
 

Subgroup G is a group

Recall H CG is a
subgroup if

it is closed under multiplication and

inverse

More examples

sub groups of 12
Let n be a positive integer The subset

ha is the set of integers divisible by n

nz is a
subgroup of 12.4

G Sn consider It consisting of
all the permutations that fix n

H is a subgroup

H 4 re Permin rinsing
HF because e EH

T.TL EH

F F n Florins T.cn n
ARE H



T E H 5 a m

m is the unique element in 31 n such
that r m n Since Ma n men

So 5 EH

H is isomorphic to Sns

The elements in H are essentially permutations

of 41.2 n 17

P H 5h l

41.2 a ly 1.2 byN
restriction of

141 4 1

H n in 1 n to the subset
41 21 n lyIn other words we can view Perm In 1 as a

subgroup Sn

Z n Let me be a positive integer

dividing n The subset

hil a subgroup of 2 n2



n

and it CG a subgroThen Let G be

fjhj.LIfinitelymany elements
Then the number of elements divides the numberofelements in G 1111 161

In the proof of this theorem we need

another important construction the set of cosets
G H H C G subgroup

Defa coset A right H coset in G is

a subset of G with the form

TH g.tn heHy for some g EG

t.therwerds.gi.g.areinthfno.seiffgigzEH

andony.it

Example G 2 H n2 g kez



So the right coset kt he

4kt m menz kten lazy

I EZ k med ny
we can get

whyi.it

If g ge EG satisfies gig EH

Then we look at coset g H

g g e e g H

g 19 gl g gilgigyeg.tt
Tin H

Only if if 91.92 9H then



g gh for some hith

g ghz for some ha EH

gig ghi 9hr higighikk.hn

Rematch mg 1
Pf gh hgt gang 1

g e gt g.gl
e

th g
1
19h htlgtgj.hn

ht e h th
e

HSnistsubgnpf
permutations fixing n

There are a different right H cosets

They are
m re Perm n oln my



Msl 2 h

Pick r E Xm We want to prove

TE Xm if and only if I r.hn for
some h EH

if I oh heh
T n 01h1m oh m

only if I E Xm I 5 r't
define h o t h a ottein

TY 1m

rInl m n

HEH

Defn The set of all right A resets
form a new set G H

HC perm n G H Xi X Xny
G H n n ch y n



Than Lagrange G 1H 19 111

Pf claim all the right cosets have
the same number of elements

There is a bijection between H and

9H

f H 9H
h to gh

surjective from definition of y H
injective because hi hi EH if 9h gha

then gga ggh hi hi

G is the disjoint union of all the

right H cosets

If g.Hng.tl f take
gegitng.ly

g geg.lt gig EH



go.gfg.tt gig EH

gig giggly
g gig EH

g H gett

G Ugh 14 141.16 41gHEG.IM

Products

Defn Let Gi Ga be two
groups Consider

the set of pairs G 5 49,9
g EG ge the It has a natural

group structure by component wise products

9,92 1h hr g hi 92h



Identity element C1 l2 l unit in G
G unit in 52

19 ge 19 gr

G G is called the product of G and
C 2

We have the same definition for product
of several groups G Ge Gn

G fix Gs

Example Pick two positive integers mi ne
ne nith Product group Permini Perm a

is isomorphic to a
subgroup of perm n

H r t perm n r maps sli.in to
41 nil itself y

r also maps hitt nitney to
itself

P H Perm ni perm n

r Mhi nay Othniel nitney



I 4 14 n n

From Lagrange H hi nil

Perm a n

h h is an integer

and it is equal to G it

Q Find an enumeration proof of 15 1 1


