N WA
diag{Jx, , (0), ..., Jk,. (0)}, WM Tlvpn,) TEUCET RS diag{Je, ,(No)s -+ Tk, (N}
PR SURFAET-25 [B) 1) S A B A

WP, H ) SCRMIE 25 ) 23 g E— 1 (RRAE(E S A BCERE O xr ME—H5E), R
AT SRFAE1-23 8] R 28B4 A E— 1, T 8 B3 3FRIE. O
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B 13.8. /L e A IR B (SR (B ©). X F— ALk F, WS o 7€ FIN]
gy A, MR BESREMIL. AT xr R5eAi RN, B4 BRI, B
SRR,

13.4  JHFESCHEERT ORI R i m i 2 X

TESES. 3T, FAVE B Y FE RIS ALy, AW A™ afPAE L A" = PAP~ J5 i
TR XAEALPE Markov 4% (4nf518.5) ML B HER N AT B LAE . SR, XAl 5 ik
SAERER U EECE TR UBBIR TN AR, Fo) 3 552 B K 24 AR v A
KT AT AR s Qg 1) i 5 7R 24 A 2R AR G o R AT T R R ek id
TR a2 2K

13.4.1  FIRDBYH)IK

HT I E R, ATERERRNF/RYT (N WE. EER L) =
ATy +J,(0), Horr i (0) ZXTRTHRHMEME 0 /R 48, RIZESS— RRIX A B4l 1, HA
H 0 WIREERE. BT R R AL, SRR AT A4, FRATTRT AR A 30X e X Tk ()"
BT
i 13.6 (A /RUBLPIIRE). & Je(N) =RAH k92 THAE N 095 R4k, AR axT
RS

N T AN P
I T (A

Jk()‘)n: 0 0 A" (ki?,))‘n_kﬁ . (11)
0 0 0 A™

REAHRY j>n i ZAXAM (7)) =0, 42 0 =1 ARAZTFAIXA— A 5 n

2

B 0 N = Ji(0), BI N %S (i,i4+ 1) AIosh 1, Hgh 0. BRE5HE M N fIEEIeE
BLT5R J 4% BRIRALR, BIE (i +5) DERR 1 R, B TFEMINE k, N =0,
R NREIEROY b RS 5 Ju(\) 28 AL +N. BT AL 5 N Afxedf, i
I

n

%MW=Q%+NW=§:G

i=o
BT >k B N7 =0, FsLhs B HSKRAE] min(n, k — 1), K N7 (R85 R ASKAL
TESR i 4755 5 5 (Herb j > 4, X BSPRS 5 — i k), JTCRIMER IR (7)Y,
X R AT (1) X WAL B TR O

i
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1E13.9. FRILR BT AR R SHORS. HEE (L)), 5 > i ST Ly (0,
SR T EAE B B, T () BRI R B R S B e N
AR RGIHE. M A = 0 1, Eah U (7 )07 7+ 2 n = j — i W 1, X5 Jp(0)"
TR n 5.

KT RO VE A, BT R MR A = PTP-1, Foh T = diag(Ji, (M), -+ s T, ()
FRA A T 1

A" = (PJP~Y)" = PJ"P~' = Pdiag (Ju,(AD)",- - ., Je,, (Am)™) P71

ik, ATATER M ILPEFE P 3 P~ AU G360 22 5T S A AN B s, B
WREME R A ek —SIeR N A R S A A RS 2 RIR A
.
13.4.2  ZeMh¥s REGHHEBS MmN — AR

TER X A AR R SR A FRATBRAE AR A QB v 2 L — 2R S5 M 70 Hr

i) .
X 13.3 (FRIANEEE). WHD (an)ilo W2 k BroF ki RBEEEHE &:

Upik = Ck—10ntk—1 + Ck—2Qnik—2 + -+ C1ant1 + Coa, (0 >0), (12)
H co erye e AEEL Hoco # 0, HEWALIN ao, a1, ..., ap—1-

BOVIES no+ k DGR AT b S EGTE. ROTGIA—D b 48 REmE" x, =
(an; An41y--, an+k—1)T~ %K/ ) ﬁfﬁ%%(lQ)ﬂM%%ﬁ—mﬁiﬁﬁﬁﬁF%

Apt1 o 1 0 --- 0 Qn
QAp+2 0 0 1 s 0 An41
An4k—1 0 0 0 e 1 Ap4k—2
Qn 4k Ch €1 C2 -+ Cg—1 Qptk—1
B xp 11 = Ox,,. FATEI, FHH: C fahfe 2
FO) =N~ N — i — e —

MAFE (W E 8IS EE). 3 XARERE: 20 f(A) 152 C MFFEZ K, 1
TR f(A) = 0 BEEARFZEAE R R HFRAE T RE. PN x, = Cxo, SREGN BB I 58
GREF TR O

(—) FHAERIAHFIRTE (a3 fife)

332



FRHERFE F(N) =0 19 kAR Ay, Ag, oo N ERRUS P BAHIR, AF 2 REELIS N
1 R C FFHEE R IR, C 2RI ).
SR 13.7 (R4 ERAEIN). % 7R &kib i F 205 A k AL TR a9 T4k
Aoy Ny AR LAEATi# R %1% A X e 25 i € AR e TR A

Ay = 051)\711 + 012)\3 + -+ ak/\;gl7
HP 8 ar,...,a TEHWEA R ag,... a1 "F—FT.
iJEBH ﬂ‘j C E/‘Jq%:‘ﬁE,fﬁ )\17 ey )\k EZ:*H[EL ﬁ&ﬁjkﬁ:%%ﬁﬁ P ﬁﬁ%‘ C = Pdlag()\lv DR )\k)P_l'
Fig x, = C"x¢ = Pdiag(A7, ..., \{)P7'xg. & P7'xg = (B1,...,5)T, WFERG a, & A7
MG (REGR P IWSE—1715 6 du) . PR o BWIE ao, ..., ax—1 ME—H
E: R n=0,1,....k — 1 CAHEEESE{E (Vandermonde) JrRE4H. O
#il 13.10 (Fibonacci (%11 Binet 3. AFTEFNN Fibonacci A E X Fy =
OyFl - 17 Fn+2 - Fn+1 + Fn ﬁé%ﬁﬁﬁ*ﬁy‘j

1+5 1-5
9 :¢7 )‘2: 9

HER3.7, Fy = 10" + 20" RAn=0%c1+c=0,n =11 16+ o = 1. 13
6 = ey = — b BAE A Binet A5t
V5

M_oA—1=0 = )\ = = ¢,

Fy

() AERETE (A fk)

YRR ERE, ¢ —BAREX e (5L L, KRR E R LT =BT
L(f1 rank(C — M) > n — 1 HHEAT W), REAEREH—E A XA, Wames.25). 3
e AEN AT IR 2B A 2 (L) YL

EPL 13.8 ((F7357 REL b ER @ IR). 2B F 2 (12)09 8 EF 2 LH s N RE R
Ay ds, BREEHRSANA my,...,me (AT Y m; = k). AR AT % 2 %% X 09305
LR EM A TR

an = P (n)AT + Pa(n)Ay + -+ - + Ps(n)AZ, (13)
EPHA P AT m — 1 895X, B Z, @d kAR 0\ (0< 5 <my)
25 M2 A TR,
IER . ARYEA R LIRUER G ERE, C = PJP™!, Hih J PR TR N B /R 244
FIHAT A PR RE. OB RCH my, IXEERTERRE T PR i3.6 27 4 h Al
(AT TSRS, BALRY G B RIRE] my — 1. 302 n AR AR ms - 1R
. 5 P A P~ 'xo WHBOEH RIS Lt 20 A 254 O
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Bl 13.11 (HFEEARAYRE BRI . CASIIRIES a0 = 1,1 = 4,az = 20, R 3
Gk B (REIT AU B = 90):

Un43 = 5an+2 - 8an+1 + 4ay,.

HT WY B RHIE R
A —5X2+8\—4=0.

XHAFTHAD M A =1 BEARK—PR1-5+8-4=0. & (A\-1) 1558 N> -4\ +4 =
(A —2)% HIBREAEMR M\ =1 AT ER A = 2(m, = 2).
MRYESEH E PEL3.8, IR W] AN R e & (T EE0 1Al 2):

an = Cl - 1" + (CQ + an) S 2N = Cl + (Cg + C’gn)Q”
A S f 2 T A
n=20: Cl + CQ =1
=0T, 1% C1 = 8,Co = —7,C5 = 5. MIMHES i Al iy
a, =8+ (=7 +5n)2".
iR E RS Ol E (B T) . FHHAIEM— DL R w L (“HS)
MITGETE T SRAFAE ) i 5 1 I Py aa.

1 13.12 (54 MR B R). #AGE B ECes AL A TR B T RE S A0, SR HER
7 —Fh AR R R R B, AR EOEIE TR G(o) = 2007, ana™, MBI X R
T G(z) A BRI p(z)/q(z), Hef q NFAEZ W Z 0. W HAERE BRI T
W R SAFRIEAN 1/ (1 — Az)™ B3, AT S 3T Rl 7 Ay 22 0 1Y
AR Wy a0 1/ (1 — Ax)™ SRR — ARG ER T, (N): PR 3RS e —
IR EL 0/ A"

13.5 )i
13.5.1 #52)8
28 13.1 (A /RS R). &%
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1. ¥ J B A + N, HERIF N2 = 0.

2. Tt J"

3.4 A= 10, RN 2 T AR AR

4. FEERHEMERR v, = Jo, BHERIREREE.

28 18.2. ) N &2 n 4 F-4VE2SH) V _EESEA, BEFRRECH k(B N* =0, N*=1 =£0).
TERH:

1. k<mn;

2. N /NIl A

3. N WFHMEZ TN A"
I 13.3. ¥ A € M, (C) BREMME. W tr(A) =0, det(A) = 0, T+ A HJ3.
28 13.4. SKNBAEFERE /R L ARHERY. (O T3 2R A 4):

10

1L.LA=[0 2 1];
0
01 0O
00 0 O
2. A= ;
0 0 01
0 0 0O
1100
01 0O
3. A= ;
0 0 21
0 0 0 2
31000
0 3100
4. A=10 0 3 0 0.
0 00 31
0000 3

2138 13.5. SR HIHFE AT R AARERL, DUSAHR W A RE P([EF5 P~YAP /R4 b5
TERY):
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—_
—_

1.A=|0o 1 of;
1 0 2
2.0 00
1 200

2. A= .
0 0 3 1
000 3

218 13.6. L A € My(C) MAHEZ TN xa(N) = (A — 1)2(A = 2)% Fil A Braalaemy
R ERL.

S 137, 3 A € My(C), BEZTRAN xa(h) = (A — 2)°. SHI rank(A - 21) = 3,
rank(A — 212 = 1. 3k A B8 /R 4hRERL

238 13.8. & A € M,(C), FHEZT xa(A) = (A= Xo)™ UEIH: A [ RS ARHERLE 47
HA— R4 T (No) M HAY A BIRR/INE S TR 2 i

28 13.9. B A& n B 7 B, K AR HE R R A XL KB T, (M), - Tk, (M),
ky > > kg > 1. UEH:

LoX REERCH ko + - + ks
2. X U EECH s(BIA /R L4450
3. N FEMINZ T HRRRA by (BB KA IR 4 5B

2138 13.10. ¥ A € M, (C) WA /RAPRIERY J. 3K AT 1925 R 4 hR iR

(Hm: & TN 5 T\ ER.)

2138 13.11. % A € M, (C) w3, Z/REPRUERDY diag{Jk, (A1), ..., Je,. (A)}. 3K A71 2%
IR ARERY.

