
 

Recall Defn of Groups

A Group G is a set with a binary operas

G G G
a b A b ab

4 Associativity table a be

a Identity eeg e a a e a

3 Inverse a EG a EG s t a at ay.ae
1for any there exists such that

l

IX

More example Residue classes

Fix n positive integer 12 2

2 nz has n elements 45 T T nty
osi jan 1 I It 4 2

Then It in and osmen i

i m modn

Check 12 nz.tl forms a
group



Z NZ t t is commutative

More on symmetric groups

Sn is viewed as bijective maps from

the setof
41.2 ny to itself

Sn is a group under composition of map

ft perm In g epermin

fg fg
s hey e i
Multiplication table

e.ee

Sr Ie i a d
e a a e a e e e
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Multiplication table

right

FEE

element on the left
53 has 6 elements

e i a 6 1
c

s
a

FI
e g g.ee g



a - c
231

a as_e IT
aka a a n

1235 1

my
213

ab 15 f bill a -

1
ba i d b

a
² b i d 92 1 - ⅔

e A a C a e

b b e

ab f ba - died
C b - ab d be b a baa

ba a a
² b a



alba a la b

a4 b a3 a.b
ab f

All the elements are in the form of
am.br

am.b a bi ah be

How to find b e ba a b

a a b b a a b

byI
a b

In other words e a e b e

ab a b a

mwitba a b

compare with symmetry of



B
equiliteral triangle

A

G all the rotation and reflection symmetries of
A

psare ths

The elements have different names in thetwo sets but the multiplication structures
arethe same

Defn Group isomorphism

Given two
groups G Gz

A map p G G is called a

Isomorphism if p is bijective



and g h E G

ftp.plhsPIII
gIf such P exists

G and f are isomorphic This rule is for group
to each other homomorphism

So he a i a e

2 22 45 TY 5 5 2 0

P S2 2 22 P is a
group isomo

e t
a T



More symmetry groups

Example symmetry of a square
C B G reflection rotation symmetries

I y
4 rotations by 0 90 180

2 0
order of agroup 4 reflection

161 number of elements in G 8

H 4 rotation symmetries of 4
It is also a

group under composition

1H x

H is isomorphic to 2 62



P H 2 42 p is a
group

e o isomorphism

rqo.TT
81800 I

F i 1 5

In this case It is a subset of 5
and with the same multiplication operation

It is a group itself subgroup
non
empty

Defn subgroup G is a
group HC GNasublet

of G H is called a
subgroup

if closed under multiplication

TEH.thnhih.ch
closed under inverse

th Ett then h EH
Remark A subgroup H of a

group G is also a
group



Pf Associativity

Identity element Take h EH h Ett
h h eEH

Inverse

Iexampki.GsymmtiesofD.PK
all the reflections

K is not a
subgroup

Kuley is still not a
subgroup

kW hey is closed under inverse

because if f is a reflection

f f f e f fc B
M

AMA
D A C B B C

composition of these two reflections is
a notation by 180



y

kW hey is not closed under
multiplication

any two reflections
composed


