RT HW1
Due 7/25 please submit your solutions to the TAs
in tutorial session

July 22, 2025

Problem 1. Let p be a prime number. Prove that the set of nonzero residue
classes modulo p forms a group under usual multiplication of residue classes. Is
it still true if p is not prime?

Problem 2. Let G be a group. Prove that the map ¢ : G — G defined by
o(g) =g~ ! for all g € G is a bijection.

Problem 3. Let G be a group and g € G. If h satisfies gh = e, prove that h is
the inverse of g.

Problem 4. Consider the following elements (permutations) of the symmetric

group Ss:
(1 23 45 (12 3 45
977\2 3 4 5 1) TT\3 4 5 1 2)

1. Compute the products ot and To.
2. Compute the inverses of o and 7.

Problem 5. What are the possible numbers of symmetries of a quadrilateral?
What does each number of symmetries correspond to in terms of the shape of
the quadrilateral? (In class, we discussed the case of a triangle, and found
the numbers of symmetries to be 6, 3, and 1, corresponding to the equilateral
triangle, isosceles triangle, and a general triangle, respectively.)

Problem 6. Consider the symmetric group Sy, and the following elements: s;
for 1 <i < n, defined as

s — 1 2 ... 1 t+1 ... n
TN 2 L i+ i co.on)’
1. Show that every element in S, can be written as products of elements in
{51; 8250y Sn—l}-



2. Prove that the elements satisfies the following equalities:

8;8; = 8554 Zf‘Z*jl > ].,

SiSi+18i = Si+15iSi+1,

52

P =

e for alli.