(s X ANE R T (V) (A # 0) SR, FHAppr Hod /R4 L)

28 13.12. % N, N’ € M, (C) #2 B ki N 5 N’ A4 BACY X rg k> 1,
rank N* = rank N’*,

2 13.13. & N € Mg(C) NEZHE, rank N = 4, rank N? = 2, rank N®> = 0. 3k N [
PR ARERY, I XY Young [

218 13.14. % N € M, (C) BRFHFE, WERHLCH k. UEW]: rank N > k — 1. faf 45548

o

N7
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38 13.15. %

2R T IRFAEENRRAL 1) 5 25 R 4E AL

38 13.16. %

P T =3I, (J—30)2Fl (J —31)°.

2 13.17. & A PUEIRAPRIERLE A — DR/ 30 FHIEEN 2 AR M. FHX A
RN, HREWFHEZ .

13.5.2 R

28 13.18 (/R AR N Z IR B A € My (C), f(A) € CIAL 3 A HI#/K4
PRERC diag{Ji, (M), - .., Ji, (A) }, FHBRHEEAFHEAEA f'(A) # 0, 5K f(A) /R 418
HER

(s Bt f(I(N). HE Je(N) = M+ Ji(0), XF f i Taylor @I MBS f(Jk(N)) ~
Je(f(N). B2 f/(N) = 0 BIHTE, X BT 8o /R 24 B-F-J7 14 S )

28 13.19. i A, B € M, (C), #5/R AR MER I 5I0 Ja F Jp. FIRTLAR 6 U2 5 1R, H
2 AR S 1

1. A+ B WA /RURHER J4 F1 Jp ME—Tf5E;

2. AB W& /RUARIERL Ja FI Jp ME—HfE.

ST 13.20. SRIFG M A — ((2) ;) ATREH 2 x 2 S K.

a

({#m: & B = (C Z), FM AB = BA I J5#E.)

31 13.21. ¥ J = J,(\) € M, (C), 3k J [ ib T (commutant), Ei4fkly J e
ey n R RIES CJ) = {B € M,(C) | BJ = JB}. ikl C(J) tatfe
{f(J) | f € C[A]}, B J W2 mi=Cty U A

S 13.22. B A € Mo (C) i n DAFBIFHEE. UEHE A A RE—ER A E
. WS A A EEHLE, ZEHe R IR ALY
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21 13.23 (HEFETFT). B A # 0. RPEEARUE Ju(\) = M + N BaHs 2T
B N TR B, i B2 = J(\).

(R #E VAR, B (L+2)V2 1T BHRA © = N/ [ N* = 0, Jo8cteAr BUR
)

i 13.24. WV @ n QERENEEN], T2V — V @2t e, iDL RS54
L T RREEE
2. T WP RHEE R O;
3. T" = 0;
4. tr(T%) = 0 XA k> 1 BT

8 13.25. W TV — V @REAMSE LA, T W/ 8mERE . FH
Young [&], 5 PA T 5 S

1. dimker T %% k > 0;
2. dimIm T* X}4% k > 0;
3. T W2 I kgL,

28 13.26. F12¢ 6 (A 70F, mHXTNE Young [, H5 AN 6 B /R L ik
A LR A N I AP?

SI8 13.27. % A€ M, (C) #i/E A% = A(H) A FREE00E). Sk A R4 FRiERL.
(PR A /N IEERR A2 — A=A\ —1).)

218 13.28. B A € M, (C) W2 A® = 1. 3K A AT R4 /K LR ERL.

1 -3 4
8 13.29. ITEHEM |0 7 8| MUEIRYARUERL.
0 0 7

2@ 13.30 (R[S AEIERFOTHR). A /R UARHERLIE ], Wk A € M, (C) J&—~nlid
HFE, WAFE— NI B (% B? = A. IR A KWL, %8598 R A KIRGL?

28 13.31. {Rix T, S WA IRYE F-2ett=sin] V. _ERZEAse, H TS = ST, it T 1)
JUSCRFIE TSI S RANAE TS

2l 13.32. Rk F o2, H {Ai}ier 2 RWPIIRIE AT 7 B, H Ay T AY
fe. UEMAFTE R —ANA 7 B P AERSXIMERS i € I, P~1 A, P HR A I
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218 13.33. Xf—MAayik F, UERHIAR A € M, (F) 22— PEEHE, B A™ = 0 XA IR
Beom oL, WA FE FOEARRL TR R M bR A,

21 13.34. UL E—DMEEI LM » B B A FTRABEPAEME D F1 N A, Hp
D RuIX AR, N BB, H DN = ND. (3 8% JFRRXRER4 f 2E—
f.)

2138 13.35. A: V — V ZHMRYEE LW EINE T, ma(z) € Cla] 2HFMR/NETAIF
BHEAE ma(z) =TT, (@ — X)™. 4 VIA] = ker((A — \I)™). JiEHA

V=Vl

(O HEIE 3O SURRAE 125 18] 73 e 2. )

SI 13.36. %18 N € My(C) Wi/t N? = 0. iR N 7Es 808 ket 204
M AR IR N SeHe R T

28 13.37. ik A 22— AR n B0, B A BEARMFRFEEDN A, . Ak,
HrdgA A ARRERCH mi, K5 A TGRS ITA n By BRI M, (C) T25E /Y
2 13.38. RS AR A® = 1, IEW] A RIS ECHIREL, FOOHE A E B AL, SR
HOXFER) A BIMRIZRA Z /04T XHE— A EER 2n Bl A, 92 C(A) A5 A TR
W7 Rk, 57 C(A) 5 M, (C) Z i R-AELFM (F5e R-ZERI) | ISR i
C(A) B (=2n?) .

28 13.39 (/RS HUFIT R iE

A 0 0
0 1 0
Jn(N) =] . .
: 1
000 A
pUES -yl
J»(0) 0 0 0
| 0 RO 0 0
0 0 J0) o |’
0 0 0 J5(0)

KA P ATRERY A R AR HERL, FFUEMIRIEEE
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218 13.40 (45 FFiE 2 SN2 I /R4 8. & A 2280 C iy 10 x 10 #
M, B
FO) == DF A1), m) = (A= 1A+ 12

1) A BSRAMUSEIA Z /DRl e, 2 IR R AR ER
28 13.41 (ZHOEFEIR/ NI, /RGBS %). )

2
At: O
0

S N =

0
t | € M;(C), teC.
2

Lo $% ¢ HE S, ok A N2 T
2. # t IBUEZE, Sl A /R GARIER

S 13.42 (BNZTR SRELTIR). 8 A & nxn SR, plo) 2 A ML,
m(z) & A BIhEI.

LAWY m(x) #1 p(a) AR FRIAOAR .
2. M 4 x 4 i A, (1F m(z) # p(z) H A Arxbfafe.

2 13.43 (A TAEA RIESHENZIN). & V 2B LA RYEL 2w, T e
End(V). FIWrRSIPIASBRId 55

L T B T2 HA A AR
2. T Wi N2 A S THRAEZ Wi
HEM, WATIEN ARG, R
2 13.44 (RRHGRRIFRSH/RSAL). 5 A € Maos(C) W2 A* =0,
1. 3R rank(A) YR ATHE(E.
2. 2 rank(A) IRBRAN, 5K A BRREE /R URIELRL.

8 13.45 (SEARBBRERLR A /R M AL ). T 1810 28R BE AL 5. FEHASE

p=

FORERE b, R /R SARIE AT WTDAME Bl L (0, (B N /RYERER A
HEIL L WO, st
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14 pkisi: WP BORIE R oy J5 Fe

A BT BRI SRR R BTEA Tl R EUE 3 Wi e
T3 F2 B R R UL RN T AR R WSR2, ATAR
7815 R FE S B BRI P AR

WO RS R AR TR S I 45 4 4o B T R B4y )5 B (ordinary  differential
equation, ODE) k. #rl b 2/(t) = ax(t) MRR x(t) = e*x(0); HRELEHFE
HER X (1) = Ax(t), HART MRS

S RSB R OBR L9 8 3L, AN DA R 24 bR By 2 SRR 5 L e o ol B
BARFRAS, A BB O AR AR R . WHESE RS X (1) = Ax(t), fif x(t) = %o
R I A A R e B B

ARG SRRSO — R SRR, TR A ARE RS TN, R T AR
¥ ODE. wibitis ODE IR EMAMT. B5— T A BN ARt R G T A T 4
Hefk.

FELERS ] Markov 25 5 HE X/ (1) = Ax(t). % x(t) R[5 2958 0 R S,
NHRA R A 2R 0, M x(t) = e™x(0); R FIAT )5 24 7 B3 355 1 ) 4 0
M. RS MR RSP A T A — B et L e e R T

14.1 PR R S hbE R R

PRERE BB e = S0 a* /) RTAT @ 40RO, AT R B B R A B
T e BIRAFRIE x(t) = e 4x(0) W2 ¥ = Ax.

X 14.1 (FEFEFEED). X TER n 8B A € M, (R) 8iE 7 A € M, (C), & XHH
P45 (Matrix Exponential) e (BiicfF exp(A)) HANTTFHHEL:
1 1 =1
&:I+A+5£+§ﬁ@w~:ggﬁﬁ. (14)
U JE IR TR ME R R AL, ol (| AR /RY| < || A" /R To BIRGEARTSL. TIHiSY
HH R PR B0 S A A B
g 14.1 CEFFFEEUWEAMT). % A, B € M, (C),
1 Onsn =1,
2. M AB = BA, BP4EMET 303, N eA18 =edeB,

3 et BRTHESE, B ()=t (MATHE, M B=-A 5/7)
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4. det(e?) = e, @ F e £ 0, FLFARIET et BT,

5. B4EEZNAANML B =P AP, N ef = P~ leAP, 3k 2it, KIS T 52t A,
ERE LRSI,
6. (eMT =er"; ik, (eMHT =er",
i 14.1. DR 24 AB # BA I}, % e8P = etel lE AL, AT HAE L TR
Bz B i I T 3 4 1) Baker-Campbell-Hausdorff (BCH) A X, & &ZHIS g4
N2
TS A &R RS TE
Bl 14.2 (W MR FERE). % A = diag(A\r, ..., An) XTI BT AR = diag(A}, ..., AF),

ol 1 e /\k > /\k
e = - diag(\F, ... \F) = diag(Z —}, ce Z 7) = diag(eM, ..., eM).
Pt k! Pt k! Pt k!
0 g .
A, (0 =) = ;6%>Wﬁ%@m%ﬁ%%ﬁ%mﬁw%mmw§%ﬁwmmmwﬂ:
e>‘l e e>‘n — etr(A)

Bl 14.3 (RTRH KR G 5 RES0R ). B A = Pdiag(A, ..., AP0, TIHIAEILA.1(5),
et = Pdiag(eM,...,eM )P
ﬁ%~¢$ﬂﬁ%%@ﬁ§%ﬁ%%%$%?w@Az(8§>L%NWMEEMﬁﬁﬁﬁ:

A2 =0,

A? 1 2

et=I+A+ -+ = .
2! 0 1
N——

T A? =0, BRPBN IR N, F—/Nrhe—RE E 5 miHa

B THREON AR — DR 3007 an2® TERAN B PUSCSS, FRATIRRE AT LA 3007 ar A®
FESUTRE —BRSFEeREL f(A), A0 sin(A), cos(A), HESR A BRI A/ N T AL
SR B AT

14.2 PR M B R

KT MR W, R SO SR AR ST e FEAERBUSE. IR i35 /K 2
PRERL: T et = PelPTN (@14(5) . KA A AR YARIER J =
diag(J, (A1), -+ ), ANTIEETSRAEEA/IER /v ). Arflil1 3.6 W1 /1 24 B U R Ay 00
ERPRPRHE B SRS 09 MR REREL, IR R

342



RO 14.2 (PRSP REA ). & f(2) A 04 X TR Loy S sk, A
Je(A) =KD H k oy R G5k, 0

) F) IR L
0 ) £ f&;@

) =1 0 0 fO = (15)
0 0 0 F\)

AERA. AR Jk(N) = A+ N (N R5E— ERIXALN L mEERE, NF=0), I f 1
A BT AR RITHACA

B NE =0, GOBE NS AL SRR A IRITOR L. LRI N AR EIE R R T
5 j A RIS LA IR T, (] Et, O

X THEREIREEREL f(2) = €7, H fU(2) = e RAGBL4.2133]:

t2 tk‘,fl
Lt 5 (k—1)!
o1 ¢ - %
k—2)!
) Ml 0 1 ... %
0 0 0 1

14.3  H REELME R i

AR 2 PR RO 2 3 UnT DAL H TR M R B iy AR AL
FEFERROT TR R E B 74l (ODE). FRi i o'(t) = ax(t) 1
fifhy x(t) = e®x(0); MEHFFEHIIR Y AN x(t) = ex(0).

