
 

Ipresentatithory of groupt
Three parts Groups and group operations

Representations of Hinite groups
character theory

Mikay correspondence and

root system

Groups

Group theory is a
way to destribe

the symmetry of objects

Ex Symmetry of geometric objets

regular ITn you

rotations by reflection by h

o 120 240 4 h h 1



Isosceles triangle two
symmetries

1

general triangle

Not special

one
symmetry

of symmetries reflects the information

of shapes

More symmetries means more special

Regular regons are the most special
n gons



Higher din't

Tetrahedron

I count of rotations

I T 12

12
00 120 9

0

of refleitions 6

fthey.mn rotations composed

with refactions

Another way to count

symmetries are classified by 4 different

kinds by looking at where I is

moved to I



if then

symmetry of
A6

If 11 2 2 Choose one
symmetry

T and we r to more 2 balk
to 1 then

any T of this
wind 5 T is of the first kind

of such ME 6

of such I

For the lame reason

6 24



fffff

be 0 6 0

in pairs

t.mn 6x8 xo

Dodecahedron

Twelve faces each is

a
pentagon 12 10 120

A

Kosahedron in pairs

faces
20 6 120



not just of symmetries

also the symmetries

1

can be identified

h
groups

are isomy

Ex Symmetry of equations

2
1 0 2 0

t 0

atb ft a b to

I
a bra preserving

the stulture

of algebra t x



at bra is a be the same

symmetries

TXT O

the 1am

symmetries

When the equations have the same

symmetries the methods to solve

them are the same

order 2 7 square root

lives the problem of
ruler and compass



by ax that c so how to solve

f

5 1 Not solvable
by

radical

Abel Ruffini Galois

symmetries determine
solvability

Ex Symmetry of Physies laws

More complicated symmetry
theories or models

of symmetry of physics laws is

usually infinite



y

ID space dim of symmetries

Translation reflection

Fxta yrs by
2D

f 19H
rotation

by angle 0

reflection

glinrefeit.com2 1 3



3D translation dim 3

rotation dim

3 3

C

Time translation
symmetry

Time translation
energyNoether

Translation
momentum

Rotation
angular momentum



Electric Magnetic theory symmetryof wave funition

eleltic charge

Modern Physin Look for symmetries

Conservation laws

Algebra a way
to describe

operations structures

Algebrain approach to symmetries

Group Theory

Defn Binary operation X net

X x x
a b is a b



Defa Group A group G is a set

with binary operation called multiplitation

for product
G 4 G
a b it a b

We usually drop a b ab

The binary operation satisfies

Allociativity ab acbl

Identity element EEG lit

at G ea ae a

Later we prove sush e is unique

Inverse element a 5 I beg
sit ab ba e

Lake we prove such b is determined

by a and call it a 1



y

Prop Uniqueness of identity element

If e la are the
identity elements

then e er

pf
e e er by ez being

identity element

e k ez by e
being iontity

element

S E la 17

Pap Uniqueness of inverse element

How to phrase such a theorem

Stating what you want to
prove

is sometimes more important than

proving it



I

Fix a f f if b it 5 are

inverses of a in other words

ba ab e ca ar e

then b c

If Consider b a c blac

ba c e c c

biac b e b

D C

Ex
2

21h2 residue classes 5 T
nty

module n
Q

0409

Fp 2 112 Fp 1904
Mmmmm



Non Ex foddnum.mx

21,0 t

123 chess pudgt

Try to find
examples satisfying 2 but not 1

Notation A a as an Aia ay an

or
any other form

Ai lands ay

Assotiativity
No ambiguity

or well defined

There groups are special because the

products are commutative ab ba

This not always the case



Symmetric group Not
symmetry group

Defn Tn flat by

Defn Sn bijections 0 a n

T.IE composition
f

In other words

TI Ii TITLI

Pap Sn is a group

Before the proof we interdale some notation

An element in Sn is also called a

permutation and can be written as

this Tin or l e n

011 Tin
for example he a permutation 1 2

I

I



Permutations are exactly all the maps

41,2 any to itself that are one to one

bijective fli fig implie i j Hective

t.sk

IfIItpf

D Associativity If.gl h ftp ly
fog h i fog hii

f him

f g h i f 190h i

f glhlin

fg oh f 15h



2
Identity element

e is the identity map
41.2 ny to itself

eli i

e f i elflis few eoff
f e i fleli tri foe f

13 Inverse f liz by the ng
f bijective

Define f hi c my slit ng
f i is the unique element such that

fail i

em f ft
fifies

from the definition f i g
if fiji i



I

f f lb i

fof i i f f e

compute f.lt f f f of
e f f

f f this flit
f is injective ft of i i

fit e D

It is convenient to writeComputations
a permutation in 2 lines

iii ii in
123 n

i i i in

if f f
l n n

i it is in

9
12 n

jiji In



To compute got
we permute the

columns of g such that the top
line is i ie in

f 1.3.24

9 2 1.3.41

4,44 9 11234
2134

L
g f f y2

To compute fog f

f g 1234
3 1 24



got f g

Sy is not commutative undon

composition