B 14.3 (5 RN ODE 41fi). & A € M,(C), xo € C". NA1aFA
x'(t) = Ax(t), x(0) =xg (16)

e —fif

x(t) = e'xo.

B 144 KT, J8TRB0 RIS A E M (Picard-Lindelof 551),
TEARIRA DR ARSI BTARE . AHE (R0 THE T AR MR, F IR 15
x(t) = exq WS ITE(6).
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Wit NRBIRGHOR . X 't = 007 (AR KT ¢ SR (BIOR S et — B0l
SRBE, Fefl LRI AHHr99552), 7351

oo —
tkl

d 14 i ktk_lAk Z Ak Ai t/ A = AetA
—e = = = - = & .
dt pt k! — (k—1)! = 4!

I x'(t) = 4 (e'xg) = Ae'xg = Ax(t). X x(0) = "% = Ixg = xo, FMELKMFWL. O

KL Mari14.1(5), WK A = PTP~" 2 A [#/RSFRERL, W) et = Pet/ P71,
2 y(t) = P7ix(t), WETRA y'(t) = Jy(t). BT J ZHXAE, RRGTE MRS
AR BRSNS /INRSE, AT ] PAIZ BRI .

(—) xR, = A A, A = Pdiag(Ay,..., AP S POggl i
Vi, Ve NEHERE. W e = Pdiag(e, ... M) P BT AR RIT N

A

x(t) = creMtvy + o€ty + - 4 ety

HAEE ¢ MBME P'x0 = (c1,- .0, c0)" MEHE . BT cie'vi OB RGN — M
(mode): WPFFALTT 1] vi WOSRSZIGHE AL .

(2) A, & A A, ARGH Jp(N) BRI R (haniild.2) i
TR B TR e Ah, AP ¢ 2, P BT T B, KN R kR Y
B Jx(N) RS R kA SRSLE

t2
eAtela e)\t (tel + 62), eAt <2'el + te2 + e?)) )

b e; SRR, e “HRMILE) L Z TR EUR” X — L BRI A TR .
Bl 14.5 (RIXAMITRRE). SKAGDTRELL R 1 -

-1 -3
xX =Ax, A= .
0 —4

B RIMEML. A 2 L=, FMEECINAIC M= —1, A = —4, BAM.

B2 REMiEm ., N =-1 @ (A+DHv=0, { (8 _2> v=0, v, =(1,0)7T,

Ao = —4: fi# (A+4D)v =0, }J (3 _03> v=0,Tvs = (1,1)7,

H Gl darx e e 2

1 1 cre”t 4 coe™*
x(t) =cre”! + o™ = .
Q ! (0) 2 1 coe™ 4

PIAMFFAE(ELSETI N 1, #5024 ¢ — oo W x(t) — 0, REEWHLFRE -
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Bl 14.6 (ATTXIAATRRE). SR AR AR 2H 1) 38 g -
xX =Ax, A= (2 1).
0 2
AHZHEFHEE A =2, BIUTESCH 1 (A ABTRA/RUIE J2(2) . HA/R YRR

E{ER I A
1t
otA — 2t '
01

a (Lt (o) _ a1 o [ 1
x(t)=e <0 1) <C2>—cle <0>+62€ <1>

TEREE ANMSEAR (¢, )T I T 2 EE T ¢, XIERA XA (R R4 5R)
MEG R . R e T35 (A Re(N) =2>0), ZHXHT ¢ fHMEK R, 2440
FaE o

PR L3 it

Bl 14.7 (SFAL(E-SHERS). 5 RSk TR 23 8] 5 A

0 —
x = Ax, A—( w), w > 0.
w 0

BRSO FREERE, FREER twi (SEREELD) . TN 1B BRI AR R B UE ORI
% etA

HE A? = -1, T A3 = —w?A, A* = T, IRICEHE, TR AR 4 96FF (T 4
PRI o FEATIR 53 285K A

oo

A (—1)™( wt m(wt)2m A
¢ _Z (2m Z 2m—|—1 W’

m=0 m=

cos(wt) sin(wt)

X RRATRIN T LA X R BB EURETT (B Buler A=A 55EB 5 BHE). A A A
HIEA:
oA _ (Cos(wt) — sin(wt))

sin(wt)  cos(wt)
ﬁﬁ%ﬁﬁiﬁﬁ%ﬂﬂ wt FEEFHIFE R(wt) € SO(2). I, B x(t) = R(wt)xo IR THILE A
SER R AFE R w )R 53 . FRAE(E A SEREL, RS RIS, X T rpGd
(center) MR EFT N .
B, XTSI A SRR A = abi (b # 0) BINIE, XA#E 2B e cos(bt)
e sin(bt) LA, Hr e FEHIIRIERER (o < 0, BHEIL) SIS K (a > 0, BRIEH), M
cos(bt), sin(bt) & HIHRGHA .
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AT AP BRI R AR S BT, Rkt ODE BHETE B Y
JLZ Y 7 3

Bl 14.8 (R AHHE RS RS ARSI m PR ma, me HPHE— K H
2 b, 0 = MR R RO ke TR U B T [ S B ) (B BE — P —ma—
PR —mo— W — W) BE a1(t), w2 (t) AP A B TR DL E R A .

F—W @NIIRE X oma, ZEMBESLOERI S —kry, AR —k(z1 — 20)
(4 w1 > zo WIS, E ma [0172) . AR5 —SE A

miy = —kxy — k(x; — x9) = —2kxy + kxs.

KA, Xt mo: mis = —k(xs — 1) — kxo = kxy — 2kao. Bl wi = k/m, BRHREER:

()= )0)

%:ﬂ;: 1‘b%:’gmgﬁo %I/\ X = (x17x27j717j:2)T7 I)_l[] XI = AX, ;H\:EP

0 0 1 0
0 0 0 1
A =
—2w2 w2 0 0
wg  —2w? 0 0

§ MARARAR. SURE b TR IR i R K = W3 (% 5.
FARE(Y w? 1 32, SPRZAGRRAE I RO B0 w = L5(1 )T il ug = (1, —1)7.
UAEWIASKR ¢ = 2522, g, = B2 R SR RIS 1 B T

g1 = —wé qi, Go= —3w§ q2.

BIE, ¢1(t) = A; cos(wot + 1), ga(t) = Az cos(vV3wot + o).
B PREREE . P IEMESA (normal modes) HAT JE M P& X

o RBIEEK (JR wo) © @ IRBNTM g2 = 0, Bl @1 = @, PIBR IR, Ha] 55
A4 -

o VBB (% V3wo) ¢ g AN @1 = 0, B 21 = —xo, PIASREIR MRS, Al
SRS PURONTEA, N IR R B, R

— Bzl X AN IE AR LB . X AR & R G MRS, FRAL(E AR E
FRESH AR, RO T H A2 RS RGBS AT

346



14.4 wBrksi ODE RyMFERERHE

FBT R (A0 ma” + cx’ + ko = 0) WG ARTE A S — B R, PIER]
PAGE FH A i i EO ¥4

IEANTE E—2 §13.AGEHERS) PRI AR (§8.8) KR kB HEAL IE— B R EE
X R Hr AR E TR, A R MBI R B e AT HE.

HIE k B RBCT bR Mo R

Yy oy Y ey 4 ey + ey =0, (17)

HoHt coyere ey onn WHEC, WUMEAIER 1(0),y/(0), ...,y D (0) 4.

SRR x(6) = (y(6), v/ (1), -, y*D@)" € Ck. ERF x(t) WORT k- 1 4
SR SEUAF T — AR A S (B (y0) = yUtY), TG —r R S8y ® iy
FR(T) R AT & 4 B S . BB (1T) S0 F—Wi [ ODE %4 /(1) =
Cx(t), FrlARarE N

0 1 0 0
0 0 1 0
C=| : : L : € M;(C).
0 0 0o - 1
—C —C€1 —C - TCkol

BAHFRZITA f(AN) = N o AV - e+ oo BRFE (ILE L8155 B TE) . X
I RRFAETIRERI A f(A) = 0.

HA8.25, KPR N EE TAFEZ T, A SR E A L R RN 1o
—HAEMRMH, C AT MAL, F/RUARER AR BRI /R H, gi §14.27
PR ECErT /R B R AR (R EAURREZ A SN2 I, SO EE
[FIREIE ), AT DASE 46 b 220 o el AR 2 4

SEP 14.4 (BB RAGTIRANE ODE RyidEf#). &x2(17)a945 27542 f(A) =0 & C ¥
B S ATROGR A, A, REEHESAA my,...omg (X mi=k). NHAE(17)a4i8
R —A k% C-xMZI, ddoF kAKX R RBRR:

{theM' [1<i<s,0<j<m—1}.

Bk, @A A
y(t) =>_ Pi(t)eM, (18)
i=1
HEP AN P(t) =it aiit+ 4+ Qm 1 ™ RRT R BETRBE m -1 89 5AX,
b EANMFEFH, TAOMIBLHE—H T,
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. BHRADA— RS X' = Cx J5, R x(t) = e"“x(0). & C HIE/RAIRIERLY
C=PJP~t, Hr J = diag(Jm, (M), - I, (As)) (R AR FFAEE LA S A 1, i
PABEADS Ay IR IFXE I — D R/INR my B R4 o R4,

e'? = P diag(e"m ), et Tms () pT

HIE /R SRR R A 2, (rf14.2), €O 195 (o, B) TTK (4 8 > a) H hmayy €M
I e'C fEATCRERIEM et (0 <j <m; — 1) WL . x(t) 5445
D y(1), " HAGEX SRR AL A

SR, EAEERIE y(t) = e (0<j<m—1) BSERFRATI(S A& fim &
) RAGRSG, FHBEMRRRFAR (M) ™ = S, (1) iyt Al sy
UEBTA A IEEE (X — )™ | FON) BRI %

Bk AREIERMETS XPE eC BB PEGIIE (SR, R R R Hom 2
VA BB ETG e0E, BDA RS SRR RS ) o 4T K Wi ODE #igh

HIEL PO RE A R ME— PSR O
1 14.9. HRGEHI4 A5 EHEUEHEE 3.8, AREIUIT XL :
125 190 %%: ODE
Xn+1 = O%, x'(t) = Cx(t)

it x, = C"xg fifh: x(t) = e!“xq
FLeRE A} FLREL et
et (N <1 | RUEM: Re(N) <0

P L A A C Rl —ERHER, HJ A" B e BT,
Bl 14.10 (FEMRA —Fr ODE). KAFWIE

y'+2y +y=0, y(0)=3,y(0) =1

FHERTER N +220+1=\N+1)2=0, FFHR A=-1 (m=2).
Jith— (HEMwM14.4): E@FEN

y(t) = (o + aqt) e
RAFME: y(0) = ap =3; ¥ (t) = (g —ap—art)e™, By (0) = a1 —ag = 1, ffif5 a1 = 4.
y(t) = (3+4t)e .

itk CEMERRBGE): S x= (v.v)", KN

c- ( )
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1)%ﬁﬁﬁp—<l
1 1

—t et 1+t t
e =p|° “)proet T .
0 et -t 1—t

LA x(0) = (3,1)T:

yt)\ 1+t ot 3\ ., 3+4 \ (344
vior] O U= =) \) T =) T iz

It y(t) = 3+ 4t)e™", Hhrk—ma—8. HEF y'(t) = (1 —4t)e™", JRAlHIZKIE.

Cm%ﬁ%ﬁ@ﬂﬁh@n_<§
TR

2) (W C = PJy(—=1)P71).

14.5 RIEMEEE
AT REMRGE MK TR, U RA R M/ IMIMERE PRI S,
PASGR T A . AR 0540 S BT SRR (R IR SSRME A AE R RRAE(E s R
L R TR R I P b R N WA = 225 e = WAk o
bl BLRIES 1. FREMPHE-THEd 2% FiEN m P IRESAE % R ECH
ks b, 28 SEERIEE J) (BHIERE ¢ > 0). A 10iss e fdghih
max’ +cx' +kr=0, m,k>0, c>0.

C

FIABEFR w, = Vk/m (LHEENARERIRAHR) MTLRHWHER (=

2vV'mk
(flig P 5 BEARDN T I AR HeBl) . AR AR UETE =X
2" + 2¢w, ¥’ +wix =0. (19)

HARHE N
A+ 2w A+ w2 =0, A=—Cw,Fwy/C2— 1.

BEEFEUZ e ¢ BB I, FERE S T I L R A R, ST AR A
PP IAT N -

FHLIELE FEAEAR PR T A feetk

(=0 twni (LK) | T A SRS | BuE (ARMHE)

0<¢<1| azxbi,a<0 | RHEHZER WA e
(=1 —wp, (ZHER) Il 5 FH e Wik te e
C>1 | AR | e B Write e
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Bl 14.11 (FEIER FHPUREER). I w, =1 (Blm=k=1), ¥ =(0) =1, 2'(0) =0
o3 IR I .
(i) FEBLE (¢ =0): FREM A = &4, i 2(t) = cost. REMEAFIRFTIEIRS, RERT

fE.
(ii) RBLJB (¢ = 0.2)  FHEAR A = —0.240.98i (), S T e %2 (cos 0.98t+- - - ).

AGMARIRIS BRI H [Re(M)| = 0.2 TRiE

(iii) WREBLE (C=1): —EAR AN = -1, dEM14.4, #E 2(t) = (1+t)e . FEXA
H—ZET, BERAKERG AL

(iv) MR (¢ =2): $HER A\ = -2+ V3~ —0.27, A, = —2 — V3~ —3.73, N
PRI TEAREN BN . RGEZE -6, AR, EEAHEERE.

TEX PRI S, FREE SRR T 0. 24 ¢ > 0 I RHE[ESSRE/NT 0, f#iE
T 4 (=0 W IHABRAAEE, A FEAER. T HE X — R RGN E .

RO VER ™R o BRI ME RS X (1) = Ax(t) (A € M, (R) 2 M,(C)), HF-
B RN AL) h xo = 0" PAREXH || || 2w R™ (2 C") BRI

X 14.2 CHEERIRGED). B X/ (1) = Ax(t) 2 R" (8 C") ERZiE ODE R4,
L bRl (Lyapunov stable) , fIARXAER € > 0, fF7E 0 > 0, 45 ZHIMH

Wi |1x(0)]] < &, MIESTEA t >0 W (|x(t)| < e. BEWHIBL, BIUA A R85 A
H LA TR A 20T

2. JE SRR B RE W) (asymptotically stable), W B 2RER , Hat—LHh [|x(t)]| — 0
(t = 00),

3. EAACAARER (unstable) , WERERNRRER, HATERA ¢ > 0 #iFLEL 4
/NFRIAR PSR 1] RE- B e 2 Al g I B Bk E e

U 1412, RHEMERS X = Ax, AT UMELYE. PULEE SMERE, WAL
BT R ARG A R B A TR e
Pl 14.13 (RasteESEATA =AW HER) . 7 EE IR, J67 BN LAML

(1) BB, % o/ = Ao, W 2(t) = Me(0). I A < 0 HHRET 0, A = 0 HHRLRF
BHL A > 0 IR EMRAMBA TR K. B RS R MR O TR (SRR 7
=3

(2) —AREBIFA— ARG Tjh. 75

10
A= ,
0 0
ORTTREN X' = Ax + b, W24 A WP SN — A by 24 A RAH, PSS FACY —b € im A, AfF

HERTIE N —. e AT — A PR S5 WAL A S R
UEA RG2S L, AT R S, PR i SR O TS R
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y
otA — et 0 (xl(t)) _ <etx1(0)>
“\o 1) 2t~ 2(0) )
HIEA SR A, BB ET R A B S RE, BN RE
(3) FHFAEML L0 i /R M. 2

0 1
N = ,
1 ¢t
N—=T4+¢tN = )
0 1

(i) - ()

BIERIEAR /DS, R 22(0) # 0, 25— BBl ¢ MR, XU FHIE(ESEHRSET 0 1,
HA 1 x 1 WE/REBA SVFRE; ERRE /RGBSR Z I K.

AR R BEARF AR E TR ) A 58 A IH A 0 R R ) RO 5

i@145(rﬁﬁﬁﬁim%ﬁﬁﬂﬁ)uAeM“Q,M,UA_hAm%ﬁmm%
FEAE, MM A% X (1) = Ax(t) 897 4

N N? =0, Fi

Jlidiiy

1. @Wilifaw < FTAESFEEHL Re(\) <0 (1<i<s),

2. B (MABNLRE) <= PARMEEHEL Re(\) <0, £V A —AHFIEEIH L
Re(A\i) =0, EA&A Re(\) =0 a9 fEfEr mag5 RE%ke3A 1 x 1 oy (APizdf4E
a9 T E8F T REEH) .

5. ARAE = HEEANFEME Re(Ni) > 05 A FEFEA Re(\;) = 0 0945 £ AT 2284
ERERR A > 2,

TR R HRAE T A o 7R 2 B B R L) R i ﬁ%"*ﬁ B A=PIPY, HpJ =
diag(Je, (M), -y Tk (M) o HIT 4 = Pe P71, 0 e BHSAR, BBk

. . k—1
el Im(A) ¢ tet Im(A\)t .. (]tc o et Im(\) ¢
ilm(\)t . t* =2 iIm(\)t
ot TN — gRe(N)t 0 € &—2)! e. ’
0 0 . ei Im(\) ¢

A AR RIBEN |[e+Vas| = Ay €™M (4 8> ).
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(1) # Re(A) < 0, MXHGEANZIRKEL j, H RN =0 (& — o0), FHREHE
W ER TR . I e — 0, FEFTA L, W e — 0, MIHEEIE
x(t) = e"x(0) — 0, HPHRLELE.

2, FAEEHA Re(Ni) > 0, BOMMATT A /RSHS R (77 ) FEAE Ay 1, )
e ROt W (WRERAZIR), AETE.

(2) # Re(X) = 0 HAE/RSBH 1 x 1, WZBHmiEkh et ™M BiE R 1 (40lEE)
A FUEAR T . A A RAEEIS 2 Re(N) <0, HE—MHE Re(\) = 0 AYRFE(EXT R,
MRS BE N 1 x 1, Fighier Re(\) < 0 MHUBETE, WA 4 G, REkEE. 5
SCAFTESEHRN O BOHIERL, WX MR —AR ST 0, FTLARGARRUILFE .

JRZ., EHA Re(X) = 0 FEFEENT R KN k> 2 (9F5 /R 245, ZHed B 7 et Tm)

(j>1) T, HEN ¢/, Bt — oo HIK, REARE- O
i 14.14. FETAEHIET, R Re(A) <0 MFFEEFCHRGER R, 1T Re(A) > 0 kN
ARGENR, AT R A RO I B A BRI — N AR SN E

HACS H G s AL T 2 IR I P . X IE e 2 M Hl 3#ig ' Routh-Hurwitz
FIPiA Nyquist B PERE TR 500 25 0F

T YLt RGP . E B0 ) TAEREAREC R I REM . 2 n =2 I, KF
TEAEA T RERB AR, AT PAES 42 R4 ¥’ = Ax (A € Ma(R)) 5 Wi
JLEHE . FriffHiP (phase portrait), Z487E (21, z2) P L2 MM (Fi1) KLA
et &k o AN BRHIEE S U0 I 5 4 b BB ] O AH 1 544

HOEVE, B A EMEZ TN A2 — 1A +0, Ht 7 =tr(A), 6 = det(4), HIHI
A =72 —d5. FRERH A = Z52,

L Baedhisi (stable node): A >0, Ay <Xo <0 (WAARFERIMR) . —BHLITHET IR
m SRR RE AR v TTIVIA (B (Ao < [Mi]), g A WA LA T
vi 7], SRR LA E -

2. AERpESS R (unstable node): A > 0,0 <Ay <X (PINASFIEIAR) o FHFE LS R
P ) S ) RIS —— T L A AR

3. $&i (saddle point): A >0, A\; <0< Xy (—IFE—MEAR). FLEUT vi FI#E TR A,
W vo HINEE, PR EN LIRS ATE

4. WRJEH (stable spiral/focus): A <0, Re(A) <0 (AR, ). PLBRbehE
] J5Ud, BEEETT I A B SOWFRER T e o R AR E o

5. 4y (center): A <0, Re(\) =0 (ZEHEILHEAR) . BIEONHISEU B AR (9t
A ZSTERIMEIR) o IS AR E (AR W AR E o
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6. BILEE M (degenerate/improper node): A =0, \; = \o <0 (1 "FEMR), HERY
Pk Jo(N) (BP A RAIX Atk ) o FEiEME—RHE T AR &, 2 i — 25
MRS AW R .

FI21f 1ok /AR ZRAH B, AT TR AR 8 R 2 Al g i 2k

T2

ey

e) Hb»

B 210 “HERIERSE x = Ax [ NFILAUA I . SRR ¢ R AR ) .

f]J.R'
s
a‘:[”ﬁ

(d) WZEr

i 14.15. 21 H IR Fpip i LR LB Rl . 5280 R B4 T U B AR TE: 4
A <0 H Re(\) > 0 BSFBREER; 24 A = 0 H 8 FFE 0 IEH BT R AL S E A
BB AG 24 A =0 H A = X BTG 7 @ RFAE ), B it S5 S 4 e
2, FOMRIBEER (N <0 R, A > 0 ANFE) 5 24 6 = det(A) = 0 i, A fGERHEME, 7
SO E TR IO S, PTREH B B ARG S EL, TR AP AN

B B LTSS AT DA AR T S B A WAL (B A R A BRI
2 PO ERFE, vy =P 'x, WAE y-MAR N RGN y = Ty, HBRILRTE SO “hrifE
17 O AT TE U AR R B S, IR EGZ 3l , el T S I Rz 3l ) . A8 f x = Py j2—
NRMA, ERAREA RS T — DAY (R AR #5 m ACAAR B ), H
AbEEl (RUE/ATE . TR T4 ) REFAA

TRk REM LN L. A ETHEIRTH R MEM RS x' = Ax. Wi, AR HLRZ

353



B Hie R AR . R BIR RS
x'(t) = f(x(1)), (20)

He £:U — R € AIHE U C R ERpEH (24 CY) . mE x € U RNAR
SR P (BRFRL) . AR f(x0) = 0,

XTAERIERGE, RATICET G o xo ZFER SRR (B2, RIERECHENTIR
P —AN5A T R AT TR A R R T

B xo AR (0) T L. 2y = x — xo MW ES TR/ NS, W

y =fxo+y)= @+Df(><o) y+O(lyll*),

Hrp 5
Dﬂx@——<8£RXQ> € M, (R)
J 1<i,j<n

& £7E xo 4bY Jacobian HilE (BJ4&flsr/ SEHE) . 24 y AN, BB O([lyll?) »IRA
2, TRIE xo M, FELPERG IR hZEL R85

y' = Df(x0)y. (21)

R AR ODE. "NHip &M, XA m L, SRS SRR S
FA IR R et h 2 2.

EP 14.6 (Hartman—Grobman FF (JEIERFER) ). & xo & 5 42(20)89-F#7.5 , B Jacobian
FE[% Df(xo) 89 P A 4FAEAE 52373 4E R (BP Re(\;) # 0, Vi)o W4k xo A BUHPEf 24, (hyperbolic
equilibrium) . SLBY, [ Xo A9 EAARIRA, LM A K(20) 0940 E 5 LK ML £ % (21) 8948
& ¥ 9 B 2 — AR 7 6 09 B AR 5T e Sk 4 6 B e Sk

7F 14.16. Hartman Grobman & IERH & 1 ARG R (5% Banach A3 AU EH A
ETIEEIS ), X BT LSS AU Sk, JELR MRS S5 H Jacobian 45 WPk
ARG, 4B IE AT Jacobian A4RAE (R I 2 14 W J5 A .

#r Df(xo) AR 0 PFHE(E, TSP A @0, Hartman-Grobman g BEANIE
. DERF R PR BE MO R ML R ST BRI O BT, FRE S H Lyapunov B
PRI AN ) AL R TR

X AR R G- R T H AT 2 R SRl A -
LSRRV xo (772 £(x0) = 0).
2. 11 Jacobian Hiff: Df(xo).
3. 2R Df(xo) HUFFAEAE.
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4. HITARAEESSRIES OOl ), Wl Hartman-Grobman E#H, HEHLMERS
) 4 2 H T SR s R P R 1

5. AL AL, WIFZHSM ot
NHEFATH— DI A BB TR R TR AR .

Bl 14.17 (FToPHJE54E). FEICHE BT R — MK BN € PR T, — [
FE, iR m WA, FEE 1 g T E BB & 0 hiEM (ABEEN T RE),
B g

0" = 9 sing.

l
F—Al g/t =1, FFINRELE v1 =0 (). 2 =0 (MEE), GH—HRS%:

Ty = xa,
xrH = —sinx;.
B f(zy, 20) = (2o, —sinz)T,
B RPN, R f(x,20) =0, B 20 =0, sinz; =0, 15

X9 = (nm, 0), n€Z.

Hrp B n X PR AARAL (0 = 0,27, ..., RIEHAEIRAE), 15 n XN IBEELE Ik
Fig (0 = £m, £3n, ..., BIEISAOIE) o HEEINE, A ERTormerAEs: (0,0) Al
(m,0),

453 5% Jacobian Hif%.

o of

_ [ 0z1 Oxy | _ 0 !

Df(xq,x2) = (3]02 (%) - (cosxl 0/
83:1 81‘2

B AEAS T AR AEL -
TR (0,0) (Fefis):

0

Df(0,0) = < é) LB = i

A B 14 7 B RIS IR AR )RR (R AR . PR R P AN 2 XU 1, Hartman—
Grobman fEMAEHIE ] ; X ToH B3 m] B ) <7 fE 5

E(6,0) = %92 —cosf
UERA (0,0) FAEAYBE R P Ze, PR - o o AL
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P, (m,0) (fISEArE):

01

Df(w,0) = (1 .

) . BFEEN = £1.
—IE— AN SRR DA (7, 0) XU 5. i Hartman-Grobman ERE, Rt RFHE
I 5 AR SRR NS, B ILS E RRE

WU A SHIPE . EI220R T HARAE (0,0) P _ERIRIE . Fut (0,0) B A
B (PR3hfR) S Bl (£m,0) ZEIH4Bgk (separatrix, XFVAEE E = 1 FFRIE)
HIFE. Y BSLDASMOBE N RO RS 88 (B B, RIis) .

&l 22: Fof e AR ORE) . O EPUEXT VRS (B <1), O8N0 HE
(E=1, SEHE), fOPUEXNIEEE (E>1). 5 (0,0) AL, (£r,0) k.

H: 14.18. BRG] F R T MR EAEIEL M3 RS M P rE R . XX P-4 55, Jaco-
bian i PR SN BARFAEE, PR T8 S 3 M TN R ML R Gk s Bl ands s
PLE S AT Jacobian BLAEHIE. XHHEXUH -6 i, Lbtb— AR DA ERE . PR
AR DR TR EAE & R A e RSP IE SE AEMES5 I RT. R, o S 2 R G L X
A3 X 5 AR T

14.6 >)8i

14.6.1 #5355

I8 14.1 (GEMRECS ERE). &

1. e A%, A3 A%

356



2. FHRRAGIEN
oA _ cost —sint
B sint cost |
3. SRBA IR o () = Ax(t), 2(0) = (1,0)T R, JF i L.
28 14.2 GEMEIRBUGE BT, T T AR R AL e :

0 0)_

1. A

o
o

o
T
I

S W
L o
—
N~

4. A

e
s
I

P e R e
S = o O
[ — o =
N—— " N—

IR 14.3 (FEREARARY BEAPEIR). SEW] 14 1R AR B

1. # AB = BA, M| eAtB = e4eB,
(B JRFF PRI, I AB = BA (13— 5istEm (A+B)* = Y (V) 4iBr
L)

2. JE A ATH (e4) ™! = e4,
(B: A5 —A i, BA% (1) 1.)

0
0 0 1

B eATE | edeB | ePel, = F T AME,
R EC S — By ). SR N ANIME SR AR (B0 e 4 e E R ) -

1 0
-2

S 14.4 (RATAHRIZO). B A = (0 1>, B= ( 8) Wil AB # BA, T

28 14.5

—

1. x/

v

N\

Il

A/ N ~— N ~—

o W
W =
N~

Lol

) x, x(0) = (1,3)T;

o

w
N\
I

)
|
—
N———
»
jal
=
I
©
N
!
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28 14.6 (3 x 3 R%). KA

S N =

AR, HERUEIRIYE R

N = O

28 14.7 (FFrini: ODE). sKE AR ARl (s 2 2 E M ER R ) :

1. y" =5y 4+ 6y =0;

2.y +4y +4y =0, y(0) =1, ¥ (0)=0;
3. y" —y=0;

4.y 42y +y = 0.

S 14.8 (RUETEHAIWT). X TRoIMEE A, FIKrd
(EAHNERE) R A RE

()
55
[

N\
s
I

3. A

-1 0
0 —11;
1

5. A= (O 1)
0 0
(

28 14.9 (ARRMERGEMLIELL). HBAFLIERS

' =y,
y =z —x°.

358

3
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L SR BT A
2. TR AL Jacobian i & HAFIEE .

3. FUTIR LA A2 XU Y, A Hartman—Grobman g B s HUR A BRI (&5
M B RTESE) .

A XTGP A (WA RIS, S Hartman-Grobman & FLANIE ] o
28 14.10 (EMEAREUNIERD). & A € M, (C). UERY:

Lo WU ¢ e R T4 = ettt (RIER— IS EHE) .

2. # A REMEARE (AT = —A), W e X ¢ HEIE AR .

3. A A RSHFREERE (AT = A), W] e XA ¢ # IR IE AR

14.6.2 B

2Ji8 14.11 (Lotka-Volterra i &-#ii & AL). & B EE- i & &) Lotka-Volterra Jy

e
' = ax — Bry,
{y’ = dxy — Y,
Horp 2(t) AEPIREECR, y(t) T EH AR, o, 8,7, > 0 HIEFEL
L OREPASTGS (0,0) A (v/6, 00/ B)
2. FERATA S ARTHE Jacobian i FERUEFAEAE, FIKT AR e M 28

3. KT ARRUH P S, BT TR RN AT ($27n: PTDAMESFE R H (2,y) = 0 —
Ylnz 4+ By — alny, WiE L H(x(t),y(t) =0).

28 14.12 (MR EATERR). X7 A € M2, (C), EX
A

e’ = —.
|
P k!

J:(_Ol 3)).

1. (B E14.10%458) %

i1 e,
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OTL In
J pu—
H AT =—JAT, HIERE—EH et =J. K2 REIWL?

28 14.13 (ZUAER LR SZAHT). BV = Ralo] ZIAREONEE n 1R
B WA S R 7RV B AT

(Df)(z) = f'(x)

s 8T
(Af)(x) = flz) = fz—1).
] :
1.
ALY (—5)’“
2.

3. REEAE V I R-LMAS e P, ffif PAP~! = D?

2J38i 14.14 (Liouville A ). BAEMFEBREL X (1) W HMD> TR

HAE t = to BIPIME AR TR X (o), Hr A(t) MIELEFERE I ST EE
t, )
det X (t) = det X (t) exp ( / tr(A(s)) ds) .

28 14.15 (B M2 TATTESH R IR, BV 2 R _EIRT5 AT R R A
Stkzsm], S DV = V SO D(f) = ' % a,. .. an REAMIFERISELL,

W =ker((D—a;I)o-- o (D —a,l)).
HE] -
L. W & D WA 14308
2. W=, ker(D —a;1);

3. B = f RN f(x) = Ce™, Kff f7—3f +2f =0;
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4. B LRGBS IR R MM .
(f&rm: X—Mt a, & g(z) = e7* f(z) HH [ = f HEREE.)
2 14.16 (SHUEER RIS, &

2
At: 0
0

o N =

0
t | € M3(C), teC.
2

¢ EE IS, AR U E R 58

R NSy v

SI 1417 (HFEMED. B A € M, (C) FFAEHERAA EST8. RS ARER i
WItFE B € M, (C) {3 e® = A

361



15 Peikdkise: A7 baii %Y

AR ER R AEAE I B A /R U AR A 0 2R TR AR E B ) 22 TR S
A2 =S, Cayley-Hamilton EH, HR/NZW. 37250, PASCE /R
LARER B ) SRR TS A IR DT IR EAME R A BN, EiE
EAEAREAREOT 1 PR 2

/R MBRMERL (B BE13.5) BERAFIEZ WA I 5w 2 20—k A 2 8 (s
A A BT - SR F ERRE 2 A T RE S A AT HE p(A) (FIINF =R 5 F = Q
H degp > 2) B}, Z/RUFRERUNFA . AF 1) H b2 8 A BibaifE % (rational canonical
form), BXMERIR F_FALRMAR AL, 45 TSR 524525

— AR P _L) 90° e A

R= (O _1> :
1 0
BAE R _FEAREE, FIRA_SEE0mE2 R G hnE RS (HE R 2 T =CRIAR /N 22 Tl
AR 2 4+ 1, ]9 BEARE RO B 20 . X Ui FEARME R RS2 PN AERE, T I
AN KB 2 T A

Frobenius KHAE AN J 4 8 R SRR IO, Al C(F) LERehlie . s
S LRI M b 2 th B (PR AW C(f) 555 5 BHIOPERIIERE adj(A) RARIRS)

RO A R AR E R 5 4P AT, e =2

L WEBENR: 7 SURHIE T25 M40 (CEPRL3.1) BERUE i T BEZE 2 A s m
WT.7), AR I a0 R HIE LR L, 55 xr AR ES, 7
AV T T-AAE TR EM, TR R T AL 2 TR A T2y
E2UEVIVESY

2. p(T)-WaF B sit: E MRS &L, AAZT p(N) 300 T8 /R 4 hRiERY
(A= Xo) WIF. GBI ker p(T) C kerp(T)? C --- WSS [RIEE, HH) RG2S
L F[A/(p(N) BIE5H, FTPAHF T2 R S /R A bR i B A i

3. Al R ER R ERARHERLAL G, 153 PR TEZL.
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15.1  #EFR iR
BT /R AR E R 4 S R 55— 2 SUEHIE T2 il (ERE13.1): fBi% xr 7E
F ESE2nZR xr(A) = (A= A)™ - (A= X)™, T
V =ker(T — \ 1) @ --- @ ker(T — A\, I)"™.
HAEWIR) K42 i Cayley-Hamilton E¥ (EHES.12) 15 xo(T) = 0, HAIHZ WA (A -
AD)™ (A= )™ B ELR, IS TSR E AR T, XS IE UK T xr
e ﬁjﬂﬁﬁﬂﬂi?ﬂ’]lfz* SEAR AT HAX LE R gk 2 T
PAER FOTESE, T:V - V ok F-A0 . FHAFIEZTAE FIN] 0N T 2495
X7 (A) = pr(A)™ - pg(A)™,

Hor pr,.ops € FA] AP E — AT A Z K, ma, ..o ome > 1(ME— R E
BT.9). AT AZ PP, A ged(p™, ;) = 1(XF i # j), HIEK p™, ... p
P ILE.

M 15.1 (MERDR). 2V R ARE F-A=n, T:V -V & F-RHT#Hk, HIiE%AX
X (A) = pr(A)™ - ps(A)™,
P pr, .. pe HFAE T E — T 5 AKX, & SAEE S (primary component):
Vpi] := kerp;(T)™".
ny :
1. HA Vip] & T-REF =),
2. V=Viplo-- o Vp;
3. Tl 8944 S XA pi(\)™, Af dim Vp;] = m; degp;.

18, i Cayley-Hamilton B, xr(T) = 0. L p™, ..., p7 Wi R, RN S
(HEET.7) 350 (1) F1 (2 V = D, Vip], HAFA Vip] £ T4 T2,

XT = fl Ce fs
BT p(T)™ = 0, FEHEREY KB REA R ERMEME: & o 2 T WRHEE, W
pi(e)™ =0, A pi(a) = 0. Frek fi MFTERESR B po BAR, BIZ] FLA] Bghiid] fi B9
_I?’Jl¥ el pi. TEAS fi=p, Hh b, > 0. HHE xr = fi-fo=p{" - p Wi

W pi BRI, HyE—2 e BESZ RIARE] b = my. B fi = pi™, AT dim V[p;] = deg f; =
m; deg p;. O
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i 15.1. WERSMRT RHE 72 M) . 24 F oA REALL (Flan F = C) B,
MAT A Z I ER IR, Bl pi(N) = X = Xy, AT Vpi] = ker(T — N, D)™ = VA, &
FH15. LIRA ) E 13,1

0 -1 0 0
" 1 0 0 0 . N
Bl 15.2. % A= 0 o0 o € My(R), FHEZ AN
0 0 1 0

xa(A) = (A +1)(A\° +4).

FER b pr(N) = N+ 1R pa(N) = NP +4 AR 2), HEER. 4 T A X R ALRELS, N
R* = ker(T? + 1) @ ker(T? + 41).

BTG Vpy] = span{e, ez}, Vpa] = span{es, e4}.
#l15.3. ix F=Q, T: Q° — Q° WIFHEL I Ny

xr(A) = (N +1)*(A = 1)
TEQ b, A2+ 1 Ry, A — 1 Ruj 4y, HEZRMEe

Q% =ker((T? +1)?) @ ker((T —1)?).

Hh dim VA2 +1]=2-2=4, dmV[A-1]=2-1=2.

HER AR R A 2 BB AR 0 b IR A AR A ERL R 5 TP (2 I E #1312
JRHEIR), T #1 S ALY HACA S Y EHRER 0 55, X Ty M Slwip, 23504
. Ht, T2 RATAFOFAEZ A A TAZ IR p(N)™ BT

15.2  p(T)-#¥lm R EE K

IAEFRANTBRAL V' B2 e i T W ERHEZ T xo(A) = p(A)™, H p(X) € F[)]
RH A AZE, H d=degp > 1. I} dimV = md. JAIWERZERE V HWEM
I FRVA AR () — L, 45 T FEiX 43T A FE LA B i HoE =, B adu
pN)F AR

XEETATTEZA (B p(\) = \) BB RURERNES. SN2 p(N)
(1<e<m), i P=p(T). BT P =010 P #0, WRAKF T WAE—Fh) L REAL
e, FRAE p(T)- %S4t

G5 B3 AT0KE, FRAT1E R SR B/ NRAZ 25 )

Vo=kerP' =V, Vi =ker P!, ..., V;=ker P*%, ..., V; = ker P° = {0}.
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TEA IR EE T, BIZS 8] Vi/ Vi B DR R R RELE . WEE T 5 P =p(T)
AAZHe, IR EFA ker PT #bg T-AA 250, FERIZSE) Vi/Vie b, P = p(T) (1E
R (HA P(ker P7%) C ker P71,

FIEZ WA FIN, B () = f(T) BT ZWRIE Vi/Vier EEER. BT p(\)
HFERT S, SAMER RIT £(\) 85 p(\) BRI p(\) AT, K = F[A/(p(N))
BN (B F M d Wy 6 Fix— s eaiie, 2 0H06.18). Hit, — s
6] Vi/Vier BWDARIERS K Lt gsil, WS IEH F-ra 2 m i 5o e 2 d 16

BEAR, X0 <@ < -2, A5 P S T P Vi/Vier = Vi1 [ Vigo, N ﬁz(ﬂ) = Pu.
SE[13.410 (4) SEARBEHLTT DARE, P, RS fiT P 5 T 2cik, P, RsUE£2mim
TR, BT P, 2 K-gethim.

AN TE A IR T R RA A Young MRS (S0 §13.2), NS0 B B
BRI F 8otk K. B3 b, ¥ P N “K-2e s |a]_F R RSB AR i, S S i R AR
VERL RIS, SEAESRTS A T4 P-4 %% P-4 Bg—A K-S, il 7 mfE Rk
d A~ P-Reir. 3R, P IR BAMBITE R AT F-l b v —4H F-5, Mg
FF A A ELR A

R 15.2 (A AL TR EIARERD). 2V ZE8h md o F-2=R, T:V -V 8
HIESAXA pN)™, ¥ p(A) €FA] AB—FRTH AKX, B degp=d. WALV 94
Fo o it

V=WeWyd- - - & W,
HP AW, & THEIRF 0. BFA 3, G4 u € W, 1£4F W, = spanf{u,, T, . .., TF4 1y, }.
BIANET, &A Tlw, 094EAHAZE C(pM), LEEZFIHL kb > ke > - >k, > 1,
AB Yo ki =m. BMAEHARFAE S AKX p(\)™ a9 &AM, 5 HAL S EA1a93 R
+E5 (k... k) 48F].

. AEEYE. & P = p(T), % T M/NZH p(\)* (1 << m). W P* =0 H
PN £ 0. B A S ()1 1 D

V=kerP’DkerP ' >...Dker P’ = {0}.

L Vi=ker P70 N Vo =V, V, = {0}. WIHIFFR, % 0 <i<{-2 PifES K-ty
P;: Vi/Vigr = Vig1 [ Vigo, HEA Vi/ Vi @23 K _ER 223 0a].

TATE U K-H5 F-REAN R, BV, /Vig B8 K-& wr,...,w, il T H
T RN Vi/ Vi BIESMET. BT K = F\/(p(\) B8 F-LpEa RN —4HE R
(L, AN, T X BOeREAE H TEXE R, T, 0L

wy, Twy,..., T wy, ..., w,, Tw,.,..., T w,

365



FE Vi) Vigr 1—20 F-5E. Fe5ilHh, dimg(V;/Vig) = d - dimg (Vi/Vig).

BAE, BT PRV EEEA (P =0), A Vi/Vig & K-z, BaA
ST P 38 K-RVE], 513013410 TR A 7E & AT 25 1) LT DAs K2R MM ).
LR, BNV AR 2 F-LpasiE); WIS mED K-tk ok maEfg, b
BV RS FEOTE I F- &, B GIBE13.4(5) 153 F-ZetkTo XK1k

T, FATATATE K-Ze =S RIHEZE S, 56 4 Ml §13. 270 TR o R 2 A 2R 1Y)
Young [

1B Vo/Vi (—41 K-$E @, ... sy, HOEUAR uy ALK BER € () P-4
2. 16 Vi /Va Wl Po(w), ..., Po(tsy) § 350 K-35, B ik BE € — 1 1) P-4
3. DA, FLZIH Vi/Vier ) K-HEHLGE .
MR T T4 P-4k B2k P-HERGRKIEN k. SRIAIRA u, W) P-4E LA R
u, Pu, P?u, ..., P* .

KPR AFHOE P ITE Vi/ Vi HI K-SR TR TR T KA 4¢
P-§ PR TR Plu BIFH d A F-l[ai: Plu, TPu,..., T Plu. 3B, —4&KEHR k
() P-EE ST kd A~ F-f i

u, Tu, ce Td_lu,
Pu, T Pu, ., TP,
Pk=ly, TPy, ..., Ti41pPk1y,

b K-FE5 F-RRe o8 R, X BEESmaSE Vi/Via Tairsat P K-
B g IR AU F-Em s H, FFrh P-5ERI R R 2R F-n &, f i Lsl
H13.4(5) Mzt (E F B): ENHER—)2 Vi/Vip Wl Bt gok, Nimfe Vo F-2
PETCK. GIHIAE md = dim V Ay, FHRL V —4 F-£.

a, ATEM 4 P-#EAE U -1 2SR A ) T-0E3 1250, T P = p(T)
2 T W dRE—2m, bk kd 4> F-fg {T°Pu : 0 <a<d—1,0<b< k-
1} pRAITER TPu = Tp(T)'u #2 T 1 v FZTEM, BET T-1E3-F 4500
spang{u, Tu, ..., T* 2}, k2, i P=p(T) =T+ (KK ), @itk T = Pu — (%
W) (e, FTOARE Tu (n > d) Fmh {T*Ptu} 1) F-LREE4LE. Bl

W = spang{u, Tu,...,T"" u} = spang{T*P’u:0<a<d—1,0<b<k—1},

H dmW = kd. i p(T)*u = Pfu = 0 H P*'u # 0, T|w BIHR/NEZIN p(N)F, i
dim W = kd = degp® S FHHEL A MKEL, B/ NE TR ETRAEL . H e 2E8.26,
Tw TEPERE (u, Tu, ..., T ) FRFEREN L C(pF).
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FERTA P-EE RN T-930 238 & 9F, d B F-Zeth o eI a2 e, A
ARSI Y kid = md = dim V. LV = Wy @ 0 W, Hth by > - > k> 1,
Y ki =m.

Me—VE. BRRGTRES (k..o ks) BATRARGUNAZ RME— B XA 7 > 1, B4E%L
dimker p(T)7 AU T HEAPEIR. T

dimkerp(T)) = d Y min(j k) =d Y ki + jd - #{i : k; > j}
=1

ki<j

224y dimkerp(T) — dimker p(T)7 =1 = d - #{i : k; > j} WL BFED] (ki,. .. k) H3k
e CELLRFNE Young EIRFIKEE), MMTME—HE (ki, ... k). O

Y 15.1 (W15 A T). EEFL5 20085 F, £ {p(V)™, ..., p(WF YOTAER) Bl
ZA RPN (clementary divisors).
15.3 A7BbrifE R Pl
PAEFRA TR AT AL R SR A, 53—t Ze PS4 i 56 4 03 28 X HAT BRARHEZRL.
HE 15.3 (AHEAMEREI— IR TIERX). 2V R ARE F-ZWMZ2H, T:V -V &
BT R T RS AXE FA P LA T/
XT(A) = p1(A)"™ - ps(A)™.
WALV g—mk, 45 T EX— R FagsElk 2 5305 A
715 = diag{C(p}""),....C(Y""), ..., Cpk),...,Cpk)},

HstfgAsi=1,...,s, BRFPNHL kig > kin > >k, >1 H Z;;l kij =m;.
EX Py AR AEAN S AKX p( V) 09 A E. £4

ET) = {piN)r |1<i<s1<j<r}

WA T 995 W T (elementary divisors) % £%& (itANEL) .

TR Lo F % A B e M, (F), ©i14aii s B S AR T o taR ey #
EFRT S EE. Rk, LR RIRIAG 09 530t AFEERAR A A 094 AT MbRIER (i 5 17
FTHX). €rd AsgramEefE—azay.

e MR E 5. 1(HER R, 2518 V 3 2 A T A Z B R i V] = ker pi(T)™
MEAL FERMER SR Vip] b, IREIZE T) = Tlvp,) BFFEZIE0N pi(A)™.

WRPEEBLL5.2, RS Vip] W, FAETEIR T 2318 B0 BRI, (ERRm B A
iz diag{C(p™"),...,Clpy""*)}. HFiX s A4MHE FRYEEGIE, BIAHEREASZS ] b 2 3 2
R BIE .
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KT ME—tE: XA o, MERDE Vip] ERRIER T HE FLS. 20 ME—PEORIE, TTHER
DEASH xr BT EME-E. FIL, SR TES (1) 2 T MHAZR. X
Z, A HA M R RIS 5 2 B, WENTEMACITR—A CRITSRIFER) 23k
Xt FHLRE, EO AR L =

1 15.4 (RNERT). Br T A EEET RIS 2 1 2R al 29 20 e inn 7 A 25— A BEARHE L. (145
HrER) Tﬁ%ﬁl\ P W] 23 A1) O X 20 A BRARME R . B s: 4
ME—ZIE f(N), g(\) BRE, 2P AR diag{C(f), C(g9)} MEIT A C(fg). X
ANy diag{C(f),C(g)} Mt/PZIAN lem(f, 9) = fo(tHTENE), FIMRHIEZ W
fg, W E B8 26152 2518

FIHX— &I FH5g, ATTAK @B 3 P R FEHIT A E. W TaMNR
[J AR pi, REHPG R UCR s IR — I Ok, HEITAIX s BIRAE B3] f1(A) =
T o B ST REIP E 2 AT AU A B A AR LT — BRI & W C (f1) (3
BEL £ 6T T BN Z T me (X))o B, FRATHER] T ARG 1
PR T TR R RAGE] f2(N), VABLSHE. ARFEA A TR RAR T, I
EAEJE T Z A R UORAE 0. XFERIESE IR, FATIARE] TN L HEER R 2 1
EW2IE

e Q) 1 [ (N T f1(),

PASCRE RS R 1) 75 — b B AN A i o
[T]B’ = dlag{c(fr)a R C(f?)a C(fl)}

ZIRJFH fry ..o, fr SEEYE T T HMLEZE, B8R T AV ¥ (invariant factors),
XA HL A R 53 9 28 A W e HRA) J30) P oy o BRI &85 AT BB RS (BRI TR Uh
PRFRMERY). SREERNR, AR HE T2 T YR F S0 By R, JEAART]
0 Z2 100 2 AT RELRSE AR, FHI A FRTE RIS A 2Bl 2 411k

15.4 /R Lbr RN 58—

A BEARE R AT B ARG o [ 2 2K
STERFN WA (BIARECH PR C WA SIMAL) ——hF, FrA AT 2492 5
Hgke —IRZ I pi(A) = A = Ao BE:

L HEZNR Vip) = ker(T — N, D)™ & EHRBMEE SR UHE T2 (S
EPI13.1) .

2. WFF—KEZTA X — N BIRE (A=), SXFGERIT B R 5 R Tt (A — M)k 78
TSN, B BRARERLA B2 R A B C((N — N)F), TR U bR eI ZA H
HE k /R4 T ().

4

N

368



3. X T H ISR E - GER TS AN R BN AP AR R e . AABRFIE B, P
FREZ BRI/ NZ TR (A = N)*, FHIE C((A = X)%) 15 Je(N) ZAEHRHITLIY
(AT 5E BH8. 26 H1IH ) o

PR PEA M AL, TR EEG A PR ERA TR I Z TR,
HFAE F_EAEATT 200 IERF S EAERNE b, Ok amia s e fs e ik L,
AT AR

15.5 HFRHI

FEM B AR RS o BRI RN, 10 aE—ME R B s R B i K-
HEEAINE EHARRIIMEE, AT PR EAN B T8E . B e ptpi4-
B, HEMTREZ 0, B2 TEASILTES () SER, Wmfsim 4%
T AAZE A T

Bl 15.5 (SLB ERA AT "R T). 72 R B, 230K

p(A) =AM +1

0 -1

C(p) = (1 0 ) ;
IR EER 90° M. BFE R EECAFRHAEE, HAHE p(C(p)) = C(p)* +1 = 0.
TTFE S b, 33X 2 x 2 S — X i RRIE . i ek

FE p(A)?2 = (A2 +1)2 = M+ 202 + 1. HAiFEh

0 -1
0 0
0 —2
1 0

ARy, BRI A

S = O O

FH A i
Xe@2)(N) = mo@e) () = (A2 +1)%,
FRAETE R 15— SRR R — A 4 x 4 e C(p?).
EZ R, Bt A R

D = diag{C(p),C(p)}
WHBMAZT (A2 + 1), (HECLWHE p(D) =0, Hm
Kt D 58— A HARERLZ A 2 < 2 3t C(p) ® C(p), MAR—A 4 x 4 e XAGIFUt
B AESCEOE b, ANTTZ IR AR “RIR” i = RO o RS M A o
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Bl 15.6. WAL Q M EMAZHAERAFE T HHEFE N

0 0 0 -1

1 0 0 -2
A=

01 0 -2

0 01 =2

FAVHEHTE Q _EAYABIARER  FERE R A U AL e R 1, e —d10h (-1, -2, -2, -2)7,
IR AR (3 X8.15) IS, B A = Cxa). WL, AR ERE TR AR

(1) FHELIAL A Zy50fi: TR xa(A) = A +20° + 202 + 20 + 1. XJHAE Q 1
BRI BT xa(=1) =0, BRAHA A + 1. BEIAKGHFEGE

xa(A) = A+ D+ XN+ A+1) = A+ 1)*(N +1).

HAE Q ERE— AN T pr(A) = A+ 1 H pa(X) = A2+ 1, XFRAHE R 20 BAER 1
M2 il 2.

(2) B MR R T pa(A) = N +1, FOGHACRERC 1, %0 95N T
HEERE po(N) AL (RE—A> 2 Bk ).

T pi(A) = A+ 1, HAEELDZ 2, FreAlRER 7o it 4 {(A+1)%), %
252 AN+ LA+ 1} BATAIAEE T RRFETE A = —1 AR Rl . % A+ I

A+T=

S O = =
S = = O
_ = O O
|
[\

oW Hmi =5t Jo 5%, Bl rank(A + 1) =3, M dimker(A+1)=4—-3=1, X¥i
BTN A+ 1 SR T HAE A, HEEE A +1)2 =2 +20+ 1. Hit A 2y
LRTEEN (N2 +20+1, A2+ 1},

(3) Ay A RbadER! (R TIER) - RS T HES B & B WA

CQ2+%+1%:G :D, 002+n:<?'§>,

PN A B E —A7 SR E 2Ry 3 B 3 G-

0 -1 0 0
1 =2 0 0
diag {C(A* +2X+1),C(N + 1)} =
0 0 -1
0 1 0
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(4) AEHWTEX G5 AT bRHERL): #5IBEIC15 AR R UCR AL AL 1
TPARIFERE p1(N) 5 p2(V) B3R, AAARA - MIERE T, ATEEFEHTIT
TE—if, FREIME—R A T

Sl =N+ 20+ DAV +1) = xa(V).

FIrUASE A BARE R —A 4 x 4 K Cxa)s FEARBIH BRI A ARG, Xt
A BAEER .

o
o

Bl 15.7. & B = € My(R). F1K B £E R _ERABIBRER.

0 01 O
(1) FEZ B 520 T B C&endx ke, WEHESH xs(\) = (A -
22N +1). FER B, H—ATAREKA pi(A) = A =2 Fl p2(\) = N + 1, EEE 5
Homy =28 my =1,
(2) BERHFEHT: XT po(N) = N+ 1, my =1, MMAFIERTHEERZ N + 1. X
T pi(A) =X—-2, my =2, HFEHEFTREE {(A—2)%F 3 {\—2,A -2}, FROVITHHHLE
FHIE T 250 ker(B — 21) fy4E%L (BIJLTEEL) -

o O N
S N O
o O

00 0 O

00 0 O
B-2I=

00 -2 -1

00 1 =2

BARH AR TTk AL 2, H rank(B — 21) =2, #if dimker(B —2) =4 —2 =2, JUfa[&
BOH 2 YT N —2 BRI T 2 A4, B 2 AR M. BRI T b & =2
A= 20— 2}, AR, BRI TREAY £(B) = (A—2, A—2, X +1}.

(3) B AEbER (SR FIBR): BHAWERE TRV CA-2) = (2),

C(A\2+1) = (2 01)0 T B By — A BARHERN :

0 —1
diag { 2,2, =

FEXABITH, i B AU S 50— BARERL.
(4) AW 1555 " ATIbRAERY: ATl B T RRISE N TASKAZ N T8 HAE,
TE T AN R AN AT 29 RS0 7 S B B A die e e, A E— AR 5 — N R A AL

o o o w

o o v o

_ o o o
|

o L oo
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BT (N BHE p FASEE T RERTEZ (A -2)", pp 2 (P + 1) Bk
AN =A=2)XN+1) =2 -2\ + A —2.

IR XERURIOHISEH TR IRIELMAE f2(0): p CTHR (WUE 1), po i8R0
A =20 FEHIRGEKAFH]:

f2()\) =A-2.
5 L f2 | fi A fifo=xBo- FJ?WZ%E[@E’JK%%J?W% fz(A),fl(A)o
00 2
P, RPN FEACHE I A C(f) = (2) WA C(f1)) = |1 0 -1
01 2

(HIAEE X815, fi = N =2V +A -2 W REA G5 (—ao, —a1, —a2)" = (2,-1,2)7),
HARIATSE) S A HARER (AR 7B -

2 0 0
0 0 2
diag{C(f2),C(f1)} = 0 1 1
0 0 2

15.6 >]i8t

15.6.1 i)

I 15.1 (WER MR EIRIV ). i T 2 Q hekthzs|) Vo Ergetkass, H
xr(A) = (A* +1)*(A - 3).

G R DR R E A, IR R 2 B4R

218 15.2 (SEF-IAEFE A BbRER). %

cosf) —sinf
R9 — 6 MQ(R),

sinf cos6

Hrp 0 #£0,7 (mod 27). 5K Re £ R _EMFHIEZ I /N2 R BIAR R, I
fHABTE R B3R R AR MERL R SCT B SERHE (20 8.

21 15.3 (RIS ). 3 A € My(Q) M2 3=
xa(A) = (A +1)%

S A WTRERIHISE N T A R R T RE, 5 G R 5 A PR L.
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218 15.4 (RAZH 7). AL RIS F 1
A—1)3, (A—1), A+1, (A2+1)72
KEMAZERTFFY), H5 o AR ERLR) 5 HaE K.

28 15.5. 7EA A0 Q b, AL o - 2 20— I AUR SR BRI E
FESAUE R R

2 15.6. 52

MARE, TR ERREZ A,

28 15.7. %

W C?, IR —A k£ p(z) f# p(C) =0,
2158 15.8. ULHAA A2 5
0 —1
()

TESEROm A SR, HWEZTA XA C? 4+ 1 = 0. WAART A ZmURkHRE, I
FRREAE PEARE R R T B B AN TT 24 R X1
15.6.2 JHZSi

28 15.9 (PO T-SIEEREE). B A € M, (F) B/ b2 IETRAEZ 0. U BT
5 A IR AS S A 25, B

{X e M,(F)| XA=AX} = F[A].
XH F[A] = {f(A) | f € Flz]} & A HERRAH TREL

218 15.10 (FEEUE AN AR O ). B VO A EEOE Q L 6 gEbEs
B, T:V =V h—4 6 ki, BT6=1, AXMEZE0<k<6¥f TF#1. i

C(T) = {S € Endg(V) | ST = T'S}.

W C(T) Wynl REAERCA LY SHIEPHERE, IR C(T) 4ERIIS R KA AR/ ME R T
AR 22 T A B A T fE

28 15.11 (P e T i Vo n gER BN, TV — V 28, & X

C(T) = {S € End(V) | ST = TS}.
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1. 5 T = diag(MI,,, ..., \1o,) B N WA, HEB

2. GG TR RS O TRIENE S (1) 1, IEI— B T, dim O(T) > n,
RS LI 21

218 15.12 (P /R GBI O THERD. R m,n > 2, a,b B4 &

A:(J 0)7
0 K

Ho J 2 m /R 4B T =, K2 n Pra/RE 80 = bk

a 0 0 b 0 0
1 a : 1 b :
J: s K:
0 1 0 0 1 0
a : b

RGNS (6]

AR (e =05 a # b 5 30E).
2 15.13 (TLHr &M ey AR ERY). 3% n SN IEREEL, (IS4 A € M, (Q), e
A =1, — A-1I, dHEfk.
L3R AT Q Erth2uis.
2. 3K n WA TTRE(E, FFUER.

28 15.14 (F R E AT AR SIS AL . B ¢ NRER, A € My (Fy) BN 7
AR

1. GEER Ax = b 4 B PR ECh

" b elmA,
#{xeF | Ax=b} ={"
0, b¢ImA.

2. EEFA b € E7 KA1, T
S #{x €T | Ax =b}? = g,

beFm
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3. % A€ Myn(F,), B M,(F,). &
N(A,B) = #{X € Myx(F,) | AX = B},
HAFB N(A, B) # 0 24 HAV24 rank(A) = rank(A4 | B); Wi N(A4, B) = "L,
4. % A,B € M,(F,), %X
S(A, B) = #{P € GL,(F,) | PAP~' = B}.
WEAR: #5 A 5 B AHHEL, W S(A,B) =05 # A5 B AH{L, Wl
S(A, B) = #C(A),
Hif C(A) = {P € GL,(F,) | PA= AP} }& A 1f GL,(F,) Hf b1

5. Uil A fIAIZER/NA # GL, (F,) /#C(A) (5 (4) M- 18 A 485 B 1y P 4
HAEh #C(A), Fme BB AR PIZERN. ), FFIER]

3 FOLE) e
HHIZE[A] #C(4)

Xt n=2WEE, S5 Ma(F2) BBAHEIE, IFRUEZEA .

2l 15.15 (AT 5 A T2E0). Bk FEACAR4ES MW V AL T, A
T BRI Z A AT T p(A)o UEM T AFAEAERCN degp HYAAEF251H]

2 15.16 (A ZRFIEZ AL T2500). Bk F R BRAELR MRS 8] VA et As i
T, HT R EZHEATZ), SRl T A2 12500,

218 15.17 (RS EA BARERT D). HIEH N2 2 — o + 1 i Ey s
A € My(Fs).
SRIXFERY A BIARRSRANEG FEXHEEAMISE, SRR AL

28 15.18 (A EA08 LR A PSR IRYE). i VO 2 HA0E Q LA BRAES W],
T € End(V). FI A7 BEARERLAIBT 5 A 26002 5 55040 -

L T WA TR A AR
2. T /M2 AR 2 K
A, TR NSRS ).
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#5l

K-2¢1%:, K-linear, 365

R-£k 1425 [6], R-vector space, 76

p(T)- A, p(T)-quasinilpotent
transformation, 362, 364

q- T &2, ¢-binomial coefficient, 35

q-BH, g-integer, 34

q-Br3k, g-factorial, 35

Beltrami, Eugenio, 263

Cauchy-Binet A3, 145
Cauchy-Schwarz A~%:5(, 231, 245
Cayley-Hamilton 53, 191

Eckart, Carl, 263
Eckart-Young EHl, 274

Frobenius §FH, Frobenius inner product,
213

Gauss, Carl Friedrich, 282
Golub, Gene, 263
Google 4%, Google matrix, 188

Hilbert, David, 263
Hilbert 4H[%, Hilbert matrix, 226
Hotelling, Harold, 281

Jacobian #i[%, Jacobian matrix, 354
Jordan, Camille, 263

Kahan, William, 263
KV 277, KV cache, 314

Laplace A3, 143

Legendre, Adrien-Marie, 282
logits %%, logits matrix, 307
Lorentz %, Lorentz form, 213

376

Lyapunov pR%{{%, Lyapunov function
method, 354
Lyapunov f&5%€, Lyapunov stability, 350

Markov %, 187
Nyquist & 4, 352
one-hot F7R, one-hot representation, 296

Pearson, Karl, 281
Piazzi, Giuseppe, 281
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Sylvester, James Joseph, 263
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token, 295
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=%, upper triangular matrix, 65
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ANEhE, fixed point, 350
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354
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L8 £, congruence by conjugate
transpose, 243
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S RHFRSE [, skew-symmetric matrix, 48
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T, subfield, 154
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2, nilpotent, 114
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S S R S T, stability of equilibrium,
350
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¥EHIIFE S, Gram matrix, 212, 298

M=% a5, probability vector, 186, 296

WEL, degree, 169

K LE {523 8], Euclidean space, 221

1EAZ, orthogonality, 232

1EAZ A8 e, orthogonal transformation, 236

1EAZEL, orthogonal basis, 215

1EAZ T 1k, orthogonally diagonalizable,
237

ERF% 2, orthogonal projection, 234
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A4 R%E, orthogonal matrix, 235
1EAZHE, orthogonal group, 235, 236
1EAZ#%p, orthogonal complement, 217
1E 5, positive definite, 219, 244
IEFRAS Y normal transformation, 247
TEHLGHE, normal equation, 283
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IR R E B, 247
=%z, residual connection, 305
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¥k &, normal vector, 242
V= SHLE], attention mechanism, 298
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IR AL, temperature sampling, 314
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WAETE L3 HT, latent semantic analysis,
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FRE{E, eigenvalue, 181

BfE M &, eigenvector, 181

FHE £ i3, characteristic polynomial,
181
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FE 7 HE, characteristic equation, 332

HHIER, Eigenface, 281

Bk 1IE A, special orthogonal group,
236

FH{LL, similar, 184
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I, phase portrait, 352
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FAHE, equivalent, 50
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Hif4, matrix, 22
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HH 3R, matrix multiplication, 41, 42

HH % PR %K, matrix function, 342

HH 5%, matrix exponential, 341

i€, definite, 29

k&, rank, 26

&, rank, 111

FRFRUEFE, rank normal form, 50

FaEM 5, stable pole, 352

FasEgk A, stable node, 352
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SH—ATARMERL, first rational canonical
form, 367

5 A PARERYL, second rational
canonical form, 368

ZEPRAS L, isometry, 236

S5 P[] #, isometry, 212

REEME, coefficient matrix, 23

aliF 4, scalar matrix, 43

2R MR, linear function, 15

2R MR %, linear functional, 210

LMk 245, linearized system, 354

2 M [A] 44, linear isomorphism, 114

2P R4, system of linear equations,
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2T RE A A f#, solution of system of
linear equations, 17

M I3k, linearly independent, 80

2R ML, linear map, 106

2Pt 43 8], space of linear maps, 108

24 i, linear span, 72

2 MR i 23], linear span, 79

£ VA 9%, linearly dependent, 80

273 1H], vector space, 155

2 ME2H A, linear combination, 14
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#:%, dimension, 87
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H £, self-adjoint, 239
B [ 9858, autoregressive model, 303
H [\ H4: %, autoregressive generation,
314
F 9Kk $% 5, canonical projection, 108
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FTAE AL, Schubert cell, 32, 34
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R4, Jordan block, 323
R M BRIERY
A, 324
PR MR HERL ) Jordan normal form, 330
PR SR E LY, 330
JOEZ2 A 4, Vandermonde matrix, 57
JE3, norm, 231
B2, stable spiral, 352
IZiEYE, unstable spiral, 353
#7412, determinant, 132, 136
7754, row operations, 22
AT RLAE 4, full row rank matrix, 26
114508], row space, 72
1B %L row echelon form, 23
FrEEHLHI %, row-stochastic matrix, 299

#ha3[H], complement space, 98

7

FNHLF4, representation matrix, 109
A %%, vocabulary, 295
1%l spectral decomposition, 248
T P

SRR, 238

IERAR R, 247

LM IE L, 248
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##%TT, transcendental element, 158
E &S, distance, 231

EERZAE %, transition matrix, 92
FEESE I, transpose matrix, 48

HREGF 43, Euclidean algorithm, 170
SEARH, symplectic transformation, 255
S HL symplectic basis, 221

SEHARE, symplectic matrix, 222

SR, symplectic group, 222

K [7] 145 [d], isotropic subspace, 225

1Bfk4t 5, degenerate node, 353
WF, inversion, 133

WiFEL 133

P47, unitary transformation, 247
PEAH{LL, unitary similarity, 246

PHHE M, unitary matrix, 246

P43 [A], unitary space, 244

MR, multiple root, 175

B, key vector, 301

K&, length, 231

4, order of matrix, 22

FHJE AT, damping factor, 188
PRl 47 &, restriction of scalars, 156
4L, coset, 99
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£, nullity, 29

Z23[d], null space, 71

JEiEfk, non-degenerate, 217

#7 5, saddle point, 352
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coefficients, 332 linear equations, 28
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